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Preface

In the end, mathematics is what matters. In addition to the contributors to

this volume of proceedings, the Conference included talks by C. Benı́tez,

F. Cobos, P. Domanski, G. Godefroy, W. B. Johnson, A. Molto, J. P. Moreno,

P. L. Papini and R. Phelps among the main speakers, and Julio Flores, Yves

Raynaud, F. Naranjo, José Orihuela, Pedro Martı́n, I. J. Cabrera, V. Montesinos,

P. Hájek, Luis Oncina, G. Gruenhage, Fernando Garcı́a, Vassilis Kanellopoulos,

I. Villanueva, P. Bandyopadhyay, Sebastian Lajara, Diego Yañez, David Pérez-

Garcı́a, C. Michels, Bernardo Cascales, Pandelis Dodos, Antonio Pulgarı́n,

M. Muñoz, José Rodrı́guez, Luz M. Fernández-Cabrera, Carmen Calvo, Juan

Casado, Belmensnaoui Aqzzouz, Redouane Nouira, Antonio Martı́nez, Fer-

nando Mayoral, Maria del Carmen Calderón Moreno, Luiza Amália de Moraes,

J. A. Prado Bassas, My Hachem Lalaoui Rhali, Houcine Benabdellah, Rachid

El Harti, Michael Stessin among the shorter talks.

The conference was organized, like this proceedings volume, in five sections,

� Geometrical methods
� Homological methods
� Topological methods
� Operator theory methods
� Function space methods

The idea was to organize Banach space theory (and related categories) according

to the methods used to approach problems. Of course, the methods can overlap,

and (fortunately) usually do, but typically one of the methods sticks out. This

proceedings volume has been organized accordingly; so, in each of its five

sections the reader will encounter survey and research papers describing the

state-of-the-art in each of those areas. All together the sixteen papers depict a

rather attractive panorama of modern infinite dimensional Banach space theory.
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0. Introduction

The purpose of the present work is to provide examples of HI Banach spaces
with no reflexive subspace and study their structure. As is well known W.T.
Gowers [G1] has constructed a Banach space Xgt with a boundedly complete
basis (en)n, not containing `1, and such that all of its infinite dimensional
subspaces have non separable dual. We shall refer to this space as the Gowers
Tree space. The predual (Xgt)∗, namely the space generated by the biorthogo-
nal of the basis, also has the property that it does not contain c0 or a reflexive
subspace. It remains unknown whether Xgt is HI and moreover the structure
of L(Xgt) is unclear. Notice that Gowers dichotomy [G2] yields that Xgt and
(Xgt)∗ contain HI subspaces. The structure of X∗gt also remains unclear. The
main obstacle for understanding the structure of Xgt or L(Xgt) is the use of

Research partially supported by EPEAEK program “PYTHAGORAS”.
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a probabilistic argument for establishing the existence of vectors with certain
properties.

Our approach in constructing HI spaces with no reflexive subspace, is dif-
ferent from Gowers’ one. In particular we avoid the use of any probabilistic
argument and thus we are able to control the structure of the spaces as well as
the structure of the spaces of bounded linear operators acting on them. More-
over we are able to provide examples of spaces X exhibiting a vast difference
between the structures of X and X∗.

The following are the highlight of our results:
• There exists a HI Banach space X with a shrinking basis and with no

reflexive subspace. Moreover every T : X → X is of the form λI + W
with W weakly compact (and hence strictly singular).

The absence of reflexive subspaces in X in conjunction with the property that
every strictly singular operator is weakly compact is evidence supporting the
existence of Banach spaces such that every non Fredholm operator is compact.

• The dual X∗ of the previous X is HI and reflexively saturated and
the dual of every subspace Y of X is also HI.

This shows a strong divergence between the structure of X and X∗. We recall
that in [AT2] a reflexive HI space X is constructed whose dual X∗ is uncondi-
tionally saturated. The analogue of this in the present setting is the following
one:

• There exists a HI Banach space Y with a shrinking basis and with
no reflexive subspace, such that the dual space Y ∗ is reflexive and
unconditionally saturated.

The definition of the space Y requires an adaptation of the methods of [AT2]
within the present framework of building spaces with no reflexive subspace.

• There exists a partition of the basis (en)n of the previous X into two
sets (en)n∈L1 , (en)n∈L2 such that setting XL1 = span{en : n ∈ L1},
XL2 = span{en : n ∈ L2}, both X∗

L1
, X∗

L2
are HI with no reflexive

subspace.
The pairs XLi , X

∗
Li

for i = 1, 2 share similar properties with the pair (Xgt)∗
and Xgt.

• The space X∗∗ is non separable and every w∗-closed subspace of X∗∗,
is either isomorphic to `2 or is non-separable and contains `2. There-
fore every quotient of X∗ has a further quotient isomorphic to `2.
Moreover X∗∗/X is isomorphic to `2(Γ).

It seems also possible that X∗gt satisfies a similar to the above property al-
though this is not easily shown. Further X∗ is the first example of a HI space
with the following property: X∗/Y is HI whenever Y is w∗-closed (this is
equivalent to say that for every subspace Z of X, Z∗ is HI) and also every
quotient of X∗ has a further quotient which is isomorphic to `2.

• There exists a non separable HI Banach space Z not containing a
reflexive subspace and such that every bounded linear operator T :
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Z → Z is of the form T = λI + W with W a weakly compact (hence
strictly singular) operator with separable range.

This is an extreme construction resulting from a variation of the methods used
in the construction of the space X involved in the previous results. The fact of
the matter is that these methods are not stable. Thus some minor changes in
the initial data could produce spaces with entirely different structure. Notice
that the space Z is of the form Y ∗∗ with Y and Y ∗ sharing similar properties
with the pair X, X∗ appearing in the previous statements.

We shall proceed to a more detailed presentation of the results of the paper
and also of the methods used for constructing the spaces, which are interesting
on their own. We have divided the rest of the introduction in three subsec-
tions. The first concerns the structure of Banach spaces not containing `1, c0

or reflexive subspace. The second is devoted to saturated extensions and in
the third we explain the method of attractors which permits the construction
of dual pairs X,X∗ with strongly divergent structure.

0.1. Hereditarily James Tree spaces. Separable spaces like Gowers Tree
space undoubtedly have peculiar structure. Roughly speaking, in every sub-
space one can find a structure similar to the James tree basis. Next we shall
attempt to be more precise. Thus we shall define the Hereditarily James Tree
spaces, making more transparent their structure. We begin by recalling some
of the fundamental characteristics of James’ paradigm.

In the sequel we shall denote by (D,≺) the dyadic tree and by [D], the set
of all branches (or the body) of D. As usual we would consider that the nodes
of D consist of finite sequences of 0’s and 1’s and a ≺ b iff a is an initial part
of b. The lexicographic order of D, denoted by ≺lex defines a well ordering
which is consistent with the tree order (i.e. a ≺ b yields that a ≺lex b).

The space JT.
The James Tree space JT ([J]) is defined as the completion of (c00(D), ‖ ·

‖JT ) where for x ∈ c00(D), ‖x‖JT is defined as follows:

‖x‖JT = sup
{( n∑

i=1

( ∑
n∈si

x(n)
)2)1/2 : (si)n

i=1 pairwise disjoint segments
}
.

The main properties of the space JT, is that does not contain `1 and has
nonseparable dual.

Next, we list some properties of JT related to our consideration.
• The Hamel basis (ea)a∈D of c00(D) ordered with the lexicographic

order defines a (conditional) boundedly complete basis of JT.
• For every branch b in [D], b = (a1 ≺ a2 ≺ · · · ≺ an · · · ) the sequence

(ean)n is non trivial weak Cauchy and moreover b∗ = w∗ −∑∞
n=1 e∗an

defines a norm one functional in JT ∗.
• The biorthogonal functionals of the basis (e∗a)a∈D generate the predual

JT∗ of JT and they satisfy the following property.
For every segment s of D setting s∗ =

∑
a∈s e∗a we have that ‖s∗‖ =

1.
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It is worth pointing out an alternative definition of the norm of JT. Thus
we consider the following subset of c00(D),

GJT =
{ n∑

i=1

λis
∗
i : (si)n

i=1 are disjoint finite segments and
n∑

i=1

λ2
i ≤ 1

}

Here s∗i are defined as before. It is an easy exercise to see that the norm
induced by the set GJT on c00(D) coincides with the norm of JT.

The James Tree properties.
Let X be a space with a Schauder basis (en)n. A block subspace Y of X

has the boundedly complete (shrinking) James tree property if there exists
a seminormalized block (in the lexicographical order ≺lex of D) sequence
(ya)a∈D in Y and a c > 0 such that the following holds.

(1) (boundedly complete) There exists a bounded family (b∗)b∈[D]

in X∗, such that for each b ∈ [D], b = (a1, a2, . . . , an, . . . ) the se-
quence (yan)n is non trivial weakly Cauchy with lim b∗(yan) > c and
lim b∗1(yan

) = 0 for all b1 6= b.
(2) (shrinking) For all finite segments s of D, ‖ ∑

a∈s
ya‖ ≤ c.

Let’s observe that (ea)a∈D in JT satisfies the boundedly complete James
Tree property while (e∗a)a∈D in JT∗ satisfies the shrinking one. Also, if the
initial space X has a boundedly complete basis only the boundedly complete
James Tree property could occur. A similar result holds if X has a shrinking
basis. Finally if Y has the boundedly complete James Tree property, then
Y ∗ is non separable and if X has a shrinking basis and Y has the (shrinking)
James Tree property, then Y ∗∗ is non separable.

For simplicity, in the sequel we shall consider that the initial space X has
either a boundedly complete or a shrinking basis. Thus if a block subspace
has the James Tree property, then it will be determined as either boundedly
complete or shrinking according to the corresponding property of the initial
basis.

Definition 0.1. Let X be a Banach space with a Schauder basis.
(a) A family L of block subspaces of X has the James Tree property,

provided every Y in L has that property.
(b) The space X is said to be Hereditarily James Tree (HJT) if it does

not contain c0, `1 and every block subspace Y of X, has the James
Tree property.

It follows from Gowers’ construction that the Gowers Tree space Xgt, and
its predual (Xgt)∗ are HJT spaces.

One of the results of the present work is that HJT property is not preserved
under duality. Namely, there exists a HJT space X with a shrinking basis,
such that X∗ is reflexively (even unconditionally) saturated. However, in the
same example there exists a subspace Y of X with Y ∗ also an HJT space.

One of the basic ingredients in our approach to building HJT spaces is the
following space:
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Proposition 0.2. There exists a space JTF2 with a boundedly complete basis
(en)n such that the following hold:

(i) The space JTF2 is `2 saturated.
(ii) The basis (en)n is normalized weakly null and for every M ∈ [N] the

subspace XM = span{en : n ∈ M} has the James tree property.

It is clear that none subsequence (en)n∈M is unconditional. Thus the basis
of JTF2 shares similar properties with the classical Maurey Rosenthal example
[MR]. We shall return to this space in the sequel explaining more about its
structure and its difference from Gowers’ space.

Codings and tree structures. As is well known, every attempt to impose
tight (or conditional) structure in some Banach space, requires the definition
of the conditional elements which in turn results from the existence of special
sequences defined with the use of a coding. What is less well known is that the
codings induce a tree structure in the special sequences. As we shall explain
shortly, the James tree structure in the subspaces of HJT spaces, like Xgt,
(Xgt)∗ or the spaces presented in this paper, are directly related to codings.

Let’s start with a general definition of a coding, and the obtained spe-
cial sequences. Consider a collection (Fj)j with each Fj a countable family
of elements of c00(N). To make more transparent the meaning of our defi-
nitions, let’s assume that each Fj = { 1

m2
j

∑
k∈F e∗k : F ⊂ N, #F ≤ nj}

where (mj), (nj) are appropriate fast increasing sequences of natural num-
bers. Notice that the elements of the family T = ∪jFj and the combinations
of them will play the role of functionals belonging to a norming set. This
explains the use of e∗k instead of ek. For simplicity, we also assume that the
families (Fj)j are pairwise disjoint. This happens in the aforementioned ex-
ample although it is not always true. Under this additional assumption to
each φ ∈ ∪jFj corresponds a unique index by the rule ind(φ) = j iff φ ∈ Fj .
Further for a finite block sequence s = (φ1, . . . , φd) with each φi ∈ ∪jFj , we
define ind(s) = {ind(φ1), . . . , ind(φd)}.

The σ-coding: Let Ω1, Ω2 be a partition of N into two infinite disjoint
subsets. We denote by S the family of all block sequences s = (φ1 < φ2 <
· · · < φd) such that φi ∈ ∪jFj , ind(φ1) ∈ Ω1, {ind(φ2) < · · · < ind(φd)} ⊂ Ω2.
Clearly S is countable, hence there exists an injection

σ : S → Ω2

satisfying σ(s) > ind(s) for every s ∈ S.
The σ-special sequences: A sequence s = (φ1 < φ2 < · · · < φn) in S is

said to be a σ-special sequence iff for every 1 ≤ i < n setting si = (φ1 < · · · <
φi) we have that

φi+1 ∈ Fσ(si).

The following tree-like interference holds for σ-special sequences.
Let s, t be two σ-special sequences with s = (φ1, . . . , φn), t = (ψ1, . . . , ψm).

We set
is,t = max{i : ind(φi) = ind(ψi)}
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if the later set is non empty. Otherwise we set is,t = 0. Then the following
are easily checked.

(a) For every i < is,t we have that φi = ψi.
(b) {ind(φi) : i > is,t} ∩ {ind(ψj) : j > is,t} = ∅.

These two properties immediately yield that the set T ∪j Fj endowed with
the partial order φ ≺σ ψ iff there exists a σ-special sequence (φ1, . . . , φn) and
1 ≤ i < j ≤ n with φ = φi and ψ = φj is a tree.

Now for the given tree structure (T ,≺σ) we will define norms similar to
the classical James tree norm mentioned above.

The space JTF2 : For the first application the family (Fj)j is the one
defined above.

For a σ-special sequence s = (φ1, . . . , φn) and an interval E of N we set
s∗ =

∑n
k=1 φk and let Es∗ be the restriction of s∗ on E (or the pointwise

product s∗χE). A σ-special functional x∗ is any element Es∗ as before.
Also, for a σ-special functional x∗ = Es∗, s = (φ1, . . . , φn), we let ind(x∗) =

{ind(φk) : supp φk ∩ E 6= ∅}. We consider the following set

F2 ={±e∗n : n ∈ N} ∪ {
d∑

i=1

aix
∗
i : ai ∈ Q,

d∑

i=1

a2
i ≤ 1, (x∗i )

d
i=1 are

σ-special functionals with (ind(x∗i ))
d
i=1 pairwise disjoint, d ∈ N}

The space JTF2 is the completion of (c00, ‖.‖F2) where for x ∈ c00,

‖x‖F2 = sup{φ(x) : φ ∈ F2}.
Comparing the norming set F2 with the norming set GJT of JT one ob-

serves that σ-special functionals in F2 play the role of the functionals s∗

defined by the segments of the dyadic tree D. As we have mentioned in Propo-
sition 0.2, the space JTF2 , like JT , is `2 saturated, but for every M ∈ [N],
the subspace XMspan{en : n ∈ M} has non separable dual. The later is a
consequence of the fact that the tree structure (T ,≺σ) is richer than that of
the dyadic tree basis in JT . Indeed, it is easy to check that for every M ∈ [N]
we can construct a block sequence (φa)a∈D such that

(i) φa = 1
m2

ja

∑
k∈Fa

e∗k where #Fa = nja and Fa ⊂ M , while Fa < Fβ if
a ≺lex β.

(ii) For a branch b = (a1 ≺ a2 ≺ · · · ≺ an ≺ · · · ) of D and for every n ∈ N
we have that (φa1 , . . . , φan) is a σ-special sequence.

Defining now xa =
m2

ja

nja

∑
k∈Fa

ek, the family (xa)a∈D provides the James
tree structure of XM .

The Gowers Tree space. The definition of Xgt uses similar ingredients
with the corresponding of JTF2 although structurally the two spaces are en-
tirely different. The norming set Ggt of Gowers space is saturated under the
operations (Anj ,

1
mj

)j . We recall that a subset G of c00 is closed (or saturated)
for the operation (An, 1

m ) if for every φ1 < φ2 < · · · < φk, k ≤ n with φi ∈ G,

i = 1, . . . , k, the functional φ = 1
m

∑k
i=1 φi belongs to G.
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The norming set Ggt is the minimal subset of c00 satisfying the following
conditions:

(i) {±e∗k : k ∈ N} ⊂ Ggt, Ggt is symmetric and closed under the operation
of restricting elements to the intervals.

(ii) Ggt is closed in the (Anj
, 1

mj
)j operations. We also set

Kj = {φ ∈ Ggt : φ is the result of a (Anj
,

1
mj

) operation}

(iii) Ggt contains the set

{ d∑

i=1

aix
∗
i : ai ∈ Q,

d∑

i=1

a2
i ≤ 1, (x∗i )

d
i=1, σ-special functionals

with (ind(x∗i ))
d
i=1 pairwise disjoint, d ∈ N}

(iv) Ggt is rationally convex.
We explain briefly condition (iii). For a coding σ, the σ-special sequences

(φ1, . . . , φn) are defined as in the case of F2. Here the set Kj plays the role
of the corresponding Fj in F2. The σ-special functionals x∗, are defined as in
the case of F2.

Let’s observe that Ggt is almost identical with F2, although the spaces
defined by them are entirely different. The essential difference between F2

and Ggt is that in the case of F2 each Fj , j ∈ N does not norm any sub-
space of JTF2 , while in Xgt each Kj defines an equivalent norm on Xgt.
The later means that in every subspace Y of Xgt, the families Kj , j ∈
N as well as {x∗ : x∗ is a σ-special functional} and {

d∑
i=1

λix
∗
i :

n∑
i=1

λ2
i ≤

1, (ind(x∗i ))
d
i=1 are pairwise disjoint} define equivalent norms making it diffi-

cult to distinguish the action of them on the elements of Y. Thus, while the
spaces of the form JTF2 can be studied in terms of the classical theory, the
space Xgt requires advanced tools, like Gowers probabilistic argument, which
do not permit a complete understanding of its structure.

0.2. Saturated extensions. The method of HI extensions appeared in the
Memoirs monograph [AT1] and was used to derive the following two results:

• Every separable Banach space Z not containing `1 is a quotient of
a separable HI space X, with the additional property that Q∗Z∗ is
a complemented subspace of X∗. (Here Q denotes the quotient map
from X to Z.)

• There exists a nonseparable HI Banach space.
Roughly speaking, the method of HI extensions provides a tool to connect

a given norm, usually defined through a norming set G with a HI norm. The
resulting new norm will preserve some of the ingredients of the initial norm
and will also be HI. To some extent, HI extensions, have similar goals with
HI interpolations ([AF]) and some of the results could be obtained with both
methods. However it seems that the method of extensions is very efficient
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when we want to construct dual pairs X, X∗ with divergent structure. This
actually requires the combination of extensions with the method of attractors,
which appeared in [AT2] where a reflexive HI space X is constructed with X∗

unconditionally saturated.
In the sequel we shall provide a general definition of saturated extensions

which include several forms of extensions which appeared elsewhere (c.f. [AT1,
AT2, ArTo])

Let M be a compact family of finite subsets of N. For the purposes of the
present paper, M will be either some An = {F ⊂ N : #F ≤ n}, or some Sn,
the nth Schreier family. For 0 < θ < 1, the (M, θ)-operation on c00 is a map
which assigns to each M-admissible block sequence (φ1 < φ2 < · · · < φn),
the functional θ

∑n
i=1 φi. (We recall that φ1, φ2, . . . , φn is M-admissible if

{min supp φi : i = 1, . . . , n} belongs to M.) A subset G of c00 is said to
be closed in the (M, θ)-operation, if for every M-admissible block sequence
φ1, . . . , φn, with each φi ∈ G, the functional θ

∑n
i=1 φi belongs to G. When

we refer to saturated norms we shall mean that there exists a norming set G
which is closed under certain (Mj , θj)j operations.

Let G be a subset of c00. The set G is said to be a ground set if it is
symmetric, {e∗n : n ∈ N} is contained in G, ‖φ‖∞ ≤ 1, φ(n) ∈ Q for all
φ ∈ G and G is closed under the restriction of its elements to intervals of N.
A ground norm, ‖ · ‖G is any norm induced on c00 by a ground set G. It turns
out that for every space (X, ‖ · ‖X) with a normalized Schauder basis (xn)n

there exists a ground set GX such that the natural map en 7→ xn defines an
isomorphism between (X, ‖ · ‖X) and (c00, ‖ · ‖GX

).
Saturated extensions of a ground set G. Let G be a ground set,

(mj)j an appropriate sequence of natural numbers and (Mj)j a sequence of
compact families such that (Mj)j is either (Anj )j or (Snj )j .

Denote by EG the minimal subset of c00 such that
(i) The ground set G is a subset of EG.
(ii) The set EG is closed in the (Mj ,

1
mj

) operation.
(iii) The set EG is rationally convex.

Definition 0.3. A subset DG of EG is said to be a saturated extension of
the ground set G if the following hold:

(i) The set DG is a subset of EG, the ground set G is contained in DG

and DG is closed under restrictions of its elements to intervals.
(ii) The set DG is closed under even operations (M2j ,

1
m2j

)j .

(iii) The set DG is rationally convex.
(iv) Every φ ∈ DG admits a tree analysis (ft)t∈T with each ft ∈ DG.

Denoting by ‖ · ‖DG
the norm on c00 induced by DG and letting XDG

be the space (c00, ‖ · ‖DG
), we call XDG

a saturated extension of the space
XG = (c00, ‖ · ‖G).

Let’s point out that the basis (en)n of c00 is a bimonotone boundedly
complete Schauder basis of XDG

and that the identity I : XDG
→ XG is a

norm one operator. Observe also that we make no assumption concerning the
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odd operations. As we will see later making several assumptions for the odd
operations, we will derive saturated extensions with different properties.

A last comment on the definition of DG, is related to the condition (iv).
The tree analysis (ft)t∈T of a functional f in EG describes an inductive pro-
cedure for obtaining f starting from elements of the ground set G and either
applying operations (Mj ,

1
mj

) or taking rational convex combinations. This
tree structure is completely irrelevant to the tree structures discussed in the
previous subsection. Its role is to help estimate upper bounds of the norm of
vectors in XDG

.
Properties and variants of Saturated extensions.
As we have mentioned, for x ∈ c00, ‖x‖G ≤ ‖x‖DG

. This is an immediate
consequence of the fact that G ⊂ DG. On the other hand, there are cases of
ground sets G such that DG does not add more information beyond G itself.
Such a case is when G defines a norm ‖ · ‖G equivalent to the `1 norm. The
measure of the fact that ‖ · ‖DG

is strictly greater than ‖ · ‖G on a subspace
Y of XDG

is that the identity operator I : XDG
→ XG restricted to Y is

a strictly singular one. If I : XDG → XG is strictly singular, then we refer
to strictly singular extensions. The first result we want to mention is that
strictly singular extensions are reflexive ones. More precisely the following
holds:

Proposition 0.4. Let Y be a closed subspace of XDG such that I|Y : Y →
XG is strictly singular. Then Y is reflexively saturated. In particular XDG

is
reflexively saturated whenever it is a strictly singular extension.

Next we proceed to specify the odd operations and to derive additional
information on the structure of XDG

whenever XDG
is a strictly singular

extension.
(a) Unconditionally saturated extensions.
This is the case where DG = EG = Du

G. In this case the following holds:

Proposition 0.5. Let Y be a closed subspace of XDu
G

such that I|Y : Y →
XG is strictly singular. Then Y is unconditionally (and reflexively) saturated.

(b) Hereditarily Indecomposable extensions.
HI extensions, are the most important ones. In this case the norming set

Dhi
G is defined as follows. Dhi

G is the minimal subset of c00 satisfying the
following conditions

(i) {e∗n : n ∈ N} ⊂ Dhi
G , Dhi

G is symmetric and closed under restriction
of its elements to intervals.

(ii) Dhi
G is closed under (M2j ,

1
m2j

)j operations.
(iii) For each j, Dhi

G is closed under (M2j−1,
1

m2j−1
) operation on 2j − 1

special sequences.
(iv) Dhi

G is rationally convex.
The 2j − 1 special sequences are defined through a coding σ and satisfy

the following conditions.
(a) (f1, . . . , fd) is M2j−1 admissible
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(b) For i ≤ i ≤ d there exists some j ∈ N such that fi ∈ K2j =
{

1
m2j

k∑
l=1

φl : φ1 < · · · < φk is M2j admissible, φl ∈ Dhi
G } and if

i > 1 then 2j = σ(f1, . . . , fi−1).
Notice that in the definition of Dhi

G we do not refer to the tree analysis. The
reason is that the existence of a tree analysis follows from the minimality of
Dhi

G and the conditions involved in its definition.
The analogue of the previous results also holds for HI extensions.

Proposition 0.6. Let Y be a closed subspace of XDhi
G

such that I|Y : Y →
XG is strictly singular. Then Y is a HI space. In particular strictly singular
and HI extensions yield HI spaces.

The above three propositions indicate that if we wish to have additional
structure on XDG

, XDu
G
, XDhi

G
we need to consider strictly singular extensions.

As is shown in [AT1], this is always possible. Indeed, for every ground set
G such that the corresponding space XG does not contain `1 there exists a
family (Mj ,

1
mj

)j such that the saturated extension of G by this family is a
strictly singular one. Thus the following is proven ([AT1]).

Theorem 0.7. Let X be a Banach space with a normalized Schauder basis
(xn)n such that X contains no isomorphic copy of `1. Then there exists a
HI space Z with a normalized basis (zn)n such that the map zn 7→ xn has a
linear extension to a bounded operator T : Z → X.

This theorem in conjunction with the following one yields that every sep-
arable Banach space X not containing `1 is the quotient of a HI space.

Theorem 0.8 ([AT1]). Let X be a separable Banach space not containing
`1. Then there exists a space Y not containing `1, with a normalized Schauder
basis (yn)n and a bounded linear operator T : Y → X such that (Tyn)n is a
dense subset of the unit sphere of X.

The predual (XDhi
G

)∗. As we have mentioned before the basis (en)n∈N
of XDhi

G
is boundedly complete, hence the space (XDhi

G
)∗, which is the sub-

space of X∗
Dhi

G
norm generated by the biorthogonal functionals (e∗n)n∈N, is a

predual of XDhi
G

. In many cases it is shown that (XDhi
G

)∗ is also a HI space.
This requires some additional information concerning the weakly null block
sequences in XG, which is stronger than the assumption that the identity
map I : XDhi

G
→ XG is strictly singular. For example in [AT1], for extensions

using the operations (Snj ,
1

mj
)j , had been assumed that the ground set G is

S2 bounded. In the present paper for the operations (Anj ,
1

mj
)j we introduce

the concept of strongly strictly singular extension which yields that (XDhi
G

)∗
is HI. It is also worth pointing out that (XDhi

G
)∗ is not necessarily reflexively

saturated as happens for the strictly singular extensions XDG
XDhi

G
. This

actually will be a key point in our approach for constructing HI spaces with
no reflexive subspace.
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0.3. The attractors method. Let’s return to our initial goal, namely con-
structing HI spaces with no reflexive subspace. It is clear from our preceding
discussion that HI extensions of ground sets G such that XG does not con-
tain `1 yield reflexively saturated HI spaces. Therefore there is no hope to
obtain HI spaces with no reflexive subspace as a result of a HI extension of
a ground set G. As mentioned in [ArTo] saturation and HI methods share
common metamathematical ideas with the forcing method in set theory. In
particular the fact that HI extensions are reflexively saturated is similar to
the well known collapse phenomena in the extensions of models of set theory
via the forcing method. An illustrating example of such phenomena in HI
extensions is that Xgt is a quotient of a HI and reflexively saturated space. In
spite of all these discouraging observations we claim that HI extensions could
help to yield HI spaces with no reflexive subspace, and this is closely related
to the structure of (XDhi

G
)∗. Evidently from the initial stages of HI theory,

([GM1],[GM2],[AD]) and for many years, a norming set D was defined, using
saturation methods and codings, in such a way as to impose certain properties
in the space (X, ‖ · ‖D). In [AT2] the norming set D was designed to impose
divergent properties in (X, ‖ · ‖D) and (X, ‖ · ‖D)∗. The method used for this
is the attractors method, not so named in [AT2], which will also be used in
the present work.

The general principle of the attractors method is the following:
We are interested in designing a ground set G and a HI extension Dhi

G such
that the following two divergent properties hold:

(a) XDhi
G

is a strictly singular extension of XG. In other words every
subspace Y of XDhi

G
contains a further subspace Z on which the G-

norm becomes negligible.
(b) The set G is asymptotic in (XDhi

G
)∗. This means that there exists

c > 0 such that for every subspace Y of (XDhi
G

)∗ and every ε > 0
there exists φ ∈ G with ‖φ‖(X

Dhi
G

)∗ ≥ c and dist(φ, Y ) < ε.

In other words, we want G to be small, as a norming set for the space XDhi
G

and large as a subset of (XDhi
G

)∗. Notice that such a relation between G and
Dhi

G requires the two sets to be built with similar materials, and moreover to
impose certain special functionals in Dhi

G (we call these attractor function-
als) which will allow us to attract in every subspace of (XDhi

G
)∗ part of the

structure of the set G.
Let us be more precise explaining how we define the corresponding sets G

and Dhi
G to obtain a HI extension XDhi

G
, such that (XDhi

G
)∗ is also HI and does

not contain reflexive subspaces.
The ground set F2 and the norming set DF2 . We start by defining the

following family (Fj)j . We shall use the sequence of positive integers (mj)j ,
(nj)j recursively defined as follows:

• m1 = 2 and mj+1 = m5
j .

• n1 = 4, and nj+1 = (5nj)sj where sj = log2 m3
j+1.
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We set F0 = {±e∗n : n ∈ N} and for j = 1, 2, . . . we set

Fj =
{ 1

m2
4j−3

∑

i∈I

±e∗i : #(I) ≤ n4j−3

2
} ∪ {

0
}
.

Using the family (Fj)j and a coding σF , we define the ground set F2 in
the same manner as in the first subsection.

Next we define the set DF2 which is a HI extension of F2 with attractors
as follows:

The set DF2 is a minimal subset of c00 satisfying the following properties:

(i) F2 ⊂ DF2 , DF2 is symmetric (i.e. if f ∈ DF2 then −f ∈ DF2) and
DF2 is closed under the restriction of its elements to intervals of N
(i.e. if f ∈ DF2 and E is an interval of N then Ef ∈ DF2).

(ii) DF2 is closed under (An2j ,
1

m2j
) operations, i.e. if f1 < f2 < · · · < fn2j

belong to DF2 then the functional f = 1
m2j

(f1+f2+· · ·+fn2j
) belongs

also to DF2 .
(iii) DF2 is closed under (An4j−1 ,

1
m4j−1

) operations on special sequences
i.e. for every n4j−1 special sequence (f1, f2, . . . , fn4j−1) the functional
f = 1

m4j−1
(f1 + f2 + · · ·+ fn4j−1) belongs to DF2 . In this case we say

that f is a special functional.
(iv) DF2 is closed under (An4j−3 ,

1
m4j−3

) operations on attractor sequences
i.e. for every 4j − 3 attractor sequence (f1, f2, . . . , fn4j−3) the func-
tional f = 1

m4j−3
(f1 + f2 + · · ·+ fn4j−3) belongs to DF2 . In this case

we say that f is an attractor.
(v) The set DF2 is rationally convex.

In the above definition, the special functionals and the attractors, defined
in (iii) and (iv) respectively, require some more explanation. First, the n4j−1

special sequences (f1, . . . , fn4j−1) are defined through a coding σ as in the case
of the aforementioned HI extensions. Thus each fi, 1 ≤ i ≤ n4j−1 belongs to
some

K2j = { 1
m2j

n2j∑

l=1

φl : φ1 < · · · < φn2j , φl ∈ DF2}

where 2j is equal to σ(f1, . . . , fi−1) whenever 1 < i.
The special functionals will determine the HI property of the extension

DF2 .
Each 4j − 3 attractor sequence f1 < · · · < fn4j−3 is of the following form.

All the odd members of the sequence are elements of ∪jK2j while the even
members are f2i = e∗`2i

and furthermore the sequence f1, . . . , fn4j−3 is deter-
mined by the coding σ in a similar manner to the n4j−1 special sequence. Let
us observe that for every j ∈ N there exist many P ⊂ N with the following
properties. First #P

n4j−3
2 , hence 1

m2
4j−3

∑
`∈P e∗` ∈ Fj and also there exists

an attractor sequence (f1, . . . , f4j−3) with {e∗` : ` ∈ P} coinciding with the
even terms of the sequence. The purpose of the attractors is to make the



THE ATTRACTORS METHOD AND HEREDITARILY JAMES TREE SPACES 13

family ∪jFj asymptotic in the space (XDF2
)∗. In particular using attractors,

the following is proved.
For every subspace Y of (XDF2

)∗ and every j ∈ N there exist φj ∈ Y and
ψj = 1

m2
4j−3

∑
`∈P e∗` ∈ Fj , such that

(a) ‖φj + ψj‖ > 1
144 .

(b) ‖φj − ψj‖ ≤ 1
m4j−3

.

This shows that indeed ∪jFj is asymptotic and furthermore we can copy a
complete dyadic block subtree of (T = ∪jFj ,≺σF ) into the subspace Y which
yields that Y is not reflexive.

The following summarizes the main steps in our approach to constructing
HI spaces with no reflexive subspace.

(1) For two appropriately chosen sequences (mj)j , (nj)j we set Fj =
{ 1

m2
4j−3

∑
k∈F e∗k : #F ≤ n4j−3

2 } and for the family (Fj)j we construct
the norming set F2 and the James Tree space JTF2 .

(2) The space JTF2 does not contain `1 and for every weakly null sequence
(xn)n in JTF2 with ‖xn‖ ≤ C, lim ‖xn‖∞ = 0 and every m ∈ N there
exists L ∈ [N] such that for every y∗ ∈ F2

(1) #{n ∈ L : |y∗(xn)| ≥ 1
m
} ≤ 66m2C2.

(3) We consider the HI extension with attractors Dhi
F2

of F2 defined by the
operations (Anj ,

1
mj

), and we denote by XF2 the space (c00, ‖ · ‖Dhi
F2

).
(4) Inequality (1) yields that XF2 is a strongly strictly singular extension

of JTF2 . Therefore:
(i) The space XF2 is HI and reflexively saturated.
(ii) The predual (XF2)∗ is HI.

(5) Using the attractor functionals, we copy into every subspace of (XF2)∗
a complete dyadic subtree of (T ,≺F ) which shows that (XF2)∗ is a
Hereditarily James Tree space (HJT) and hence it does not contain a
reflexive subspace.

Notice that (XF2)∗ shares with the space X, in the statements presented
at the beginning of the introduction, most of the properties stated there.
However for some of the properties a variation is required. In fact there exists
a complete subtree (T ′,≺σF ) of (T ,≺σF ) such that for the corresponding
space XF ′2 we have that (XF ′2)

∗/(XF ′2)∗ = `2(Γ) with #Γ = 2ω. The space
(XF ′2)∗ coincides with X in the aforementioned statements.

The construction of a nonseparable HI space Z not containing reflexive
subspaces requires changing the framework with the operations (Snj ,

1
mj

)j

instead of (Anj ,
1

mj
)j . In this framework the set Fs and the space JTFs are

defined. More precisely Fs is defined in a similar manner as F2 based on the
families

Fj = { 1
m2

4j−3

∑

i∈I

±e∗i : I ∈ Sn4j−3}.
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Using the coding σF , we define the special functionals and their indices as in
the F2 case. Finally we set

Fs = {±e∗n : n ∈ N} ∪ {
d∑

i=1

x∗i : min supp x∗i ≥ d, i = 1, . . . , n,

(ind(x∗i ))
d
i=1 are pairwise disjoint}

The HI extension with attractors is defined similarly to the XF2 case. Then
XFs

is an asymptotic `1 and reflexively saturated HI space and also (XFs
)∗

is HI while not containing any reflexive subspace. Passing to a complete
subtree (T ′,≺σF ) of (T,≺σF ) and to the corresponding F ′s, XF ′s , we obtain
the additional property that X∗F ′s/(XF ′s)∗

∼= c0(Γ) with #Γ = 2ω. As is shown
in [AT1], this yields that X∗F ′s is HI and since it contains a subspace ((XF ′s)∗)
with no reflexive subspace, the space X∗F ′s has the same property.

Let’s mention also that an HI asymptotic `1 Banach space X not con-
taining a reflexive subspace, with nonseparable dual X∗ which is also HI not
containing any reflexive subspace, has been constructed in [AGT]. This space
is the analogue of Xgt in the frame of the operations (Snj ,

1
mj

)j .
The last variant we present, concerns the HI space Y with a shrinking basis,

not containing a reflexive subspace, such that the dual Y ∗ is unconditionally
and reflexively saturated.

For this, starting with the set F2 we pass to an extension only with attrac-
tors and additionally we subtract a large portion of the conditional structure
of the attractors. This permits us to show that the extension space Xus

F2
is

unconditionally saturated. The remaining part of the conditional structure
of the attractors, forces the predual (Xus

F2
)∗ to be HI and not to contain any

reflexive subspace.
The paper is organized as follows. The first two sections are devoted to

the presentation of the strictly singular and strongly strictly singular (HI)
extensions with attractors of a ground space YG. We shall denote these as
XG. For the results presented in these two sections the attractors play no
role. Thus all statements remain valid whether we consider extensions with
attractors or not. The strictly singular extension, as they have defined before,
provide information about XG and L(XG). In particular the following is
proven:

Theorem 0.9. If XG is a strictly singular extension (with or without attrac-
tors) then the natural basis of XG is boundedly complete, the space XG is HI,
reflexively saturated and every T in L(XG) is of the form T = λI + S with S
a strictly singular operator.

Strongly strictly singular extensions concern the HI property of (XG)∗ and
the structures of L(XG), L((XG)∗). The following theorem includes the main
results of Section 2.

Theorem 0.10. If XG is a strongly strictly singular extension (with or with-
out attractors) then in addition to the above we have the following
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(i) The predual (XG)∗ is HI.
(ii) Every strictly singular S in L(XG) is weakly compact.
(iii) Every T in L((XG)∗) is of the form T = λI +S with S being a strictly

singular and weakly compact operator.

The following result concerning the quotients of XG is also proved in Section
2.

Theorem 0.11. If XG is a strongly strictly singular extension (with or with-
out attractors) and Z is a w∗ closed subspace of XG then the quotient XG/Z
is HI.

The dual form of the above theorem is the following. For every subspace W
of (XG)∗ the dual space W ∗ is HI. Notice also that the additional assumption
that Z is w∗ closed can not be dropped, as the results of Section 5 indicate.

In Section 3 we study the spaces JTF2 . We are mainly concerned with
proving the aforementioned (1) yielding that the extension XF2 is a strongly
strictly singular one. In Section 4 using attractors we prove that (XF2)∗ is
a Hereditarily James Tree (HJT) space and hence it does not contain any
reflexive subspace. Section 5 is devoted to the study of (XF2)

∗. It is shown
that for every subspace Y of (XF2)∗, the space `2 is isomorphic to a subspace of
the nonseparable space Y ∗∗. We also describe the definition of XF ′2 which has
the additional property that (XF ′2)

∗/(XF ′2)∗ is isomorphic to `2(Γ). Section 6
and Section 7 contain the variants XFs , Xus

F2
mentioned before. We have also

included two appendices. In Appendix A we present a proof of a form of the
basic inequality used for estimating upper bounds for the action of functionals
on certain vectors. In Appendix B we proceed to a systematic study of the
James Tree spaces JTF2 , JTFs and JTF2,s . We actually show that JTF2 is `2
saturated while JTFs and JTF2,s are c0 saturated. The study of James Tree
spaces in Section 3 and Appendix B is not related to HI techniques and uses
classical Banach space theory with Ramsey’ s theorem also playing a key role.

1. Strictly singular extensions with attractors

In this section we introduce the ground sets G and then we define the
extensions XG = T [G, (Anj ,

1
mj

)j , σ] with low complexity saturation methods.
Attractors are also defined. We provide conditions yielding the HI property
of the extension XG and we study the space of the operators L(XG). The
results and the techniques are analogue to the corresponding of [AT1] where
extensions using higher complexity saturation methods are presented. We
refer the reader to [ArTo] for an exposition of low complexity extensions.
We also point out that the attractors in the present and next section will
be completely neutralized. Their role will be revealed in Section 4 where we
study the structure of (XF2)∗.

Definition 1.1. (ground sets) A set G ⊂ c00(N) is said to be ground if
the following conditions are satisfied
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(i) e∗n ∈ G for n = 1, 2, . . ., G is symmetric (i.e. if g ∈ G then −g ∈ G),
and closed under restriction of its elements to intervals of N (i.e. if
g ∈ G and E is an interval of N then Eg ∈ G).

(ii) ‖g‖∞ ≤ 1 for every g ∈ G and g(n) ∈ Q for every g ∈ G and n ∈ N.
(iii) Denoting by ‖ ‖G the ground norm on c00(N) defined by the rule

‖x‖G = sup{g(x) : g ∈ G}, the ground space YG, which is the
completion of (c00(N) , ‖ ‖G) contains no isomorphic copy of `1.

It follows readily that the standard basis (en)n of YG is a bimonotone
Schauder basis. The converse is also true. Namely if Y has a bimonotone
basis (yn)n and `1 does not embed into Y then there exists a ground set G
such that YG is isometric to Y . Also, as is well known, every space (Y, ‖ ‖)
with a basis (en)n∈N admits an equivalent norm ||| · ||| such that (en)n∈N is a
bimonotome basis for (Y, ||| |||).
Definition 1.2. (HI extensions with attractors) We fix two strictly in-
creasing sequences of even positive integers (mj)j∈N and (nj)j∈N defined as
follows:

• m1 = 2 and mj+1 = m5
j .

• n1 = 4, and nj+1 = (5nj)sj where sj = log2 m3
j+1.

We let DG be the minimal subset of c00(N) satisfying the following conditions:

(i) G ⊂ DG, DG is symmetric (i.e. if f ∈ DG then −f ∈ DG) and DG

is closed under the restriction of its elements to intervals of N (i.e. if
f ∈ DG and E is an interval of N then Ef ∈ DG).

(ii) DG is closed under (An2j ,
1

m2j
) operations, i.e. if f1 < f2 < · · · < fn2j

belong to DG then the functional f = 1
m2j

(f1 + f2 + · · · + fn2j ) also
belongs to DG. In this case we say that the functional f is the result
of an (An2j ,

1
m2j

) operation.
(iii) DG is closed under (An4j−1 ,

1
m4j−1

) operations on special sequences,
i.e. for every n4j−1 special sequence (f1, f2, . . . , fn4j−1), the functional
f = 1

m4j−1
(f1 + f2 + · · ·+ fn4j−1) belongs to DG. In this case we say

that f is a result of an (An4j−1 ,
1

m4j−1
) operation and that f is a

special functional.
(iv) DG is closed under (An4j−3 ,

1
m4j−3

) operations on attractor sequences,
i.e. for every 4j − 3 attractor sequence (f1, f2, . . . , fn4j−3), the func-
tional f = 1

m4j−3
(f1 + f2 + · · · + fn4j−3) belongs to DG. In this case

we say that f is a result of an (An4j−3 ,
1

m4j−3
) operation and that f

is an attractor.
(v) The set DG is rationally convex.

The space XG = T [G, (Anj ,
1

mj
)j , σ], which is the completion of the space

(c00(N) , ‖ ‖DG), is called a strictly singular extension with attractors
of the space YG, provided that the identity operator I : XG → YG is strictly
singular.
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The norm satisfies the following implicit formula.

‖x‖ = max
{
‖x‖G, sup

j
{sup

1
m2j

n2j∑

i=1

‖Eix‖},

sup{φ(x) : φ special functional}, sup{φ(x) : φ attractor}
}

where the inside supremum in the second term is taken over all choices (Ei)
n2j

i=1

of successive intervals of N.

We next complete the definition of the norming set DG by giving the precise
definition of special functionals and attractors.

From the minimality of DG it follows that each f ∈ DG has one of the
following forms.

(i) f ∈ G. We then say that f is of type 0.
(ii) f = ±Eh where h is a result of an (Anj

, 1
mj

) operation and E is an
interval. In this case we say that f is of type I. Moreover we say that
the integer mj is a weight of f and we write w(f) = mj . We notice
that an f ∈ DG may have many weights.

(iii) f is a rational convex combination of type 0 and type I functionals.
In this case we say that f is of type II.

Definition 1.3. (σ coding, special sequences and attractor sequences)
Let Qs denote the set of all finite sequences (φ1, φ2, . . . , φd) such that φi ∈
c00(N) , φi 6= 0 with φi(n) ∈ Q for all i, n and φ1 < φ2 < · · · < φd. We
fix a pair Ω1, Ω2 of disjoint infinite subsets of N. From the fact that Qs

is countable we are able to define a Gowers-Maurey type injective coding
function σ : Qs → {2j : j ∈ Ω2} such that mσ(φ1,φ2,...,φd) > max{ 1

|φi(el)| :
l ∈ supp φi, i = 1, . . . , d} · max supp φd. Also, let (Λi)i∈N be a sequence of
pairwise disjoint infinite subsets of N with min Λi > mi.

(A) A finite sequence (fi)
n4j−1
i=1 is said to be a n4j−1 special sequence

provided that
(i) (f1, f2, . . . , fn4j−1) ∈ Qs and fi ∈ DG for i = 1, 2, . . . , n4j−1.
(ii) w(f1) = m2k with k ∈ Ω1, m

1/2
2k > n4j−1 and for each 1 ≤ i <

n4j−1, w(fi+1) = mσ(f1,...,fi).
(B) A finite sequence (fi)

n4j−3
i=1 is said to be a n4j−3 attractor sequence

provided that
(i) (f1, f2, . . . , fn4j−3) ∈ Qs and fi ∈ DG for i = 1, 2, . . . , n4j−3.
(ii) w(f1) = m2k with k ∈ Ω1, m

1/2
2k > n4j−3 and w(f2i+1) =

mσ(f1,...,f2i) for each 1 ≤ i < n4j−3/2.
(iii) f2i = e∗l2i

for some l2i ∈ Λσ(f1,...,f2i−1), for i = 1, . . . , n4j−3/2.

The definition of the special functionals and the attractors completes the
definition of the norming set DG of the space XG.
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Remarks 1.4. (i) Since the sequence ( n2j

m2j
)j increases to infinity and

the norming set DG is closed in the (An2j ,
1

m2j
) operations we get

that the Schauder basis (en)n∈N of XG is boundedly complete.
(ii) The special sequences, as in previous constructions (see for example

[GM1],[G2],[AD],[AT1]), are responsible for the absence of uncondi-
tionality in every subspace of XG.

(iii) The attractors do not effect the results of the present section. Their
role is to attract the structure of G, for certain G, in every subspace
of the predual (XG)∗ = span{e∗n : n ∈ N} of the space XG. So,
if we discard condition (iv) in the definition of the norming set DG

(Definition 1.2) then the corresponding space XG, which we call a
strictly singular extension provided that the identity operator I :
XG → YG is strictly singular, shares all the properties we shall prove
in this section with those XG’s which are strictly singular extensions
with attractors.

Definition 1.5. (Rapidly increasing sequences) A block sequence (xk)
in XG is said to be a (C, ε) rapidly increasing sequence (R.I.S.), if ‖xk‖ ≤ C,
and there exists a strictly increasing sequence (jk) of positive integers such
that

(a) (max supp xk) 1
mjk+1

< ε.

(b) For every k = 1, 2, . . . and every f ∈ DG with w(f) = mi, i < jk we
have that |f(xk)| ≤ C

mi
.

Remark 1.6. A subsequence of a (C, ε) R.I.S. remains a (C, ε) R.I.S. while a
sequence which is a (C, ε) R.I.S. is also a (C ′, ε′) R.I.S. if C ′ ≥ C and ε′ ≥ ε.

Proposition 1.7. Let (xk)nj0
k=1 be a (C, ε) R.I.S. with ε ≤ 2

m2
j0

such that for

every g ∈ G, #{k : |g(xk)| > ε} ≤ nj0−1. Then
1) For every f ∈ DG with w(f) = mi,

|f(
1

nj0

nj0∑

k=1

xk)| ≤
{

3C
mj0mi

, if i < j0
C

nj0
+ C

mi
+ Cε , if i ≥ j0

In particular ‖ 1
nj0

nj0∑
k=1

xk‖ ≤ 2C
mj0

.

2) If (bk)nj0
k=1 are scalars with |bk| ≤ 1 such that

(2) |h(
∑

k∈E

bkxk)| ≤ C(max
k∈E

|bk|+ ε
∑

k∈E

|bk|)

for every interval E of positive integers and every h ∈ DG with w(h) = mj0 ,
then

‖ 1
nj0

nj0∑

k=1

bkxk‖ ≤ 4C

m2
j0

.

The proof of the above proposition is based on what we call the basic
inequality (see also [AT1], [ALT]). Its proof is presented in Appendix A.
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Remark 1.8. The validity of Proposition 1.7 is independent of the assump-
tion that the operator I : XG → YG is strictly singular.

In the present section we shall prove several properties of the space XG

provided that the space XG is a strictly singular extension of YG.

Definition 1.9. (exact pairs) A pair (x, φ) with x ∈ XG and φ ∈ DG is said
to be a (C, j, θ) exact pair (where C ≥ 1, j ∈ N, 0 ≤ θ ≤ 1) if the following
conditions are satisfied:

(i) 1 ≤ ‖x‖ ≤ C, for every ψ ∈ DG with w(ψ) = mi, i 6= j we have that
|ψ(x)| ≤ 2C

mi
if i < j, while |ψ(x)| ≤ C

m2
j

if i > j and ‖x‖∞ ≤ C
m2

j
.

(ii) φ is of type I with w(φ) = mj .
(iii) φ(x) = θ and ran x = ran φ.

Definition 1.10. (`k
1 averages) Let k ∈ N. A finitely supported vector

x ∈ XG is said to be a C− `k
1 average if ‖x‖ > 1 and there exist x1 < . . . < xk

with ‖xi‖ ≤ C such that x = 1
k

k∑
i=1

xi.

Lemma 1.11. Let j ∈ N and ε > 0. Then every block subspace of XG

contains a vector x which is a 2 − `
n2j

1 average. If XG is a strictly singular
extension (with or without attractors) then we may select x to additionally
satisfy ‖x‖G < ε.

Proof. If the identity operator I : XG → YG is strictly singular we may pass
to a further block subspace on which the restriction of I has norm less than
ε
2 . For the remainder of the proof in this case, and the proof in the general
case, we refer to [GM1] (Lemma 3) or to [AM]. ¤
Lemma 1.12. Let x be a C − `k

1 average. Then for every n ≤ k and every

sequence of intervals E1 < . . . < En, we have that
n∑

i=1

‖Eix‖ ≤ C(1 + 2n
k ). In

particular if x is a C − `
nj

1 average then for every f ∈ DG with w(f) = mi,
i < j then |f(x)| ≤ 1

mi
C(1 + 2nj−1

nj
) ≤ 3C

2
1

mi
.

We refer to [S] or to [GM1] (Lemma 4) for a proof.

Remark 1.13. Let (xk)k be a block sequence in XG such that each xk is a
2C
3 − `

njk
1 average and let ε > 0 be such that #(ran(xk)) 1

mjk+1
< ε. Then

Lemma 1.12 yields that condition (b) in the definition of R.I.S. (Definition
1.5) is also satisfied hence (xk)k is a (C, ε) R.I.S. In this case we shall call
(xk)k a (C, ε) R.I.S. of `1 averages. From this observation and Lemma 1.11 it
follows that if XG is a strictly singular extension of YG then for every ε > 0,
every block subspace of XG contains a (3, ε) R.I.S. of `1 averages (xk)k∈N with
‖xk‖G < ε.

Proposition 1.14. Suppose that XG is a strictly singular extension of YG

(with or without attractors). Let Z be a block subspace of XG, let j ∈ N
and let ε > 0. Then there exists a (6, 2j, 1) exact pair (x, φ) with x ∈ Z and
‖x‖G < ε.
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Proof. From the fact that the identity operator I : XG → YG is strictly
singular we may assume, passing to a block subspace of Z, that ‖z‖G < ε

6‖z‖
for every z ∈ Z. We choose a (3, 1

n2j
) R.I.S. of `1 averages in Z, (xk)n2j

k=1.
For k = 1, 2, . . . , n2j we choose φk ∈ DG with ran φk = ran xk such that

φk(xk) > 1. We set φ = 1
m2j

n2j∑
k=1

φk. We have that η = φ(m2j

n2j

n2j∑
k=1

xk) > 1.

On the other hand Proposition 1.7 yields that ‖m2j

n2j

n2j∑
k=1

xk‖ ≤ 6. We set

x = 1
η

m2j

n2j

n2j∑
k=1

xk.

We have that 1 = φ(x) ≤ ‖x‖ ≤ 6, hence also ‖x‖G ≤ ε, while ran φ =
ranx. From Proposition 1.7 it follows that for every ψ ∈ DG with w(ψ) = mi,
i 6= 2j we have that |ψ(x)| ≤ 9

mi
if i < 2j while |ψ(x)| ≤ m2j( 3

n2j
+ 3

mi
+ 3

n2j
) ≤

1
m2

2j
if i > m2j . Finally ‖x‖∞ ≤ m2j

n2j
max

k
‖xk‖∞ ≤ 3m2j

n2j
< 1

m2
2j

.

Therefore (x, φ) is a (6, 2j, 1) exact pair with x ∈ Z and ‖x‖G < ε. ¤

Definition 1.15. (dependent sequences and attracting sequences)

(A) A double sequence (xk, x∗k)n4j−1
k=1 is said to be a (C, 4j − 1, θ) depen-

dent sequence (for C > 1, j ∈ N, and 0 ≤ θ ≤ 1) if there exists a
sequence (2jk)n4j−1

k=1 of even integers such that the following conditions
are fulfilled:
(i) (x∗k)n4j−1

k=1 is a 4j−1 special sequence with w(x∗k) = m2jk
for each

k.
(ii) Each (xk, x∗k) is a (C, 2jk, θ) exact pair.

(B) A double sequence (xk, x∗k)n4j−3
k=1 is said to be a (C, 4j−3, θ) attracting

sequence (for C > 1, j ∈ N, and 0 ≤ θ ≤ 1) if there exists a sequence
(2jk)n4j−3

k=1 of even integers such that the following conditions are ful-
filled:
(i) (x∗k)n4j−3

k=1 is a 4j−3 attractor sequence with w(x∗2k−1) = m2j2k−1

and x∗2k = e∗l2k
where l2k ∈ Λ2j2k

for all k ≤ n4j−3/2.
(ii) x2k = el2k

.
(iii) Each (x2k−1, x

∗
2k−1) is a (C, 2j2k−1, θ) exact pair.

Remark 1.16. If (xk, x∗k)n4j−1
k=1 is a (C, 4j − 1, θ) dependent sequence (resp.

(xk, x∗k)n4j−3
k=1 is a (C, 4j − 1, θ) attracting sequence) then the sequence (xk)k

is a (2C, 1
n2

4j−1
) R.I.S. (resp. a (2C, 1

n2
4j−3

) R.I.S.). Let examine this for

a (C, 4j − 3, θ) attracting sequence (the proof for a dependent sequence is
similar). First ‖xk‖ = ‖elk‖ = 1 if k is even while ‖xk‖ ≤ C if k is odd, as
follows from the fact that (xk, x∗k) is a (C, 2jk, θ) exact pair.

Second, the growth condition of the coding function σ in Definition 1.3
and condition (ii) in the same definition yield that for each k we have that
(max supp xk) 1

m2jk+1
= max supp x∗k · 1

mσ(x∗1 ,...,x∗
k
)

< min{|x∗i (el)| : l ∈ supp x∗i , i = 1, . . . , k} ≤ 1
m2j1

< 1
n2

4j−3
.
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Finally, if f ∈ DG with w(f) = mi, i < 2jk then |f(xk)| = |f(elk)| ≤
‖f‖∞ ≤ 1

mi
if k is even, while |f(xk)| ≤ 2C

mi
if k is odd, since in this case

(xk, x∗k) is a (C, 2jk, θ) exact pair.

Proposition 1.17. (i) Let (xk, x∗k)n4j−1
k=1 be a (C, 4j − 1, θ) dependent

sequence such that ‖xk‖G ≤ 2
m2

4j−1
for 1 ≤ k ≤ n4j−1. Then we have

that

‖ 1
n4j−1

n4j−1∑

k=1

(−1)k+1xk‖ ≤ 8C

m2
4j−1

.

(ii) If (xk, x∗k)n4j−3
k=1 is a (C, 4j−3, θ) attracting sequence with ‖x2k−1‖G ≤

2
m2

4j−3
for 1 ≤ k ≤ n4j−3/2 and for every g ∈ G we have that #{k :

|g(x2k)| > 2
m2

4j−3
} ≤ n4j−4 then

‖ 1
n4j−3

n4j−3∑

k=1

(−1)k+1xk‖ ≤ 8C

m2
4j−3

.

(iii) If (xk, x∗k)n4j−1
k=1 is a (C, 4j − 1, 0) dependent sequence with ‖xk‖G ≤

2
m2

4j−1
for 1 ≤ k ≤ n4j−1 then we have that

‖ 1
n4j−1

n4j−1∑

k=1

xk‖ ≤ 8C

m2
4j−1

.

Proof. The conclusion will follow from Proposition 1.7 2) after showing that
the required conditions are fulfilled. We shall only show (i); the proof of (ii)
and (iii) is similar.

From the previous remark the sequence (xk)n4j−1
k=1 is a (2C, 1

n2
4j−1

) R.I.S.

hence it is a (2C, 2
m2

4j−1
) R.I.S. (see Remark 1.6). It remains to show that for

f ∈ DG with w(f) = m4j−1 and for every interval E of positive integers we
have that

|f( ∑

k∈E

(−1)k+1xk

)| ≤ 2C(1 +
2

m2
4j−1

#(E)).

Such an f is of the form f = 1
m4j−1

(Fx∗t−1+x∗t +· · ·+x∗r+fr+1+· · ·+fd) for
some 4j − 1 special sequence (x∗1, x

∗
2, . . . , x

∗
r , fr+1, . . . , fn4j−1) where x∗r+1 6=

fr+1 with w(x∗r+1) = w(fr+1), d ≤ n4j−1 and F is an interval of the form
[m, max supp x∗t−1].

We estimate the value f(xk) for each k.
• If k < t− 1 we have that f(xk) = 0.
• If k = t− 1 we get |f(xt−1)| = 1

m4j−1
|Fx∗t−1(xt−1)| ≤ 1

m4j−1
‖xt−1‖ ≤

C
m4j−1

.

• If k ∈ {t, . . . , r} we have that f(xk) = 1
m4j−1

x∗k(xk) = θ
m4j−1

.
• If k > r + 1, then the injectivity of the coding function σ and the

definition of special functionals yield that w(fi) 6= m2jk
for all i ≥
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r+1. Using the fact that (xk, x∗k) is a (C, 2jk, θ) exact pair and taking
into account that n2

4j−1 < m2j1 ≤ √
m2jk

we get that

|f(xk)| =
1

m4j−1
|(fr+1 + . . . + fd)(xk)|

≤ 1
m4j−1

( ∑

w(fi)<m2jk

|fi(xk)|+
∑

w(fi)>m2jk

|fi(xk)|
)

≤ 1
m4j−1

( ∑

4j−1<l<2jk

2C

ml
+ n4j−1

C

m2
2jk

)

≤ C

m2
4j−1

• For k = r + 1, using a similar argument to the previous case we get
that |f(xr+1)| ≤ C

m4j−1
+ C

m2
4j−1

< 2C
m4j−1

.

Let E be an interval. From the previous estimates we get that

|f( ∑

k∈E

(−1)k+1xk

)| ≤ |f(xt−1)|+
∣∣ ∑

k∈E∩[t,r]

θ

m4j−1
(−1)k+1

∣∣

+|f(xr+1)|+
∑

k∈E∩(r+1,n4j−1]

|f(xk)|

≤ C

m4j−1
+

1
m4j−1

+
C + 1
m4j−1

+
C

m2
4j−1

#(E)

< 2C(1 +
2

m2
4j−1

#(E)).

The proof of the proposition is complete. ¤

Theorem 1.18. If the space XG is a strictly singular extension, (with or
without attractors) then it is Hereditarily Indecomposable.

Proof. Let Y and Z be a pair of block subspaces of XG and let δ > 0.
We choose j ∈ N with m4j−1 > 48

δ . Using Proposition 1.14 we inductively
construct a (6, 4j − 1, 1) dependent sequence (xk, x∗k)n4j−1

k=1 with x2k−1 ∈ Y ,
x2k ∈ Z and ‖xk‖G < 1

m2
4j−1

for all k. From Proposition 1.17 (i) we get

that ‖ 1
n4j−1

n4j−1∑
k=1

(−1)k+1xk‖ ≤ 48
m2

4j−1
. On the other hand the functional

x∗ = 1
m4j−1

n4j−1∑
k=1

x∗k belongs to DG and the estimate of x∗ on the vector

1
n4j−1

n4j−1∑
k=1

xk gives that ‖ 1
n4j−1

n4j−1∑
k=1

xk‖ ≥ 1
m4j−1

.

Setting y =
n4j−1/2∑

k=1

x2k−1 and z =
n4j−1/4∑

k=1

x2k−1 we get that y ∈ Y , z ∈ Z

and ‖y− z‖ < δ‖y + z‖. Therefore the space XG is Hereditarily Indecompos-
able. ¤
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Proposition 1.19. If XG is a strictly singular extension (with or without
attractors) then the dual X∗

G of the space XG = T [G, (Anj ,
1

mj
)j , σ] is the

norm closed linear span of the w∗ closure of G.

X∗
G = span(G

w∗
).

Proof. Assume the contrary. Then setting Z = span(G
w∗

) there exist x∗ ∈
X∗

G \ Z with ‖x∗‖ = 1 and x∗∗ ∈ X∗∗
G such that Z ⊂ kerx∗∗, ‖x∗∗‖ = 2 and

x∗∗(x∗) = 2. The space XG contains no isomorphic copy of `1, since XG is a HI
space, thus from the Odell-Rosenthal theorem there exist a sequence (xk)k∈N
in XG with ‖xk‖ ≤ 2 such that xk

w∗−→ x∗∗. Since each e∗n belongs to Z we get
that lim

k
e∗n(xk) = 0 for all n, thus, using a sliding hump argument, we may

assume that (xk)k∈N is a block sequence. Since also x∗(xk) → x∗∗(x∗) = 2 we
may also assume that 1 < x∗(xk) for all k. Let’s observe that every convex
combination of (xk)k∈N has norm greater than 1.

Considering each xk as a continuous function xk : G
w∗ → R we have that

the sequence (xk)k∈N is uniformly bounded and tends pointwise to 0, hence
it is a weakly null sequence in C(G

w∗
). Since YG is isometric to a subspace of

C(G
w∗

) we get that xk
w−→ 0 in YG thus there exists a convex block sequence

(yk)k∈N of (xk)k∈N with ‖yk‖G → 0. We may thus assume that ‖yk‖G < ε
2 for

all k, where ε = 1
n4

. We may construct a block sequence (zk)k∈N of (yk)k∈N
such that (zk)k∈N is a (3, ε) R.I.S. of `1 averages while each zk is an average
of (yk)k∈N with ‖zk‖G < ε (see Remark 1.13). Proposition 1.7 yields that the

vector z = 1
n4

n4∑
k=1

zk satisfies ‖z‖ ≤ 2·3
m4

< 1. On the other hand, the vector z,

being a convex combination of (xk)k∈N, satisfies ‖z‖ > 1. This contradiction
completes the proof of the proposition. ¤
Remark 1.20. The content of the above proposition is that the strictly
singular extension (with or without attractors) XG = T [G, (Anj ,

1
mj

)j , σ] of

the space YG is actually a reflexive extension. Namely if G
w∗

is a subset of
c00(N) then a consequence of Proposition 1.19 is that the space XG is reflexive.
Furthermore, if XG is nonreflexive then the quotient space X∗

G/(XG)∗ is norm

generated by the classes of the elements of the set G
w∗

. Related to this is also
the next.

Proposition 1.21. The strictly singular extension (with or without attrac-
tors) XG is reflexively saturated (or somewhat reflexive).

Proof. Let Z be a block subspace of XG. From the fact that the identity
operator I : XG → YG is strictly singular we may choose a normalized block

sequence (zn)n∈N in Z, with
∞∑

n=1
‖zn‖G < 1

2 . We claim that the space Z ′ =

span{zn : n ∈ N} is a reflexive subspace of Z.
It is enough to show that the Schauder basis (zn)n∈N of Z ′ is boundedly

complete and shrinking. The first follows from the fact that (zn)n∈N is a
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block sequence of the boundedly complete basis (en)n∈N of XG. To see that
(zn)n∈N is shrinking it is enough to show that ‖f |span{zi: i≥n}‖ n→∞−→ 0 for every

f ∈ X∗
G. From Proposition 1.19 it is enough to prove it only for f ∈ G

w∗
.

Since
∞∑

n=1
‖zn‖G < 1

2 the conclusion follows. ¤

Proposition 1.22. Let Y be an infinite dimensional closed subspace of XG.
Every bounded linear operator T : Y → XG takes the form T = λIY +S with
λ ∈ R and S a strictly singular operator (IY denotes the inclusion map from
Y to XG).

The proof of Proposition 1.22 is similar to the corresponding result for the
space of Gowers and Maurey (Lemmas 22 and 23 of [GM1]) and is based on
the following lemma.

Lemma 1.23. Let Y be a subspace of XG and let T : Y → XG be a bounded
linear operator. Let (yl)l∈N be a block sequence of 2−`nl

1 averages with increas-
ing lengths in Y such that (Tyl)l∈N is also a block sequence and lim

l
‖yl‖G = 0.

Then lim
l

dist(Tyl,Ryl) = 0.

Proof of Proposition 1.22. Assume that T is not strictly singular. We
shall determine a λ 6= 0 such that T − λIY is strictly singular.

Let Y ′ be an infinite dimensional closed subspace of Y such that T : Y ′ →
T (Y ′) is an isomorphism. By standard perturbation arguments and using the
fact that XG is a strictly singular extension of YG, we may assume, passing to
a subspace, that Y ′ is a block subspace of XG spanned by a normalized block

sequence (y′n)n∈N such that (Ty′n)n∈N is also a block sequence and
∞∑

n=1
‖y′n‖G <

1. From Lemma 1.11 we may choose a block sequence (yn)n∈N of 2 − `ni
1

averages of increasing lengths in span{y′n : n ∈ N} with ‖yn‖G → 0. Lemma
1.23 yields that lim

n
dist(Tyn,Ryn) = 0. Thus there exists a λ 6= 0 such that

lim
n
‖Tyn − λyn‖ = 0.

Since the restriction of T − λIY to any finite codimensional subspace of
span{yn : n ∈ N} is clearly not an isomorphism and since also Y is a HI
space, it follows from Proposition 1.2 of [AT1] that the operator T − λIY is
strictly singular. ¤

2. Strongly strictly singular extensions

It is not known whether the predual (XG)∗ = span{e∗n : n ∈ N} of the
strictly singular extension XG is in general a Hereditarily Indecomposable
space. In this section we introduce the concept of strongly strictly singular
extensions which permit us to ensure the HI property for the space (XG)∗ and
to obtain additional information for this space as well as for the spaces L(XG),
L((XG)∗). We also study the quotients of XG with w∗ closed subspaces Z and
we show that these quotients are HI.
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Definition 2.1. Let G be a ground set and XG be an extension of the space
YG. The space XG is said to be a strongly strictly singular extension provided
the following property holds:

For every C > 0 there exists j(C) ∈ N such that for every j ≥ j(C) and
every C-bounded block sequence (xn)n∈N in XG with ‖xn‖∞ → 0 and (xn)n∈N
a weakly null sequence in YG, there exists L ∈ [N] such that for every g ∈ G

#{n ∈ L : |g(xn)| > 2
m2

2j

} ≤ n2j−1.

Remark 2.2. Let’s observe, for later use, that if (xn)n∈N is a R.I.S. of `1
averages (Remark 1.13), then ‖xn‖∞ → 0. Therefore if XG is a strongly
singular extension of YG, there exists a subsequence (xln)n∈N such that the
sequence yn = xl2n−1 − xl2n is weakly null and satisfies the above stated
property.

Proposition 2.3. If XG is a strongly strictly singular extension (with or
without attractors) of YG, then the identity map I : XG → YG is a strictly
singular operator.

Proof. In any block subspace of XG we may consider a block sequence
(xn)n∈N with 1 ≤ ‖xn‖XG ≤ 2, ‖xn‖∞ → 0 and (xn)n∈N being weakly null.
Passing to a subsequence (xln)n∈N for j ≥ j(2) we obtain that

‖ 1
n2j

n2j∑

i=1

xli‖XG
≥ 1

m2j

and on the other hand

‖ 1
n2j

n2j∑

i=1

xli‖YG ≤
2

m2
2j

+
2n2j−1

n2j
<

3
m2

2j

which yields that I is not an isomorphism in any block subspace of XG. ¤

Definition 2.1 is the analogue of the definition of S2 bounded or Sξ bounded
sets (see [AT1] where the norming sets are defined with the use of saturation
methods of the form (Sξj ,

1
mj

)j) in the context of saturation methods of low
complexity, i.e. of the form (Anj ,

1
mj

)j . As we have noticed earlier the as-
sumption of a strongly strictly singular extension (with or without attractors)
is required in order to prove that the predual space (XG)∗ is Hereditarily In-
decomposable.

The HI property of the dual space X∗
G essentially depends on the internal

structure of the set G. Thus we shall see examples of strongly strictly singular
extensions (with or without attractors) such that X∗

G is either HI or contains
`2(N).

Definition 2.4. (ck
0 vectors) Let k ∈ N. A finitely supported vector x∗ ∈

(XG)∗ is said to be a C − ck
0 vector if there exist x∗1 < · · · < x∗k such that

‖x∗i ‖ > C−1, x∗ = x∗1 + · · ·+ x∗k and ‖x∗‖ ≤ 1.
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Remark 2.5. The fact that the norming set DG is rationally convex yields
that DG is pointwise dense in the unit ball of the space BX∗

G
. Since also the

norming set DG is closed in (An2j ,
1

m2j
) operations we get that for every j, if

f1, f2, . . . , fn2j is a block sequence in X∗
G with ‖fi‖ ≤ 1 then ‖ 1

m2j

n2j∑
i=1

fi‖ ≤ 1.

Lemma 2.6. Let (x∗` )`∈N be a block sequence in (XG)∗. Then for every k
there exists a x∗ ∈ span{x∗` : ` ∈ N} which is a 2− ck

0 vector.

The proof is based on Remark 2.5 and can be found in [AT2] (Lemma 5.4).

Lemma 2.7. For every 2− ck
0 vector x∗ and every ε > 0 there exists a 2− ck

0

vector f with f ∈ DG, ran f = ran x∗ and ‖x∗ − f‖ < ε.

Proof. This follows from the fact that the norming set DG is pointwise dense
in BX∗

G
. ¤

Lemma 2.8. If x∗ is a C − ck
0 vector then there exists a C − `k

1 average x
with ran(x) = ran(x∗) and x∗(x) > 1.

Proof. Let x∗ =
k∑

i=1

x∗i where x∗1 < · · · < x∗k, ‖x∗i ‖ > C−1 and ‖x∗‖ ≤ 1.

For i = 1, . . . , k we choose xi ∈ XG with ‖xi‖ ≤ 1, x∗i (xi) > C−1 and

ran(xi) = ran(x∗i ). We set x = 1
k

k∑
i=1

(Cxi). Then ‖Cxi‖ ≤ C for i = 1, . . . , k,

while ‖x‖ ≥ x∗(x) > 1. Also, since ran(x) = ran(x∗), x is the desired C − `k
1

average. ¤
Proposition 2.9. Let Z be a block subspace of (XG)∗ and let k ∈ N, ε > 0.
Then there exists a 2 − `k

1 vector y and y∗ ∈ DG such that y∗(y) > 1,
ran(y∗) = ran(y) and dist(y∗, Z) < ε.

Proof. From Lemma 2.6 we can choose a 2 − ck
0 vector x∗ =

k∑
i=1

x∗i in Z.

Lemma 2.8 yields the existence of a 2−`k
1 average y with ran(y) = ran(x∗) and

x∗(y) > 1. Applying Lemma 2.7 we can find y∗ ∈ DG with ran(y∗) = ran(x∗)
and ‖y∗ − x∗‖ < min{ε, x∗(y)−1

2 }. It is clear that y and y∗ satisfy the desired
conditions. ¤
Lemma 2.10. Suppose that XG is a strongly strictly singular extension (with
or without attractors) and let Z be a block subspace of (XG)∗. Then for every
j > 1 and ε > 0 there exists a (18, 2j, 1) exact pair (z, z∗) with dist(z∗, Z) < ε
and ‖z‖G ≤ 3

m2j
.

Proof. Using Proposition 2.9 we may select a block sequence (yl)l∈N in XG

and a sequence (y∗l )l∈N such that
(i) Each yl is a 2 − `

nil
1 average where (il)l∈N is an increasing sequence

of integers.

(ii) y∗l ∈ DG for all l and
∞∑

l=1

dist(y∗l , Z) < ε.
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(iii) y∗l (yl) > 1 and ran y∗l = ran yl.
From Remark 1.13 we may assume (passing, if necessary, to a subsequence)
that (yl)l∈N is a (3, ε) R.I.S. Since YG contains no isomorphic copy of `1 we
may assume, passing again to a subsequence, that (yl)l∈N is a weakly Cauchy
sequence in YG. Setting xl = 1

2 (y2l−1 − y2l) it is clear that ‖xl‖∞ → 0 while
(xl)l∈N is a weakly null sequence in YG. From the fact that XG is a strongly
strictly singular extension (with or without attractors) it follows that there
exists M ∈ [N] such that for every g ∈ G the set {l ∈ M : |g(xl)| > 2

m2
2j
} has

at most n2j−1 elements (notice that 66m4
2j < n2j−1). We may assume that

M = N. Also (xl)l∈N is a (3, ε) R.I.S. We set

z∗ =
1

m2j

( n2j−1∑

l=1

y∗2l−1 − y∗2l

)
.

From Proposition 1.7 we get that ‖ 1
n2j

n2j∑
l=1

xl‖ ≤ 6
m2j

while z∗(m2j

n2j

n2j∑
l=1

xl) > 1

hence there exists η with 1
6 ≤ η < 1 such that z∗(η m2j

n2j

n2j∑
l=1

xl) = 1. We set

z = η
m2j

n2j

n2j∑

l=1

xl.

It follows easily from Proposition 1.7 that (z, z∗) is a (18, 2j, 1) exact pair.
From condition (ii) we get that dist(z∗, Z) < ε. Finally we have that ‖z‖G ≤

3
m2j

. Indeed, let g ∈ G. Since #{l : |g(xl)| > 2
m2

2j
} ≤ n2j−1 and |g(xl)| ≤

‖xl‖ ≤ 2 for all l we have that

|g(z)| ≤ m2j

n2j

n2j∑

l=1

|g(xl)| ≤ m2j

n2j
(

2
m2

2j

n2j + 2n2j−1) <
3

m2j
.

Therefore ‖z‖G ≤ 3
m2j

. ¤

Lemma 2.11. Let XG be a strongly strictly singular extension (with or
without attractors) and let Y, Z be a pair of block subspaces of (XG)∗. Then
for every ε > 0 and j > 1 there exists a (18, 4j − 1, 1) dependent sequence
(xk, x∗k)n4j−1

k=1 with
∑

dist(x∗2k−1, Y ) < ε,
∑

dist(x∗2k, Z) < ε and ‖xk‖G ≤
2

n2
4j−1

for all k.

Proof. This is an immediate consequence of Lemma 2.10. ¤

Theorem 2.12. If XG is a strongly strictly singular extension (with or with-
out attractors), then the predual space (XG)∗ is Hereditarily Indecomposable.

Proof. Let Y, Z be a pair of block subspaces of (XG)∗. For every j > 1 using
Lemma 2.11 we may select a (18, 4j − 1, 1) dependent sequence (xk, x∗k)n4j−1

k=1

with
∑

dist(x∗2k−1, Y ) < 1 and
∑

dist(x∗2k, Z) < 1 and ‖xk‖G ≤ 2
m2

4j−1
for all

k.
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The functional x∗ = 1
m4j−1

n4j−1∑
k=1

x∗k belongs to the norming set DG hence

‖x∗‖ ≤ 1. From Proposition 1.17 we get that ‖ 1
n4j−1

n4j−1∑
k=1

(−1)k+1xk‖ ≤
144

m2
4j−1

.
We set

hY =
1

m4j−1

n4j−1/2∑

k=1

x∗2k−1 and hZ =
1

m4j−1

n4j−1/2∑

k=1

x∗2k.

Estimating hY − hZ on the vector 1
n4j−1

n4j−1∑
k=1

(−1)k+1xk yields that ‖hY −
hZ‖ ≥ m4j−1

144 while we obviously have that ‖hY + hZ‖ = ‖x∗‖ ≤ 1.
From the fact that dist(hY , Y ) < 1 and dist(hZ , Z) < 1 we may select

fY ∈ Y and fZ ∈ Z with ‖hY − fY ‖ < 1 and ‖hZ − fZ‖ < 1. From the above
estimates we conclude that ‖fY − fZ‖ ≥ (m4j−1

432 − 2
3 )‖fY + fZ‖. Since we can

find such fY and fZ for arbitrary large j it follows that (XG)∗ is Hereditarily
Indecomposable. ¤

The next two theorems concern the structure of L(XG), L((XG)∗). We
start with the following lemmas. The first is the analogue of Lemma 1.23 for
strongly strictly singular extensions.

Lemma 2.13. Assume that XG is a strongly strictly singular extension. Let
Y be a subspace of XG and let T : Y → XG be a bounded linear operator.
Let (y`)`∈N be a block sequence in Y of C-`jk

1 averages with lim jk = ∞.
Furthermore assume that (Ty`)`∈N is also a block sequence. Then

lim dist(Ty`,Ry`) = 0.

Proof. Assume that the conclusion fails. We may assume, passing to a sub-
sequence that there exists δ > 0 such that for every ` ∈ N, dist(Ty`,Ry`) > δ
and moreover that (y`)` is a R.I.S. Next for each ` ∈ N, we choose φ` such
that supp φ` ⊂ ran(y` ∪ Ty`), φ` ∈ DG, φ`(Ty`) > δ

2 and φ`(y`) = 0. From
Remark 2.2 and since XG is a strictly singular extension of YG, for every
j ∈ N, j > j(C) we can find a subsequence (y`k

)k∈N such that the sequence
wk = (y`2k−1 − y`2k

)/2 is weakly null and for every g ∈ G,

#
{

k ∈ N : |g(wk)| > 2
m2

2j

}
≤ n2j−1.

This yields that for every j > j(C) there exists wk1 < wk2 < · · · < wkn2j
and

φk1 < φk2 < · · · < φkn2j
such that setting w

m2j

n2j

n2j∑
i=1

wki and φ 1
m2j

n2j∑
i=1

φi, we

have that

‖w‖ ≤ 6C, φ ∈ DG, φ(Tw) >
δ

2
φ(w) = 0, and ‖w‖G <

3
m2

2j

.
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In particular (w, φ) is (6C, 2j, 0) exact pair with ‖w‖G < 3
m2

2j
. The remaining

part of the proof follows the arguments of Lemmas 22 and 23 of [GM1] using
Proposition 1.17, (iii). ¤

The next lemma is easy and its proof is included in the proof of Theorem
9.4 of [AT1].

Lemma 2.14. Let X be a Banach space with a boundedly complete basis
(en)n∈N not containing `1. Assume that T : X → X is a bounded linear
non weakly compact operator. Then there exist two block sequences (xn)n∈N
(yn)n∈N and y in X such that the following hold:

(i) (xn)n∈N is normalized, xn
w∗→ x∗∗ ∈ X∗∗ \X.

(ii) (yn)n∈N is bounded, yn
w∗→ y∗∗ ∈ X∗∗ \X.

(iii) ‖Txn − (y + yn)‖ → 0.

Theorem 2.15. If XG is a strongly strictly singular extension (with or with-
out attractors), then every bounded linear operator T : XG → XG takes the
form T = λI + S with S a strictly singular and weakly compact operator.

Proof. We already know from Proposition 1.22 that every bounded linear
operator T : XG → XG is of the form T = λI + S with S a strictly singular
operator so it remains to show that every strictly singular operator S : XG →
XG is weakly compact.

Assume now that there exists a strictly singular T ∈ L(XG) which is not
weakly compact. Then from Lemma 2.14, there exist (xn)n∈N, (yn)n∈N, y in
XG satisfying the conclusions of Lemma 2.14. It follows that there exists a
subsequence (xn)n∈L such that setting Z = span{xn : n ∈ L} there exists
a compact perturbation of T |Z denoted by T̃ such that for n ∈ L, we have
that T̃ (xn) = y + zn. For simplicity of notation assume that L = N. Since

xn
w∗→ x∗∗ ∈ X∗∗

G \XG and yn
w∗→ y∗∗ ∈ X∗∗

G \XG we may assume that every
convex combination of (xn)n∈N has norm greater than δ > 0.

Choose (zk)k∈N, zk = 1
njk

∑
i∈Fk

1
δ xi with #Fk = njk

and Fk < Fk+1. Then

setting wk = z2k−1−z2k

‖z2k−1−z2k‖ , Lemma 2.13 (actually its proof) yields that

limdist(T̃wk,Rwk) = 0.

From this we conclude that for some subsequence (wk)k∈L, T̃ |span{wk : k ∈
L} is an isomorphism contradicting our assumption that T is strictly singular.

¤

Theorem 2.16. Let XG be a strongly singular extension (with or without
attractors) of YG. Then every bounded linear operator T : (XG)∗ → (XG)∗ is
of the form T = λI + S with S strictly singular.

The proof of this result follows the lines of Proposition 7.1 in [AT2]. We
first state two auxiliary lemmas.
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Lemma 2.17. Let X be a HI space with a Schauder basis (en)n∈N. Assume
that T : X → X is a bounded linear operator which is not of the form
T = λI +S with S strictly singular. Then there exists n0 and δ > 0 such that
for every z ∈ Xn0 = span{en : n ≥ n0}, dist(Tz,Rz) ≥ δ‖z‖.

Proof. If not, then there exists a normalized block sequence (zn)n∈N such
that dist(Tzn,Rzn) ≤ 1

n . Choose λ ∈ R such that ‖Tzn − λzn‖n∈L → 0 for a
subsequence (zn)n∈L. Then for a further subsequence (zn)n∈M we have that
T−λI|span{zn: n∈M} is a compact operator. The HI property of X easily yields
that T − λI is a strictly singular operator, contradicting our assumption. ¤

Lemma 2.18. Let T : (XG)∗ → (XG)∗ be a bounded linear operator with
‖T‖ = 1. Assume that for some δ > 0, and n0 ∈ N, dist(Tf,Rf) ≥ δ‖f‖
for all f ∈ (XG)∗ with n0 < supp f. Then for every k ∈ N and every block
subspace Z of (XG)∗ there exist a z∗ ∈ Z with ‖z∗‖ ≤ 1 and a 2

δ -`k
1 average

z such that z∗(z) = 0, Tz∗(z) > 1 and ran z ⊂ ran z∗ ∪ ran Tz∗.

Proof. By Lemma 2.6 there exists a 2-ck
0 vector z∗ =

k∑
i=1

z∗i in Z with n0 <

min supp z∗. Since dist(Tz∗i ,Rz∗i ) ≥ δ‖z∗i ‖ > δ
2 we may choose for each i =

1, . . . , k a vector zi ∈ XG with ‖zi‖ < 2
δ and supp zi ⊂ ran z∗i ∪ ranTz∗i

satisfying Tz∗i (zi) > 1 and z∗i (zi) = 0. We set z = 1
k

k∑
i=1

zi. It is easy to check

that z is the desired vector. ¤

Proof of Theorem 2.16. On the contrary assume that there exists T ∈
L((XG)∗) which is not of the desired form. Assume further that ‖T‖ = 1
and Te∗n is finitely supported with limmin suppTe∗n = ∞. (We may assume
the later conditions from the fact that the basis (e∗n)n∈N of (XG)∗ is weakly
null.) In particular for every block sequence (z∗n)n∈N in (XG)∗ there exists a
subsequence (z∗n)n∈L such that (ran z∗n ∪ ran Tz∗n)n is a sequence of successive
subsets of N.

Let δ > 0 and n0 ∈ N be as in Lemma 2.18 and let j( 2
δ ) be the correspond-

ing index such that for all j ≥ j( 2
δ ) the conclusion of Definition 2.1 holds for

2
δ -bounded block sequences of XG. Using arguments similar to those of Lemma
2.10 for j ≥ j( 2

δ ) we can find an ( 18
δ , 2j, 0) exact pair (z, z∗), with Tz∗(z) > 1

and ‖z‖G ≤ 3
m2j

. Then for every j ∈ N there exists a ( 18
δ , 4j−1, 0) dependent

sequence (zk, z∗k)n4j−1
k=1 , such that z∗k(zk) = 0, Tz∗k(zk) > 1, ‖zk‖G ≤ 1

m2
4j−1

,

(ran z∗k ∪ ran Tz∗k)n4j−1
k=1 are successive subsets of N and ran zk ⊂ Ik where Ik

is the minimal interval of N containing ran z∗k ∪ ran Tz∗k.
Proposition 1.17 yields that

‖ 1
n4j−1

n4j−1∑

k=1

zk‖ ≤ 144
m2

4j−1δ
.
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Finally ‖ 1
m4j−1

n4j−1∑
k=1

Tz∗k‖ ≤ 1 (since ‖T‖ ≤ 1 ) and also

1 ≥ ‖ 1
m4j−1

n4j−1∑

k=1

Tz∗k‖ ≥
m2

4j−1δ

144m4j−1

1
n4j−1

n4j−1∑

k=1

Tz∗k(zk) ≥ m4j−1δ

144
.

This yields a contradiction for sufficiently large j ∈ N. ¤

The following lemma is similar to a corresponding result used by V. Ferenczi
[Fe] in order to show that every quotient of the space constructed by W.T
Gowers and B. Maurey remains Hereditarily Indecomposable.

Lemma 2.19. Suppose that XG is a strictly singular extension of YG (with
or without attractors). Let Z be w∗ closed subspace of XG and let Y be
a closed subspace of XG with Z ⊂ Y such that the quotient space Y/Z
is infinite dimensional. Then for every m,N ∈ N and ε > 0 there exists
x ∈ span{ei : i ≥ m} which is a 2− `N

1 average with dist(x, Y ) < ε and there
exists f ∈ B(XG)∗ with dist(f, Z⊥) < ε such that f(x) > 1.

Proof. We recall that from the fact that Z is w∗ closed the quotient space
XG/Z may be identified with the dual of the annihilator Z⊥ = {f ∈ (XG)∗ :
f(z) = 0 ∀z ∈ Z}, i.e. XG/Z = (Z⊥)∗. Pick a normalized sequence (ŷ′n)n∈N
in Y/Z with ŷ′n

w∗→ 0. From W.B. Johnson’s and H.P. Rosenthal’s work on
w∗− basic sequences ([JR]) and their w∗ analogue of the classical Bessaga -
Pelczynski theorem, we may assume, passing to a subsequence, that (ŷ′n)n∈N
is a w∗ basic sequence. Hence there exists a bounded sequence (z∗n)n∈N in Z⊥

such that (z∗n, ŷ′n)n∈N are biorthogonal (z∗n(ŷ′m) = δnm) and
n∑

i=1

ŷ(z∗n)ŷ′i → ŷ

for every ŷ in the weak∗ closure of the linear span of the sequence (ŷ′n)n∈N.
Since (XG)∗ contains no isomorphic copy of `1 (as it a space with separa-

ble dual) we may assume, passing to a subsequence, that (z∗n)n∈N is weakly
Cauchy, hence (z∗2n−1 − z∗2n)n∈N is weakly null. Using a sliding hump argu-
ment and passing to a subsequence we may assume that with an error up to ε
this sequence is a block sequence with respect to the standard basis of (XG)∗.

We set y∗n = z∗2n−1−z∗2n and ŷn = ŷ′2n−1 for n = 1, 2, . . .. Then (y∗n, ŷn)n∈N
are biorthogonal, (y∗n)n∈N is a weakly null block sequence in (XG)∗ with y∗n ∈
Z⊥, while (ŷn) is a normalized w∗− basic sequence in Y/Z.

We choose k, j ∈ N such that 2k > m2j and (2N)k ≤ n2j . We set

A1 =
{
L ∈ [N], L = {li, i ∈ N} : ‖ 1

2N

2N∑

i=1

(−1)i+1ŷli‖ >
1
2
}

and B1 = [N] \ A1

From Ramsey’s theorem we may find a homogenous set L either in A1 or in
B1. We may assume that L = N.

Suppose first that the homogenous set is in A1, i.e. ‖ 1
2N

2N∑
i=1

(−1)i+1ŷli‖ > 1
2

for every l1 < l2 < . . . < l2N in N. For each n we may choose yn ∈ Y ⊂ XG
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with ‖yn‖ = 1 and Q(yn) = ŷn. Passing to a subsequence we may assume
(again with an error up to ε) that the sequence xn = y2n−1 − y2n is a weakly

null block sequence in XG with min supp xi ≥ m. We set x = 1
N

N∑
i=1

xi. It is

clear that x is a 2-`N
1 average while since Qx ∈ Y/Z ⊂ XG/Z = (Z⊥)∗ and

‖Qx‖ > 1 there exists f ∈ Z⊥ with ‖f‖ ≤ 1 such that f(x) > 1.
On the other hand if the homogenous set is in B1 then we may assume,

passing again to a subsequence that there exists a1 ≥ 2 such that setting

ŷ2,n = a1 · 1
2N

n(2N)∑
i=(n−1)(2N)+1

(−1)i+1ŷi for i = 1, 2, . . ., (ŷ2,n)n∈N is a normalized

sequence in Y/Z. We may again apply Ramsey’s theorem defining A2, B2 as
before, using the sequence (ŷ2,n)n∈N instead of (ŷn)n∈N. If the homogenous
set is in A2 the proof finishes as before while if it is in B2 we continue defining
(ŷ3,n)n∈N A3, B3 and so on.

If in none of the first k steps we arrived at a homogenous set in some Ai

then there exist a1, a2, . . . , ak ≥ 2 and l1 < l2 < · · · < l(2N)k in N such that
the vector

ŷ = a1a2 · . . . · ak
1

(2N)k

(2N)k∑

i=1

(−1)i+1ŷli

satisfies ‖ŷ‖ = 1.

But then the functional y∗ = 1
m2j

(2N)k∑
i=1

(−1)i+1y∗li belongs to Z⊥ and satis-

fies ‖y∗‖ ≤ 1 (as (y∗li)i is a block sequence with ‖y∗li‖ ≤ 1 and (2N)k ≤ n2j).
Therefore, taking into account the biorthogonality, we ge that

1 = ‖ŷ‖ ≤ y∗(ŷ) =
1

m2j

2k

(2N)k
(2N)k =

2k

m2j

which contradicts our choice of k and j. ¤

Lemma 2.20. Suppose that XG is a strongly strictly singular extension of
YG (with or without attractors) and let Y and Z be as in Lemma 2.19. Then
for every j > 1 and every ε > 0 there exists a (18, 2j, 1) exact pair (y, f) with
dist(y, Y ) < ε, ‖y‖G < 3

m2j
and dist(f, Z⊥) < ε.

Proof. Let (εi)i∈N be a sequence of positive reals with
∞∑

i=1

εi < ε. Using

Lemma 2.19 we may inductively construct a block sequence (xi)i∈N in XG, a
sequence (φi)i∈N in B(XG)∗ and a sequence of integers t1 < t2 < · · · such that
the following are satisfied:

(i) dist(xi, Y ) < εi, dist(φi, Z⊥) < εi and φi(xi) > 1.
(ii) The sequence (xi)i∈N is a sequence of 2 − `1 averages of increasing

length and min supp xi ≥ ti.
(iii) The restriction of the functional φi to the space span{en : n ≥ ti+1}

has norm at most εi.
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Passing to a subsequence we may assume that the sequences (φi)i∈N and
(xi)i∈N are weakly Cauchy. Thus the sequence (−φ2n−1 + φ2n)n∈N is weakly
null; so we may assume, passing again to a subsequence, that it is a block
sequence and that, since (x2n)n∈N is a weakly Cauchy sequence, the sequence
yn = x4n−2 − x4n is a weakly null block sequence in XG and thus also in
YG, therefore, from the fact that XG is a strongly strictly singular extension
of YG we may assume, passing to a subsequence, that for every g ∈ G the
set {n ∈ N : |g(yn)| > 2

m2
2j
} contains at most n2j−1 elements and also that

(yn)n∈N is a (3, ε) R.I.S. of `1 averages.
We set fn = 1

2 (−φ4n−3 + φ4n−2) for n = 1, 2, . . ., and we may assume that
max(supp fn ∪ supp yn) < min(supp fn+1 ∪ supp yn+1) for all n. Finally we
set

y′ =
m2j

n2j

n2j∑

i=1

yi and f =
1

m2j

n2j∑

i=1

fi.

As in the proof of Lemma 2.10 we obtain that (y, f), where y is a suitable
scalar multiple of y′, is the desired exact pair. ¤

Using Lemma 2.20 we prove the following:

Theorem 2.21. If XG is a strongly strictly singular extension of YG (with
or without attractors) and Z is a w∗ closed subspace of XG of infinite codi-
mension then the quotient space XG/Z is Hereditarily Indecomposable.

Proof. Let Y1 and Y2 be subspaces of XG with Z ↪→ Y1 ∩ Y2 such that Z is
of infinite codimension in each Yi, i = 1, 2. Then for every ε > 0 and j ∈ N we
may select an (18, 4j − 1, 1) dependent sequence χ = (xk, x∗k)n4j−1

k=1 such that
(i) ‖xk‖G < 1

m2
4j−1

, k = 1, . . . , n4j−1.

(ii) dist(x2k−1, Y1) < ε, dist(x2k, Y2) < ε.
(iii) dist(x∗k, Z⊥) < ε.

Let Q : XG → XG/Z be the quotient map. If ε > 0 is sufficiently small
Proposition 1.17 easily yields that

dist(SQ(Y1), SQ(Y2)) <
C

m4j−1

where C is a constant independent of j. The proof is complete. ¤

3. The James tree space JTF2 .

In this section we define a class of James Tree-like spaces. These spaces
share some of the main properties of the classical JT space. Namely they
do not contain an isomorphic copy of the space `1. Furthermore they have
a bimonotone basis. In particular their norming set is a ground set and a
specific example of this form will be the ground set for our final constructions.
The principal goal is to prove the inequality in Proposition 3.14 yielding that
that the ground set F2 defined in the next section admits a strongly strictly
singular extension. In Appendix B we present a systematic study of JTF2

spaces and of some variants of them.
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Definition 3.1. (JTG families) A family F = (Fj)∞j=0 of subsets of c00(N)
is said to be a James Tree Generating family (JTG family) provided it
satisfies the following conditions:

(A) F0 = {±e∗n : n ∈ N} and each Fj is nonempty, countable, symmetric,
compact in the topology of pointwise convergence and closed under
restrictions to intervals of N.

(B) Setting τj = sup{‖f‖∞ : f ∈ Fj}, the sequence (τj)j∈N is strictly

decreasing and
∞∑

j=1

τj ≤ 1.

Definition 3.2. (The σF coding) Let (Fj)∞j=0 be a JTG family. We fix a
pair Ξ1, Ξ2 of disjoint infinite subsets of N. Let W = {(f1, . . . , fd) : fi ∈
∪∞j=1Fj , f1 < · · · < fd, d ∈ N}. The set W is countable so we may select an
1–1 coding function σF : W → Ξ2 such that for every (f1, . . . , fd) ∈ W ,

σF (f1, . . . , fd) > max
{
k : ∃i ∈ {1, . . . , d} with fi ∈ Fk

}
.

A finite or infinite block sequence (fi)i in
∞⋃

j=1

Fj \ {0} is said to be a σF

special sequence provided f1 ∈
⋃

l∈Ξ1

Fl and fi+1 ∈ FσF (f1,...,fi) for all i. A

σF special functional x∗ is any functional of the form x∗ = E
∑
i

fi with (fi)i

a σF special sequence (when the sum
∑
i

fi is infinite it is considered in the

pointwise topology) and E an interval of N. If the interval E is finite then
x∗ is said to be a finite σF special functional. We denote by S the set of all
finite σF special functionals. Let’s observe that S

w∗
is the set of all σF special

functionals.

Definition 3.3. (A) Let s = (fi)i be a σF special sequence. Then for for
each i we define the inds(fi) as follows. inds(f1) = min{j : f1 ∈ Fj}
while for i = 2, 3, . . . inds(fi) = σF (f1, . . . , fi−1).

(B) Let s = (fi)i be a σF special sequence and let E be an interval. The
set of indices of the σF special functional x∗ = E

∑
i

fi is the set

inds(x∗) = {inds(fi) : Efi 6= 0}.
(C) A (finite or infinite) family of σF special functionals (x∗k)k is said to

be disjoint if for each k there exists a σF special sequence sk = (fk
i )i

and interval Ek such that x∗k = Ek

∑
i

fk
i and (indsk

(x∗k))k are pairwise

disjoint.

Remark 3.4. (a) Our definition of inds(fi) and inds(x∗), which is rather
technical, is required by the fact that we did not assume (Fi \{0})i to
be pairwise disjoint, hence the same f could occur in several different
σF special sequences.

(b) Let’s observe that for every family (x∗i )
d
i=1 of disjoint σF special func-

tionals, ‖
d∑

i=1

x∗i ‖∞ ≤ 1 (recall that
∞∑

j=1

τj ≤ 1).
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(c) Let s1 = (fi)i, s2 = (hi)i be two distinct σF special sequences. Then
inds1(fi) 6= inds2(hj) for i 6= j while there exists i0 such that fi = hi

for all i < i0 and inds1(fi) 6= inds2(hi) for i > i0.
(d) For every family (si)d

i=1 of infinite σF special sequences there exists
n0 such that (Es∗i )

d
i=1 are disjoint, where E = [n0,∞) and s∗i denotes

the σF special functional defined by the σF special sequence si.

Definition 3.5. (The norming set F2). Let (Fj)∞j=0 be a JTG family. We
set

F2 = F0 ∪
{ d∑

k=1

akx∗k : ak ∈ Q,
d∑

k=1

a2
k ≤ 1, and

(x∗k)d
k=1 is a family of disjoint finite σF special functionals

}

The space JTF2 is defined as the completion of the space (c00(N) , ‖ ‖F2)
where ‖x‖F2 = sup{f(x) : f ∈ F2} for x ∈ c00(N) .

Remark 3.6. Let’s observe that the standard basis (en)n∈N of c00(N) is a
normalized bimonotone Schauder basis of the space JTF2 .

Theorem 3.7. (i) The space JTF2 does not contain `1.
(ii) JT ∗F2

= span({e∗n : n ∈ N} ∪ {b∗ : b ∈ B}) where B is the set of all
infinite σF special sequences.

The proof of the above theorem is almost identical with the proofs of Propo-
sitions 10.4 and 10.11 of [AT1]. We proceed to a short description of the basic
steps.

Let’s start by observing the following.

F2
w∗

= F0 ∪
{ ∞∑

k=1

akx∗k : ak ∈ Q,

∞∑

k=1

a2
k ≤ 1, and

(x∗k)∞k=1 is a family of disjoint σF special functionals
}

Also for a disjoint family (x∗i )
∞
i=1 of special functionals and (ai)∞i=1 in R, we

have that
‖
∞∑

i=1

aix
∗
i ‖JT∗F2

≤ ( ∞∑
i=1

a2
i

)1/2. The above observations yield the following:

Lemma 3.8. Fw∗

2 ⊂ span({e∗n : n ∈ N} ∪ {b∗ : b ∈ B}) where B is the set of
all infinite σF special sequences.

Observe also that F2
w∗

is w∗ compact and 1-norming hence contains the set
Ext(BJT∗F2

). Rainwater’s theorem and the above results yield that a bounded
sequence (xk)k∈N is weakly Cauchy if and only if lim

k
e∗n(xk) and lim

k
b∗(xk)

exist for all n and infinite special sequences b. This is established by the
following.

Lemma 3.9. Let (xk)k∈N be a bounded sequence in JTF2 and let ε > 0.
Then there exists a finite family x∗1, . . . , x

∗
d of disjoint special functionals and
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an L ∈ [N] such that
lim sup

k∈L
|x∗(xk)| ≤ ε

for every special functional x∗ such that the family x∗, x∗1, . . . , x
∗
d is disjoint.

For a proof we refer the reader to the proof of Lemma 10.5 [AT1].

Lemma 3.10. Let (xk)k∈N be a bounded sequence in JTF2 . There exists an
M ∈ [N] such that for every special functional x∗ the sequence (x∗(xk))k∈M

converges.

Also for the proof of this we refer the reader to the proof of Lemma 10.6
of [AT1]

Proof of Theorem 3.7. (i) Let (xk)k∈N be a bounded sequence in JTF2 .
By an easy diagonal argument we may assume that for every n ∈ N, lim

n
e∗n(xk)

exists. Lemma 3.10 also yields that there exists a subsequence (xlk)k∈N such
that for every special sequence b, lim

k
b∗(xlk) also exists. As we have mentioned

above Lemma 3.8 yields that (xlk)k∈N is weakly Cauchy.

(ii) Since Ext(BJT∗F2
) ⊂ F2

w∗
and `1 does not embed into JTF2 Haydon’s

theorem [Ha] yields that F2
w∗

norm generates JT ∗F2
. Lemma 3.8 yields the

desired result. ¤

The remaining part of this section concerns the proof of Proposition 3.14,
stated below. This will be used in the next section to show that a specific
ground set F2 admits a strongly strictly singular extension.

Definition 3.11. Let (xn)n be a bounded block sequence in JTF2 and ε > 0.
We say that (xn)n is ε-separated if for every φ ∈ ∪j∈NFj

#{n : |φ(xn)| ≥ ε} ≤ 1.

In addition, we say that (xn)n is separated if for every L ∈ [N] and ε > 0
there exists an M ∈ [L] such that (xn)n∈M is ε-separated.

Lemma 3.12. Let (xn)n be a bounded separated sequence in JTF2 such that
for every infinite σF special functional b∗ we have that lim

n
b∗(xn) = 0. Then

for every ε > 0, there exists an L ∈ [N] such that for all y∗ ∈ S
w∗

,

#{n ∈ L : |y∗(xn)| ≥ ε} ≤ 2.

Proof. Assume the contrary and fix an ε > 0 such that the statement of the
lemma is false. Define

A =
{
(n1 < n2 < n3) ∈ [N]3 : ∃y∗ ∈ S

w∗
, |y∗(xn1)|, |y∗(xn2)|, |y∗(xn2)| ≥ ε

}

and B = [N]3 \A. Then Ramsey’s Theorem yields that there exists an L ∈ [N]
such that either [L]3 ⊂ A or [L]3 ⊂ B. Our assumption rejects the second

case, so we conclude that for all n1 < n2 < n3 ∈ L, there is a y∗n1,n2,n3
∈ S

w∗

such that |y∗n1,n2,n3
(xni)| ≥ ε, i = 1, 2, 3.
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Since (xn)n∈L is separated, we may assume by passing to a subsequence
that for ε′ = ε

8 , (xn)n∈L is ε′-separated. For reasons of simplicity in the
notation we may moreover and do assume that (xn)n∈N has both properties.

For all triples (1 < n < k), let y∗n,k denote an element in S
w∗

such that
|y∗n,k(xi)| ≥ ε, i = 1, n, k. Moreover, let y∗n,k = En,k

∑∞
i=1 φi

n,k where (φi
n,k)i∈N

is a σF special sequence and En,k ⊂ N is an interval. For 1 < n < k we define
the number [n, k] as follows:

[n, k] = min{i ∈ N : max supp φi
n,k ≥ min suppxk}.

Also, let A = {(n < k) ∈ [N\{1}]2 : |φ[n,k]
n,k (xn)| ≤ ε′} and B = [N\{1}]2 \A.

Again, using Ramsey’s theorem and passing to a subsequence, we may and
do assume that [N\{1}]2 ⊂ A or [N\{1}]2 ⊂ B. Notice in the second case, that
since (xn)n is ε′-separated, we have that for all 1 < n < k, |φ[n,k]

n,k (xk)| ≤ ε′.
We set

sn,k =

{
(φ1

n,k, . . . , φ
[n,k]−1
n,k ), if [N \ {1}]2 ⊂ A

(φ1
n,k, . . . , φ

[n,k]
n,k ), if [N \ {1}]2 ⊂ B

.

Claim. There is an M > 0 such that for all k ∈ N,

#{sn,k : 2 ≤ n ≤ k − 1} ≤ M.

Let (xn)n be bounded by some c > 0. Next fix any k ∈ N and consider the
following two cases:

The first case is [N \ {1}]2 ⊂ B. In this case φ
[n,k]
n,k ∈ sn,k and if sn1,k 6=

sn2,k then φ
[n1,k]
n1,k is incomparable to φ

[n2,k]
n2,k in the sense,that every two special

functionals, extending sn1,k and sn2,k respectively, have disjoint sets of indices.
So let snj ,k, 1 ≤ j ≤ N all be different from each other and consider

the σF special functionals z∗nj
= Enj ,ky∗nj ,k, 1 ≤ j ≤ N where Enj ,k =

(max supp φ
[nj ,k]
nj ,k ,∞). According to the previous observation these functionals

have pairwise disjoint indices. Moreover

(3) |z∗nj
(xk)| = |y∗nj ,k(xk)− φ

[nj ,k]
nj ,k (xk)| ≥ ε− ε′

since [N \ {1}]2 ⊂ B and (xn)n is ε′-separated.
Inequality (3) yields that

( N∑

j=1

(z∗nj
(xk))2

)1/2

≥ (ε− ε′)N1/2.

Therefore there are (aj)N
j=1 with

∑n
j=1 a2

j ≤ 1 such that

N∑

j=1

ajz
∗
nj

(xk) ≥ (ε− ε′)N1/2.

On the other hand, by the definition of the norm on JTF2 ,
∑N

j=1 ajz
∗
nj

(xk) ≤
‖xk‖ ≤ c. It follows that N ≤ ( c

ε−ε′ )
2 and this is the required upper estimate

for N.
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The second case is [N\{1}]2 ⊂ A. As in the first case, if 1 < n1 < n2 < k and
sn1,k 6= sn2,k then φ

[n1,k]
n1,k and φ

[n2,k]
n2,k are incomparable and since sn1,k 6= sn2,k

they also have different indices. As in the first case let snj ,k, 1 ≤ j ≤ N all
be different from each other and set z∗nj

Enj ,ky∗nj ,k, 1 ≤ j ≤ N where in this

case En,k = [min supp φ
[nj ,k]
nj ,k ,∞). By our previous observation it follows that

these σF special functionals have pairwise disjoint indices. Notice also that
|z∗nj

(xk)| = |y∗nj ,k(xk)| ≥ ε. Therefore exactly as in the first case we obtain
an upper estimate for N independent of k and this finishes the proof of the
claim.

In the case where [N \ {1}]2 ⊂ B, |s∗n,k(xn)| = |y∗n,k(xn)| ≥ ε.

In the case where [N\{1}]2 ⊂ A, |s∗n,k(xn)| = |y∗n,k(xn)−φ
[n,k]
n,k (xn)| ≥ ε−ε′.

In any case we have that |s∗n,k(xn)| ≥ ε− ε′ > 0.
Combining this with the previous claim, we get that for any k ≥ 3 there

are z∗1,k, . . . , z∗M,k ∈ S
w∗

such that for any 1 < n < k there is i ∈ [1,M ] so
that |z∗i,k(xn)| ≥ ε− ε′.

Since S
w∗

is weak-* compact we can pass to an L ∈ [N] such that (z∗i,k)k∈L

is weak-* convergent to some z∗i ∈ S
w∗

. It is easy to see that in this case, for
any n ∈ N there is an i ∈ [1,M ] so that |z∗i (xn)| ≥ ε − ε′. Therefore there
exists an infinite subset P of N and 1 ≤ i0 ≤ M such that |z∗i0(xn)| ≥ ε − ε′

for every n ∈ P . It also follows that z∗i0 is an infinite σF special functional.
These contradict our assumption that lim

n
b∗(xn) = 0 for every infinite σF

special functional b∗. ¤

We now prove the following lemma about JTF2 :

Lemma 3.13. Let x ∈ JTF2 with finite support and ε > 0. There exists
n ∈ N such that if y∗

∑d
k=1 aky∗k ∈ F2 with max{|ak| : 1 ≤ k ≤ d} < 1

n , then
|y∗(x)| < ε.

Proof. Let δ = ε
2

∑
n∈N |x(n)| and τj = sup{‖f‖∞ : f ∈ Fj}. Since

∑∞
j=1 τj ≤

1, by the definition of a JTG family, there is a j0 ∈ N such that
∑∞

j=j0+1 τj <

δ. Let n be such that 1
n < ε

2j0‖x‖ .

Assume that y∗ =
∑d

k=1 aky∗k ∈ F2 with max{|ak| : 1 ≤ k ≤ d} < 1
n . For

every k ∈ [1, d] let y∗k = y∗k,1+y∗k,2 with ind(y∗k,1) ⊂ {1, . . . , j0} and ind(y∗k,2) ⊂
{j0 + 1, j0 + 2, . . . }. So we may write y∗ =

∑d
k=1 aky∗k,1 +

∑d
k=1 aky∗k,2.

Notice now that for any n ∈ N, |∑d
k=1 aky∗k,2(n)| ≤ ∑d

k=1 ‖y∗k,2‖∞ and
since (ind(y∗k,2))

d
k=1 are pairwise disjoint and all greater than j0 we get that∑d

k=1 ‖y∗k,2‖∞ < δ. Therefore ‖∑d
k=1 aky∗k,2‖∞ < δ and it follows that

(4)
∣∣∣

d∑

k=1

aky∗k,2(x)
∣∣∣ ≤

∑

n∈N
δ|x(n)| = ε

2
.
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On the other hand since (y∗k,1)
d
k=1 have pairwise disjoint indices, at most

j0 of them are non-zero and |y∗k,1(x)| ≤ ‖x‖. Therefore |∑d
k=1 aky∗k,1(x)| ≤

j0
1
n‖x‖ < ε

2 . Combining this with (4) we get that |y∗(x)| < ε as required. ¤

We combine now Lemmas 3.12 and 3.13 to prove the following:

Proposition 3.14. Let (xn)n be a weakly null separated sequence in JTF2

with ‖xn‖F2 ≤ C for all n. Then for all m ∈ N, there is L ∈ [N] such that for
every y∗ ∈ F2,

#{n ∈ L : |y∗(xn)| ≥ 1
m
} ≤ 66m2C2.

Proof. We may and do assume that {xn : n ∈ N} is normalized. We set
δ1 = 1

4m and we find L1 ∈ [N] such that Lemma 3.12 is valid for ε = δ1. Then
we set n1 = min L1 and using Lemma 3.13 we find n = r1 ∈ N such that the
conclusion of Lemma 3.13 is valid for ε = δ1 and x = xn1 . Then, after setting
δ2 = min{ 1

8mr2
1
, δ1} we find L2 ∈ [N \ {n1}] such that Lemma 3.12 is valid for

ε = δ2. We set n2 = min L2 and we find n = r2 ∈ N with r2 > r1 such that
the conclusion of Lemma 3.13 is valid for ε = δ2 and x ∈ {xn1 , xn2}.

Recursively, having defined δ1 ≥ δ2 ≥ · · · ≥ δp−1, L1 ⊃ L2 ⊃ L3 ⊃
· · · ⊃ Lp−1, n1 < n2 < · · · < np−1 and r1 < r2 < · · · < rp−1, we set δp =
min{ 1

4m2p−1r2
p−1

, δp−1} and we find Lp ∈ [Lp−1\{np−1}] such that Lemma 3.12
is valid for ε = δ1. We set np = min Lp and we find n = rp > rp−1 that the
conclusion of Lemma 3.13 is satisfied for ε = δp and x ∈ {xn1 , xn2 , . . . , xnp}.
At the end we consider the set L = {n1 < n2 < · · · < np < · · · }.

The crucial properties of this construction are the following:

(1) If
∑`

k=1 aky∗k ∈ F2 and |ak| < 1
rp

, for k = 1, . . . , ` then we have that

|∑`
k=1 aky∗k(xni)| < δp for all i = 1, . . . , p.

(2) For every x∗ ∈ S we have that #{i ≥ p : |x∗(xni)| ≥ δp} ≤ 2.

We will make use of these two properties to prove the proposition.
Let d = 66m2. It suffices to prove that if n`1 < n`2 < · · · < n`d

and
y∗ =

∑`
k=1 aky∗k ∈ F2, then there is an 1 ≤ i ≤ d such that |y∗(xn`i

)| < 1
m .

We set

A1 = {k ∈ [1, `] : |ak| ≥ 1
r`1

},

Ap = {k ∈ [1, `] :
1

r`p

≤ |ak| < 1
r`p−1

}, for 1 < p < d

Ad{k ∈ [1, `] :
1

r`d

> |ak|}.

Observe that for p < d, we have that #Ap ≤ r2
`p

. By property (1) we have
that for any p ∈ [1, d),

(5)
∣∣∣

∑

k∈∪j>pAj

aky∗k(xn`p
)
∣∣∣ < δ`p ≤ δ1

1
4m

.
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Next, for 1 ≤ j < p ≤ d we set

Bj,p = {k ∈ Aj : |y∗k(xn`p
)| ≥ δ`j+1}

and then for p ∈ (1, d] we define

Bp =
⋃

j<p

Bj,p.

Since for p > j we have that `p ≥ `j + 1, property (2) yields that for every
k ∈ Aj there exist at most two Bj,p’s containing k. Hence every k ∈ {1, . . . , `}
belongs to at most two Bp’s.

Next we shall estimate the term
∑

k∈∪j<pAj\Bp
|aky∗k(xn`p

)|. Let p ∈ (1, d].
We have that

∑

k∈∪j<pAj\Bp

|aky∗k(xn`p
)| =

p−1∑

j=1

∑

k∈Aj\Bj,p

|aky∗k(xn`p
)|

≤
p−1∑

j=1

#(Aj)δ`j+1 ≤
p−1∑

j=1

r2
`j

1
4m2`j r2

`j

<
1

4m
.

(6)

We now argue that for at least d
2 +1 many of {xn`1

, . . . , xn`d
}, we have that

|∑k∈Ap
aky∗k(xn`p

)| < 1
4m . If this is not the case, then for at least d

2 many,
|∑k∈Ap

aky∗k(xn`p
)| ≥ 1

4m and therefore
∑

k∈Ap
a2

k ≥ 1
16m2 . Thus

∑̀

k=1

a2
k

d∑
p=1

∑

k∈Ap

a2
k ≥

d

2
· 1
16m2

=
d

32m2

which is a contradiction since d = 66m2 and
∑`

k=1 a2
k ≤ 1.

Now we shall prove that for at least d
2 + 1 many of {xn`1

, . . . , xn`d
},

|∑k∈Bp
aky∗k(xn`p

)| < 1
4m . Again if this is not the case, then for at least

d
2 many |∑k∈Bp

aky∗k(xn`p
)| ≥ 1

4m and therefore
∑

k∈Bp
a2

k ≥ 1
16m2 . Since

every k appears in at most two Bp’s, we have that

2 ≥ 2
∑̀

k=1

a2
k ≥

d∑
p=1

∑

k∈Bp

a2
k ≥

d

2
· 1
16m2

=
d

32m2

which is a contradiction.
These last two observations show that there exists at least one p ∈ [1, d]

such that both |∑k∈Ap
aky∗k(xn`p

)| < 1
4m and |∑k∈Bp

aky∗k(xn`p
)| < 1

4m .
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Combining this with (5) and (6), we get that for this particular p,

∣∣∣
∑̀

k=1

aky∗k(xn`p
)
∣∣∣ ≤

∣∣∣
∑

k∈∪j>pAj

aky∗k(xn`p
)
∣∣∣ +

∣∣∣
∑

k∈Ap

aky∗k(xn`p
)
∣∣∣

+
∣∣∣

∑

k∈Bp

aky∗k(xn`p
)
∣∣∣ +

∣∣∣
∑

k∈∪j<pAj\Bp

aky∗k(xn`p
)
∣∣∣

<
1
m

as required. ¤

4. The space (XF2)∗ and the space of the operators L((XF2)∗)

In this section we proceed to construct a HI space not containing a reflexive
subspace. This space is (XF2)∗ where XF2 is the strongly strictly singular HI
extension (Sections 1 and 2) of the set F2. The set F2 is defined from a
family F = (Fj)j as in Section 3. The proof that (XF2)∗ does not contain
a reflexive subspace, uses the method of attractors and the key ingredient is
the attractor functional and the attracting sequences introduced in Section 1.
The structure of the quotients of XF2 is also investigated.

The family F = (Fj)j∈N
We shall use the sequence of positive integers (mj)j , (nj)j introduced in

Definition 1.2 of strictly singular extensions which for convenience we recall:
• m1 = 2 and mj+1 = m5

j .
• n1 = 4, and nj+1 = (5nj)sj where sj = log2 m3

j+1.
We set F0 = {±e∗n : n ∈ N} and for j = 1, 2, . . . we set

Fj =
{ 1

m2
4j−3

∑

i∈I

±e∗i : #(I) ≤ n4j−3

2
} ∪ {

0
}
.

In the sequel we shall denote by XF2 the HI extension of JTF2 with ground
set F2 defined by the aforementioned family (Fj)j∈N as in Definition 3.5.

Proposition 4.1. The space XF2 is a strongly strictly singular extension of
JTF2(= YF2).

Proof. Let C > 0. We select j(C) such that 33
2 m4

2jC
2 < n2j−1 for every

j ≥ j(C) and we shall show that the integer j(C) satisfies the conclusion of
Definition 2.1.

Let (xn)n∈N be a block sequence in XF2 such that ‖xn‖ ≤ C for all n,
‖xn‖∞ → 0 and (xn)n∈N is a weakly null sequence in JTF2 . It suffices to
show that the sequence (xn)n∈N is separated (Definition 3.11). Indeed, then
Proposition 3.14 and our choice of j(C) yield that for every j ≥ j(C) there
exists L ∈ [N] such that for every y∗ ∈ F2 we have that #{n ∈ L : |y∗(xn)| >

2
m2

2j
} ≤ 66(m2

2j

2 )2C2 < n2j−1.

In order to show that the sequence (xn)n∈N is separated we start with the
following easy observations:
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(i) If m2
4j0−3 > C

ε #supp(x) and ‖x‖ ≤ C then for every φ ∈ ⋃
j≥j0

Fj we

have that |φ(x)| ≤ ε.
(ii) If ‖x‖∞ < 2ε

n4j0−3
and φ ∈ ⋃

j≤j0

Fj then |φ(x)| ≤ ε.

Let L ∈ [N] and ε > 0. Using (i) and (ii) we may inductively select
1 = j0 < j1 < j2 < · · · in N and k1 < k2 < · · · in L such that for each i and
φ ∈ ⋃

j 6∈[ji−1,ji)

Fj we have that |φ(xki)| < ε. Setting M = {k1, k2, . . .} we have

that the sequence (xn)n∈M is ε-separated. Therefore the sequence (xn)n∈N is
separated. ¤

A consequence of the above proposition and the results of Sections 1 and
2 is the following:

Theorem 4.2. (a) The space XF2 is HI and reflexively saturated.
(b) The predual (XF2)∗ is HI.
(c) Every bounded linear operator T : XF2 → XF2 is of the form T =

λI + S, with S strictly singular and weakly compact.
(d) Every bounded linear operator T : (XF2)∗ → (XF2)∗ is of the form

T = λI + S, with S strictly singular.

Proof. All the above properties are consequences of the fact that XF2 is
a strongly strictly singular extension of JTF2 . In particular (a) follows from
Proposition 1.21 and Theorem 1.18, (b) follows from Theorem 2.12, (c) follows
from Theorem 2.15 while (d) follows from Theorem 2.16. ¤

Proposition 4.3. Let (xk, x∗k)n4j−3
k=1 be a (18, 4j−3, 1) attracting sequence in

XF2 such that ‖x2k−1‖F2 ≤ 2
m2

4j−3
for k = 1, . . . , n4j−3/2. Then

‖ 1
n4j−3

n4j−3∑

k=1

(−1)k+1xk‖ ≤ 144
m2

4j−3

.

Proof. The conclusion follows by an application of Proposition 1.17 (ii) after
checking that for every g ∈ F2 we have that |g(x2k)| > 2

m2
4j−3

for at most
n4j−4 k’s. From the fact that each x2k is of the form el it suffices to show
that for every g ∈ F2, the cardinality of the set {l : |g(el)| > 2

m2
4j−3

} is at
most n4j−4.

Let g ∈ F2, g =
d∑

i=1

aigi where
d∑

i=1

a2
i ≤ 1 and (gi)d

i=1 are σF special

functionals with disjoint indices. For each i we divide the functional gi into two
parts, gi = y∗i + z∗i , with ind(y∗i ) ⊂ {1, . . . , j− 1} and ind(z∗i ) ⊂ {j, j +1, . . .}.
For l 6∈

d⋃
i=1

supp(y∗i ) we have that |g(el)| ≤
d∑

i=1

|z∗i (el)| <
∞∑

r=j

1
m2

4r−3
< 2

m2
4j−3

.

Since #
( d⋃

i=1

supp(y∗i )
) ≤ n1

2 + n5
2 + · · · n4j−7

2 < n4j−5 the conclusion follows.

The proof of the proposition is complete. ¤
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Definition 4.4. Let χ = (xk, x∗k)n4j−3
k=1 be a (18, 4j−3, 1) attracting sequence,

with ‖x2k−1‖F2 ≤ 2
m2

4j−3
for 1 ≤ k ≤ n4j−3/2. We set

gχ =
1

m2
4j−3

n4j−3/2∑

k=1

x∗2k

Fχ = − 1
m2

4j−3

n4j−3/2∑

k=1

x∗2k−1

dχ =
m2

4j−3

n4j−3

n4j−3∑

k=1

(−1)kxk

Lemma 4.5. If χ is a (18, 4j − 3, 1) attracting sequence, χ = (xk, x∗k)n4j−3
k=1 ,

with ‖x2k−1‖F2 ≤ 2
m2

4j−3
for 1 ≤ k ≤ n4j−3/2 then

(1) ‖gχ − Fχ‖ ≤ 1
m4j−3

.
(2) 1

2 = gχ(dχ) ≤ ‖dχ‖ ≤ 144, and hence ‖gχ‖ ≥ 1
288 .

Proof. (1) We have gχ − Fχ = 1
m4j−3

(
1

m4j−3

n4j−3∑
k=1

x∗k
)
. Since (x∗k)n4j−3

k=1 is a

special sequence of length n4j−3, the functional 1
m4j−3

n4j−3∑
k=1

x∗k belongs to DG

and hence to BX∗F2
The conclusion follows.

(2) It is straightforward from Definitions 1.15 and 4.4 that gχ(dχ) = 1
2 .

Since ‖x2k−1‖F2 ≤ 2
m2

4j−3
for k = 1, . . . , n4j−3/2, Proposition 4.3 yields that

‖dχ‖ ≤ 144. Thus ‖gχ‖ ≥ gχ(dχ)
‖dχ‖ ≥ 1

2
144 = 1

288 . ¤

Lemma 4.6. Let Z be a block subspace of (XF2)∗. Also, let ε > 0 and
j > 1. There exists a (18, 4j − 3, 1) attracting sequence χ = (xk, x∗k)n4j−3

k=1

with
n4j−3/2∑

k=1

‖x2k−1‖F2 < 1
n2

4j−3
and dist(Fχ, Z) < ε.

Proof. We select an integer j1 such that m
1
2
2j1

> n4j−3. From Lemma 2.10
we may select a (18, 2j1, 1) exact pair (x1, x

∗
1) with dist(x∗1, Z) < ε

n4j−3
and

‖x1‖F2 ≤ 2
m2j1

. Let 2j2 = σ(x∗1). We select l2 ∈ Λ2j2 and we set x2 = el2 and
x∗2 = e∗l2 .

We then set 2j3 = σ(x∗1, x
∗
2) and we select, using Lemma 2.10, a (18, 2j3, 1)

exact pair (x3, x
∗
3) with x2 < x3, dist(x∗3, Z) < ε

n4j−3
and ‖x3‖F2 ≤ 2

m2j3
.

It is clear that we may inductively construct a (18, 4j − 3, 1) attracting se-

quence χ = (xk, x∗k)n4j−3
k=1 such that

n4j−3/2∑
k=1

‖x2k−1‖F2 ≤
n4j−3/2∑

k=1

2
m2j2k−1

<

1
n2

4j−3
and dist(x∗2k−1, Z) < ε

n4j−3
for 1 ≤ k ≤ n4j−3/2. It follows that

dist(Fχ, Z) ≤ 1
m2

4j−3

n4j−3/2∑
k=1

dist(x∗2k−1, Z) < ε. ¤
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Theorem 4.7. The space (XF2)∗ is a Hereditarily James Tree (HJT) space.
In particular it does not contain any reflexive subspace and every infinite
dimensional subspace Z of (XF2)∗ has nonseparable second dual Z∗∗.

Proof. Since each subspace of (XF2)∗ has a further subspace isomorphic to
a block subspace it is enough to consider a block subspace Z of (XF2)∗ and
to show that Z has the James Tree property.

We select a j∅ ∈ Ξ1 with j∅ ≥ 2. We shall inductively construct a family
(χa)a∈D of attracting sequences and a family (ja)a∈D of integers such that

(i) If a <lex β then dχa
< dχβ

.
(ii) For every β ∈ D, χβ =

(
xβ

k , (xβ
k)∗

)n4jβ−3

k=1 is a (18, 4jβ−3, 1) attracting
sequence with dist(Fχβ

, Z) < 1
m4jβ−3

and ‖xβ
2k−1‖F2 ≤ 2

m2
4jβ−3

for

k = 1, . . . , n4jβ−3/2.
(iii) If β ∈ D with β 6= ∅ then jβ = σF ((gχa)a<β).

The induction runs on the lexicographical ordering of D. In the first
step, i.e. for β = ∅, we select a (18, 2j∅ − 1, 1) attracting sequence with
dist(Fχ∅ , Z) < 1

m4j∅−3
and ‖x∅2k−1‖F2 ≤ 2

m2
4j∅−3

for k = 1, . . . , n4j∅−3/2. In

the general inductive step, we assume that (ja)a<lexβ and (χa)a<lexβ have been
constructed for some β ∈ D. Since {a ∈ D : a < β} ⊂ {a ∈ D : a <lex β},
the attracting sequences (χa)a<β have already been constructed so we may set
jβ = σF ((gχa)a<β). Denoting by β− the immediate predecessor of β in the lex-
icographical ordering, we select, using Lemma 4.6, a (18, 2jβ−1, 1) attracting
sequence χβ =

(
xβ

k , (xβ
k)∗

)n4jβ−3

k=1 with dχβ− < dχβ
such that dist(Fχβ

, Z) <
1

m4jβ−3
and ‖xβ

2k−1‖F2 ≤ 2
m2

4jβ−3
for 1 ≤ k ≤ n4jβ−3/2. The inductive con-

struction is complete.
For each branch b of the dyadic tree the sequence (gχa)a∈b is a σF special

sequence. Thus the series
∑

a∈D
gχa converges in the w∗ topology to a σF special

functional gb ∈ G
w∗ ⊂ DG

w∗
= BX∗F2

.
For each β ∈ D we select a z∗β ∈ Z such that ‖z∗β − Fχβ

‖ < 1
m4jβ−3

. Then

Lemma 4.5 (1) yields that ‖z∗β − gχβ
‖ ≤ ‖z∗β −Fχβ

‖+ ‖Fχβ
− gχβ

‖ < 2
m4jβ−3

.

Now let b be a branch of the dyadic tree. Since
∑
a∈b

‖z∗a− gχa‖ <
∑
a∈b

2
m4ja−3

<

3
m4j∅−3

< 1
1152 it follows that the series

∑
a∈D

z∗a is also w∗ convergent and its

w∗ limit z∗b ∈ Z∗∗ satisfies ‖z∗b − gb‖ < 1
1152 . This actually yields that the

block sequence (z∗a)a∈D defines a James Tree structure in the subspace Z.
The family {z∗b : b a branch of D} is a family in Z∗∗ with the cardinality

of the continuum. We complete the proof of the theorem by showing that for
b 6= b′ we have that ‖z∗b −z∗b′‖ ≥ 1

576 . Let b 6= b′ be two branches of the dyadic
tree. We select a ∈ D with a ∈ b \ b′ (i.e. a is an initial part of b but not of
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b′). Then our construction and Lemma 4.5 (2) yield that

‖z∗b − z∗b′‖ ≥ ‖gb − gb′‖ − ‖z∗b − gb‖ − ‖z∗b′ − gb′‖
>

(gb − gb′)(dχa)
‖dχa‖

− 1
1152

− 1
1152

≥ gχa
(dχa

)
144

− 1
576

=
1
2

144
− 1

576
=

1
576

.

¤

Proposition 4.8. For every block subspace Y = span{yn : n ∈ N} of XF2

there exist a further block subspace Y ′ = span{y′n : n ∈ N} and a block
subspace Z = span{zk : k ∈ N} of XF2 such that the following are satisfied.
The space Z is reflexive, the spaces Y ′ and Z are disjointly supported (i.e.
supp zk∩supp y′n = ∅ for all n, k) and the space X = span({zk : k ∈ N}∪{y′n :
n ∈ N}) has nonseparable dual.

Proof. The proof is similar to that of Theorem 4.7. Let Y be a block subspace
of XF2 . Using Proposition 1.14 we may inductively construct (the induction
runs on the lexicographic order of the dyadic tree D) a family (χa)a∈D of
attracting sequences and a family (ja)a∈D of integers such that the following
conditions are satisfied:

(i) If a <lex β then dχa < dχβ
.

(ii) For every β ∈ D, χβ =
(
xβ

k , (xβ
k)∗

)n4jβ−3

k=1 is a (18, 2jβ − 1, 1) at-
tracting sequence with xβ

2k−1 ∈ Y and ‖xβ
2k−1‖F2 ≤ 2

m2
4jβ−3

for k =

1, . . . , n4jβ−3/2.
(iii) j∅ ∈ Ξ1 with j∅ ≥ 2, while if β ∈ D with β 6= ∅, then jβ =

σF ((gχ∅)a<β).

For each a ∈ D we set za = 2m4ja−3
n4ja−3

n4ja−3/2∑
k=1

xa
2k and we consider the space

Z = span{za : a ∈ D}.
We first observe that for each a ∈ D the functional fa = 1

m4ja−3

n4ja−3∑
k=1

(xa
k)∗

belongs to DG ⊂ BXF2
, hence ‖za‖ ≥ fa(za) = 1. On the other hand we have

that ‖za‖F2 ≤ 2
m4ja−3

. Indeed, let g =
d∑

i=1

aigi ∈ F2 (i.e.
d∑

i=1

a2
i ≤ 1 while

(gi)d
i=1 and σF special functionals with pairwise disjoint indices). For each

i = 1, . . . , d let gi = y∗i + z∗i with ind(y∗i ) ⊂ {1, . . . , ja − 1} and ind(z∗i ) ⊂
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{ja, ja + 1, . . .}. Then

|g(za)| ≤
d∑

i=1

|y∗i (za)|+
d∑

i=1

|z∗i (za)|

≤ 2m4ja−3

n4ja−3
(
n1

2
+ · · ·+ n4ja−7

2
) +

2m4ja−3

n4ja−3

∞∑

r=ja

n4ja−3

2
1

m2
4r−3

≤ 2
m4ja−3

.

It follows that
∑

a∈D
‖za‖F2
‖za‖ ≤ ∑

a∈D
2

m4ja−3
< 1

2 which yields that the space

Z = span{za : a ∈ D} is reflexive (see Proposition 1.21).
For every branch b of the dyadic tree, the functional gb which is defined to be

the w∗ sum of the series
∑

a∈D
gχa belongs to F2

w∗ ⊂ BXF2
. The family {gb|X :

b a branch of D} is a family of X∗ with the cardinality of the continuum. For

b 6= b′, selecting a ∈ b \ b′ the vector dχa =
m2

4ja−3
n4ja−3

n4ja−3∑
k=1

(−1)kxa
k belongs

to Y + Z while from Lemma 4.5 we have that ‖dχa‖ ≤ 144. Thus ‖gb|X −
gb′ |X‖X∗ ≥ gb(dχa )−gb′ (dχa )

‖dχa‖ ≥ 1
2−0

144 = 1
288 .

Therefore X∗ is nonseparable. ¤

Lemma 4.9. If S : (XF2)∗ → (XF2)∗ is a strictly singular operator then its
conjugate operator S∗ : XF2 → XF2 is also strictly singular.

Proof. From Theorem 2.15 the operator S∗ takes the form S∗ = λIXF2
+ W

with λ ∈ R and W : XF2 → XF2 a strictly singular and weakly compact
operator. We have to show that λ = 0.

The operator W ∗ : X∗F2
→ X∗F2

is also weakly compact, while W ∗ = S∗∗ −
λIX∗F2

which yields that W ∗((XF2)∗) ⊂ (XF2)∗. These facts, in conjunction
to the fact that (XF2)∗ contains no reflexive subspace (Theorem 4.7), imply
that the restriction W ∗|(XF2)∗ is strictly singular. Thus, since λI(XF2 )∗ =
S −W ∗|(XF2)∗ with both S,W ∗|(XF2)∗ being strictly singular, we get that
λ = 0. ¤

Corollary 4.10. Every bounded linear operator T : (XF2)∗ → (XF2)∗ takes
the form T = λI + W with λ ∈ R and W a weakly compact operator.

Proof. We know from Theorem 2.16 that T = λI + W with W a strictly
singular operator. Lemma 4.9 yields that W ∗ is also strictly singular. From
Theorem 2.15 we get that W ∗ is weakly compact, hence W is weakly compact.

¤

Theorem 4.11. Let Z be a w∗ closed subspace of XF2 of infinite codimension
such that for every i = 1, 2, . . . we have that

(7) lim inf
k∈Λi

dist(ek, Z) = 0
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((Λi)i∈N are the sets appearing in Definition 1.3). Then every infinite dimen-
sional subspace of XF2/Z has nonseparable dual.

Proof. We denote by Q the quotient operator Q : XF2 → XF2/Z and we
recall that since Z is w∗ closed, Z⊥ 1-norms XF2/Z. Let Y be a closed
subspace of XF2 with Z ⊂ Y such that Y/Z is infinite dimensional; we shall
show that (Y/Z)∗ is nonseparable.

For a given j ∈ N using Lemma 2.20 and our assumption (7) are able
to construct a (18, 4j − 3, 1) attracting sequence χ = (xk, x∗k)n4j−3

k=1 such
that each one of the sums

∑
dist(x2k−1, Y ),

∑
dist(x∗2k−1, Z⊥),

∑ ‖x2k−1‖F2 ,
∑

dist(x2k, Z) is as small as we wish. Setting d1
χ = m2

4j−3
n4j−3

n4j−3/2∑
k=1

x2k−1 we

get that Qdχ is almost equal to Qd1
χ which almost belongs to Y/Z. Also Fχ

almost belongs to Z⊥, while Fχ(dχ) = 1
2 and ‖Fχ − gχ‖ ≤ 1

m4j−3
.

Using these estimates we are able to construct a dyadic tree (χa)a∈D of
attracting sequences and a family (ja)a∈D of integers satisfying

(i) If a <lex β then dχa < dχβ
.

(ii) For every β ∈ D, χβ =
(
xβ

k , (xβ
k)∗

)n4jβ−3

k=1 is a (18, 4jβ−3, 1) attracting
sequence with dist(Fχβ

, Z⊥) < 1
m4jβ−3

, dist(Qdχβ
, Y/Z) < 1

m4jβ−3

and ‖xβ
2k−1‖F2 ≤ 2

m2
4jβ−3

for k = 1, . . . , n4jβ−3/2.

(iii) If β ∈ D with β 6= ∅ then jβ = σF ((gχa)a<β), while j∅ ∈ Ξ1 with
j∅ ≥ 3.

For every β ∈ D we select Hβ ∈ Z⊥ with ‖Hβ − Fχβ
‖ < 1

m4jβ−3
and then for

every branch b of D we denote by hb the w∗ limit of the series
∑
β∈b

Hβ .

Using the above estimates, and arguing similarly to the proof of Theorem
4.7, we obtain that {hb|Y : b is a branch of D} is a discrete family in (Y/Z)∗

and therefore (Y/Z)∗ is nonseparable. ¤

Remark 4.12. Actually it can be shown that the space XF2/Z is HJT.

Corollary 4.13. There exists a partition of the basis (e∗n)n∈N of (XF2)∗ into
two sets (e∗n)n∈L1 , (e∗n)n∈L2 such that setting XL1 = span{e∗n : n ∈ L1},
XL2 = span{e∗n : n ∈ L2} both X∗

L1
, X∗

L2
are HI with no reflexive subspace.

Proof. We choose L1 ∈ [N] such that the sets Λi∩L1 and Λi \L1 are infinite
for each i and we set L2 = N \ L1. The spaces XLi = span{e∗n : n ∈ Li},
i = 1, 2 satisfy the desired properties. Indeed, since X∗

L1
is isometric to

XF2/span{en : n ∈ L2}, Theorem 4.11 yields that X∗
L1

has no reflexive
subspace while from Theorem 2.21 we get that it is an HI space. For X∗

L2
the

proof is completely analogous. ¤

5. The structure of X∗F2
and a variant of XF2

In the present section the structure of X∗F2
is studied. This space is not HI

since for every subspace Y of (XF2)∗ the space `2 embeds into Y ∗∗. We also
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present a variant of XF2 , denoted XF ′2 , such that X∗F ′2/(XF ′2)∗ is isomorphic
to `2(Γ) which yields some peculiar results on the structure of XF ′2 and X∗F ′2 .
Another variant of XF2 yielding a HI dual not containing reflexive subspace
is also discussed. It is well known that, in JT (James tree space) the quo-
tient space JT ∗/JT∗ is isometric to `2(Γ). It seems unlikely to have the same
property for XF2 . The main difficulty concerns the absence of biorthogonal-
ity between disjoint σF special functionals. However the next Proposition
indicates that in some cases phenomena analogous to those in JT also occur.

Proposition 5.1. Let (b∗n)n be a disjoint family of σF special functionals
each one defined by an infinite special sequence bn = (fn

1 , . . . , fn
k , . . . ). As-

sume furthermore that for each (n, k) there exists a (18, 4j(n,k) − 3, 1) at-

tracting sequence χ(n,k) = (x(n,k)
` , (x(n,k)

` )∗)
n4j(n,k)−3

`=1 , (Definition 1.15) with
‖x(n,k)

2`−1‖F2 < 1
n2

4j(n,k)−3
and fk

n = gχ(n,k) , (Definition 4.4).

Then (b∗n)n is equivalent to the standard `2-basis.

Let’s provide a short description of the proof. We start with the following
lemma:

Lemma 5.2. Let χ = (xk, x∗k)n4j−3
k=1 be a (18, 4j − 3, 1) attracting sequence

such that ‖x2k−1‖F2 < 1
n2

4j−3
for all k. Then for every φ ∈ F2 of the form

φ =
d∑

i=1

aiφi with j 6∈ ∪d
i=1 ind(φi) we have that |φ(dχ)| < 1

m4j−3
. (Recall that

dχ = m2
4j−3

n4j−3

n4j−3∑
k=1

(−1)kxk, see Definition 4.4).

Proof. We set d1
χ = m2

4j−3
n4j−3

n4j−3/2∑
k=1

x2k−1 and d2
χ = m2

4j−3
n4j−3

n4j−3/2∑
k=1

x2k. From

our assumption that ‖x2k−1‖F2 < 1
n2

4j−3
for every k, we get that |φ(d1

χ)| ≤
m2

4j−3
n4j−3

n4j−3
2

1
n2

4j−3
.

If f ∈ Fi for some i < j we have that |f(d2
χ)| ≤ 1

m2
4i−3

m2
4j−3

n4j−3

n4i−3
2 , while for

f ∈ Fi with i > j we have that |f(d2
χ)| ≤ 1

m2
4i−3

m2
4j−3

n4j−3

n4j−3
2 .

Therefore

|φ(dχ)| ≤ |φ(d1
χ)|+ |

d∑

i=1

aiφi(d2
χ)| ≤ |φ(d1

χ)|+
d∑

i=1

|φi(d2
χ)|

≤ |φ(d1
χ)|+

∑

i<j

sup{|f(d2
χ)| : f ∈ Fi}+

∑

i>j

sup{|f(d2
χ)| : f ∈ Fi}

≤ m2
4j−3

2n2
4j−3

+
m2

4j−3

n4j−3

∑

i<j

n4i−3

2m2
4i−3

+
m2

4j−3

2

∑

i>j

1
m2

4i−3

<
1

m4j−3
.
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¤

The content of the above lemma is that each b∗, defined by an infinite σF
special sequence b as in the previous proposition, is almost biorthogonal to
any other (b′)∗ which is disjoint from b.

Next we describe the main steps in the proof of Proposition 5.1.

Proof of Proposition 5.1: The proof follows the main lines of the proof of
Lemma 11.3 of [AT1]. Given (ai)d

i=1 with ai ∈ Q such that
∑d

i=1 a2
i = 1, we

have that
d∑

i=1

aib
∗
i ∈ F2 hence ‖

d∑
i=1

aib
∗
i ‖ ≤ 1.

In order to complete the proof we shall show that

(8)
1

1000
≤ ‖

d∑

i=1

aib
∗
i ‖

which yields the desired result.
To establish (8), we choose k ∈ N with (5n2k−1)

log2(m2k)

n2k
< ε

4d and then we
choose {lit : 1 ≤ i ≤ d, 1 ≤ t ≤ n2k} such that setting x(t,i) = dχ(i,lit)

the
following conditions are satisfied. First, the sequence (x(t,i))1≤i≤d, 1≤t≤n2k

ordered lexicographically (i.e. (t, i) <lex (t′, i′) iff t < t′ or t = t′ and i < i′)
is a (144, ε) R.I.S. with associated sequence 4j′(t,i) − 3 := 4j(i,lit) − 3 while
m4j′(1,1)−3 > 2dn2k

ε .
We set zi = 1

n2k

∑n2k

t=1 x(t,i) for i = 1, . . . , d. In order to prove (8) it is
enough to show that

(i) (
d∑

r=1
arb

∗
r)(

d∑
i=1

aizi) > 1
2 − ε.

(ii) ‖
d∑

i=1

aizi‖ ≤ 288.

(i) is an easy consequence of Lemma 5.2. Indeed

(
d∑

r=1

arb
∗
r)(

d∑

i=1

aizi) =
d∑

r=1

a2
rb
∗
r(zr) +

d∑

i=1

∑

r 6=i

arb
∗
r(zi)

≥ 1
2
− 1

n2k

d∑

i=1

|ai| · |(
∑

r 6=i

arb
∗
r)(

n2k∑
t=1

x(t,i))|

≥ 1
2
− 1

n2k

d∑

i=1

|ai|(
n2k∑
t=1

1
4m4j′(t,i)−3

)

≥ 1
2
− 1

n2k

2d

m4j′(1,1)−3
>

1
2
− ε.
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For each (t, i) we set k(t,i) = min supp x(t,i) we set and si = {k(t,i) : t =
1, 2, . . . , n2k}. We consider the set

H2 = {e∗n : n ∈ N} ∪ { d∑

i=1

∑

j

λi,js
∗
i,j : λi,j ∈ Q,

d∑

i=1

∑

j

λ2
i,j ≤ 1, where

(si,j)j are disjoint subintervals of si

}

and the norming set D′ of space T [H2, (A5nj ,
1

mj
)j∈N].

We also set z̃i = 1
n2k

n2k∑
t=1

e∗k(t,i)
for i = 1, . . . , d.

Claim. For every f ∈ DF2 (where DF2 is the norming set of the space XF2)

there exist an h ∈ D′ with nonnegative coordinates such that |f(
d∑

i=1

aizi)| ≤

288h(
d∑

i=1

|ai|z̃i) + ε.

The proof of the above claim is obtained using similar methods to the proof
of the basic inequality (Proposition A.5).

Arguing in a similar manner to the corresponding part of Lemma 11.3

of [AT1] we shall show that h(
d∑

i=1

|ai|z̃i) ≤ 1 + ε. We may assume that

the functional h admits a tree Th = (ha)a∈A (see Definition A.1) such that
each ha is either of type 0 (then ha ∈ H2) or of type I, and moreover that
the coordinates of each ha are nonnegative. Let (gas)

s0
s=1 be the functionals

corresponding to the maximal elements of the tree A. We denote by ¹ the
ordering of the tree A. Let

A =

{
s ∈ {1, 2, . . . , s0} :

∏
γ≺as

1
w(hγ)

≤ 1
m2k

}

B = {1, 2, . . . , s0} \A

and set hA = h| ⋃
s∈A

supp gas
, hB = h| ⋃

s∈B

supp gas
.

We have that hA(z̃i) ≤ 1
mj

for each i thus

(9) hA(
d∑

i=1

|ai|z̃i) ≤ 1
m2k

d∑

i=1

|ai| ≤ d

mj
<

ε

2
.

It remains to estimate the value hB(
d∑

i=1

|ai|z̃i). We observe that

d∑

i=1

|ai|z̃i =
n2k∑
t=1

1
n2k

(
d∑

i=1

|ai|ek(t,i)).
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We set

E1 =
{

t ∈ {1, 2, . . . , n2k} : the set {k(t,1), k(t,2), . . . , k(t,d)} is contained

in ran gas for some s ∈ B or does not intersect any ran gas , s ∈ B
}

E2 = {1, 2, . . . , n2k} \ E1.

For each s = 1, 2, . . . , s0 set θs = 1
n2k

#
{

t : {l1t , l2t , . . . , ldt } ⊂ ran gas

}
and

observe that
∑

s∈B

θs ≤ 1.

We first estimate the quantity gas(
∑

t∈E1

1
n2k

(
d∑

i=1

|ai|ek(t,i))) for s ∈ B. Each

gas being in H2 takes the form gas =
∑
i

∑
j

λi,js
∗
i,j . For 1 ≤ i′ ≤ d we

get that (
∑
j

λi′,js
∗
i′,j)(

∑
t∈E1

1
n2k

(
d∑

i=1

|ai|ek(t,i)))|ãi′ |(
∑
j

λi′,js
∗
i′,j)(

∑
t∈E1

1
n2k

ek(t,i))

≤ |ãi′ |(max
j

λi′,j)θs. Thus

gas(
∑

t∈E1

1
n2k

(
d∑

i=1

|ai|ek(t,i))) ≤ θs

d∑

i=1

|ãi|max
j

λi,j

≤ θs(
d∑

i=1

max
j

λ2
i,j)

1
2 (

d∑

i=1

|ãi|2) 1
2 ≤ θs.

Therefore
(10)

hB(
∑

t∈E1

1
n2k

(
d∑

i=1

|ai|ek(t,i))) ≤
∑

s∈B

gas(
∑

t∈E1

1
n2k

(
d∑

i=1

|ai|ek(t,i))) ≤
∑

s∈B

θs ≤ 1.

From the definition of the set E2, the set {k(t,1), k(t,2), . . . , k(t,d)}, for each
t ∈ E2, intersects at least one but is not contained in any ran gas , s ∈ B. Also
as in the proof of Lemma A.4 we get that #(B) ≤ (5n2k−1)log2(m2k). These
yield that #(E2) ≤ 2(5n2k−1)log2(m2k). Therefore from our choice of k we
derive that
(11)

hB(
∑

t∈E2

1
n2k

(
d∑

i=1

|ai|ek(t,i))) ≤ (
∑

t∈E2

1
n2k

)(
d∑

i=1

|ai|) <
2(5n2k−1)log2(m2k)

n2k
<

ε

2
.

From (9),(10) and (11), we conclude that

h(
d∑

i=1

|ai|ek(t,i)) ≤ hA(
d∑

i=1

|ai|z̃i) + hB(
∑

t∈E1

1
n2k

(
d∑

i=1

|ai|ek(t,i)))

+hB(
∑

t∈E2

1
n2k

(
d∑

i=1

|ai|ek(t,i))) ≤
ε

2
+ 1 +

ε

2
= 1 + ε.

¤
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As a consequence we obtain the following:

Theorem 5.3. For every infinite dimensional subspace Y of (XF2)∗, the space
`2 is isomorphic to a subspace of Y ∗∗.

A variant of XF2

Next we shall indicate how we can obtain a space XF ′2 similar to XF2

satisfying the additional property that X∗F ′2/(XF ′2)∗ is isomorphic to `2(Γ).
Notice that such a space has the following peculiar property:

Proposition 5.4. Granting that X∗F ′2/(XF ′2)∗ is isomorphic to `2(Γ), every
infinite dimensional w∗-closed subspace Z of X∗F ′2 is either nonseparable or
isomorphic to `2.

Proof. Let Q : X∗F ′2 → X∗F ′2/(XF ′2)∗ be the quotient map. There are two cases.
If there exists a subspace Z ′ ↪→ Z of finite codimension such that Q|Z′ is an
isomorphism, then Z is isomorphic to `2. If not then there exists a normalized

block sequence (vn)n∈N in (XF ′2)∗ such that
∞∑

n=1
dist(vn, Z) < 1

3456 . Setting

V = span{vn : n ∈ N} we observe that dist(SV , Z) ≤ 1
3456 hence, since Z is

w∗-closed,

(12) dist(S
V

w∗ , Z) ≤ 1
3456

.

As in the proof of Theorem 4.7 we consider a James Tree structure (wa)a∈D
in V such that the corresponding family {wb : b ∈ [D]} satisfies the following
properties:

(i) ‖wb‖ ≤ 2 for every b ∈ [D].
(ii) For b 6= b′ in [D] we have that ‖wb − wb′‖ ≥ 1

576 .
The above (i) and (12) yield that for every b ∈ [D] there exists zb ∈ Z such
that

(13) ‖zb − wb‖ ≤ 1
1728

From (13) and the above (ii) we conclude that for b 6= b′ in [D] we have
that ‖zb − zb′‖ ≥ 1

1728 which yields that Z is nonseparable. ¤
The following summarizes some of the properties of the space XF ′2 .

Corollary 5.5. There exists a separable Banach space XF ′2 such that
(i) The space XF ′2 is HI and reflexively saturated.
(ii) Every quotient of XF ′2 has a further quotient isomorphic to `2.
(iii) Every quotient of XF ′2 either has nonseparable dual or it is isomorphic

to `2.
(iv) There exists a quotient of XF ′2 not containing reflexive subspaces.

Before presenting the definition of the norming set DF ′2 let’s explain our
motivation. First we observe that Proposition 5.1 yields that for a sequence
(b∗n)n satisfying the assumptions, the sequence ([b∗n])n in the quotient space
W = X∗F2

/(XF2)∗ is equivalent to the `2 basis. This in particular yields that



THE ATTRACTORS METHOD AND HEREDITARILY JAMES TREE SPACES 53

W contains copies of `2(Γ) with #Γ equal to the continuum. Our intention is
to define F ′2 ⊂ F2 and DF ′2 ⊂ DF2 such that every infinite σF -special sequence
b = (f1, f2, . . . , fn, . . . ) satisfies the requirements of Proposition 5.1 with re-
spect to the norm induced by the set DF ′2 . Clearly if this is accomplished,
then granting Proposition 5.1, the quotient X∗F ′2/(XF ′2)∗ will be equivalent to
`2(Γ).

The norm in the space XF ′2 is induced by a set DF ′2 which in turn, is
recursively defined as ∪∞n=0Dn. The key ingredient is that the ground set F ′2,
which is a subset of F2, is also defined inductively following the definition of
Dn. Thus in each step we define the set Sn of the σF -special sequences related
to F2 and from this set, the set Fn

2 .
For n = 0, we set S0 = ∅, D0 = {±e∗n : n ∈ N}.
For n = 1 we set S1 = ∪∞j=1Fj , F1

2 is defined from S1 and D1 results from
D0 ∪ F1

2 after applying the operations of Definition 1.2 and taking rational
convex combinations.

Assume that Sn, Fn
2 , Dn have been defined such that every σF special

sequence (f1, . . . , fd) in Sn satisfies d ≤ n. The σF special sequence f1, . . . , fd

in Sn is called n + 1-extendable if for each 1 ≤ i ≤ d there exists a
(18, 4ji − 3, 1, Dn,Fn

2 ) attracting sequence χi = (xk, x∗k)4nji
−3

k=1 , with fi = gχi

(Definition 4.4). Here a (18, 4ji − 3, 1, Dn,Fn
2 ) attracting sequence is defined

as in Definition 1.15 where the norm of the underlying space is induced by
the set Dn and moreover ‖x2k−1‖Dn ≤ 18 and ‖x2k−1‖Fn

2
≤ 1

n2
4ji−3

.

Then we set Sn+1 = Sn∪{(f1, . . . , fd) : (f1, . . . , fd−1) is a n+1-extendable
σF special sequence}.

Next we define Fn+1
2 from Sn+1 in the usual manner and then Dn+1 from

Dn ∪ Fn+1
2 as before.

This completes the inductive definition. We set F ′2 = ∪nFn
2 and DF ′2 =

∪nDn.

It is easy to see that for every b = (fn)n such that b∗ ∈ F ′2
w∗

the sequence
(fn)n satisfies the properties of Proposition 5.1 and this yields that indeed
X∗F ′2/(XF ′2)∗ is isomorphic to `2(Γ).

6. A nonseparable HI space with no reflexive subspace

In this section we proceed to the construction of a nonseparable HI space
containing no reflexive subspace. The general scheme we shall follow is sim-
ilar to the one used for the definition of XF2 . However there are two major
differences. The first concerns saturation methods. In the present construc-
tion we shall use the operations (Snj ,

1
mj

)j for appropriate sequences (mj)j ,
(nj)j . The James Tree space which will play the role of the ground space
is also different from JTF2 . Indeed the ground set F ′s is built on a family
(Fj)j which is related to the Schreier families (Sn4j−3)j . Furthermore in F ′s
we connect the σF special functionals with the use of the Schreier operation
instead of taking `2 sums as in F2. Finally, F ′s is defined recursively as we
did in the previous variant XF ′2 of XF2 . The spaces (XF ′s)∗, XF ′s share the
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same properties with (XF ′2)∗, XF ′2 . The difference occurs between X∗F ′2 and
(XF ′s)

∗. Indeed, as we have seen (XF ′2)
∗/(XF ′2)∗ is isomorphic to `2(Γ), while

as it will be shown (XF ′s)
∗/(XF ′s)∗ is isomorphic to c0(Γ) with #Γ equal to

the continuum. The later actually yields all the desired properties for (XF ′s)
∗.

Namely it is HI and it does not contain any reflexive subspace.
We recall the definition of (Sn)n, the first infinite sequence of the Schreier

families. The first Schreier family S1 is the following

S1 = {F ⊂ N : #F ≤ min F} ∪ {∅}.
For n ≥ 1 the definition goes as follows

Sn+1 =

{
F =

d⋃

i=1

Fi : Fi ∈ Sn Fi < Fi+1, for all i and d ≤ min F1

}
.

Each Sn is, as can be easily verified by induction, compact, hereditary and
spreading.

A finite sequence (E1, E2, . . . , Ek) of successive subsets of N is said to be
Sn admissible, n ∈ N, if {min Ei : i = 1, . . . , k} ∈ Sn. A finite sequence
(f1, f2, . . . , fk) of vectors in c00 is said to be Sn admissible if the sequence
(supp f1, supp f2, . . . , supp fk) is Sn admissible.

We fix two sequences of integers (mj)j∈N and (nj)j∈N defined as follows:
• m1 = 2 and mj+1 = m

mj

j .
• n1 = 1, and nj+1 = 22mj+1nj .

Definition 6.1. (basic special convex combinations) Let ε > 0 and
j ∈ N, j > 1. A convex combination

∑
k∈F

akek of the basis (ek)k∈N is said to

be an (ε, j) basic special convex combination ((ε, j) B.S.C.C.) if
(1) F ∈ Snj

(2) For every P ∈ S2 log2(mj)(nj−1+1) we have that
∑

k∈P

ak < ε.

(3) The sequence (ak)k∈F is a non increasing sequence of positive reals.

Remark 6.2. The basic special convex combinations have been used im-
plicitly in [AD], their exact definition was given in [AMT] while they have
systematically studied in [AT1].

Definition 6.3. (special convex combinations) Let ε > 0, j ∈ N with
j > 1 and let (xk)k∈N be a block sequence of the standard basis. A con-
vex combination

∑
k∈F

akxk of the sequence (xk)k∈N is said to be an (ε, j)

special convex combination ((ε, j) S.C.C.) of (xk)k∈N if
∑

k∈F

aketk
(where

tk = min supp xk for each k) is an (ε, j) basic special convex combination.
Moreover, if

∑
k∈F

akxk is a S.C.C. in a Banach space (X, ‖ ‖) such that

‖xk‖ ≤ 1 for all k and ‖ ∑
k∈F

akxk‖ ≥ 1
2

we say that
∑

k∈F

akxk is a seminor-

malized (ε, j) special convex combination of (xk)k∈N.
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Definition 6.4. We set F0 = {±e∗n : n ∈ N} while for j = 1, 2, . . . we set

Fj = { 1
m2

4j−3

∑
i∈I

±e∗i : I ∈ Sn4j−3} ∪ {0}. We also set F =
∞⋃

j=0

Fj .

Let’s observe that the sequence F = (Fj)∞j=0 is a JTG family. The σF spe-
cial sequences corresponding to this family are defined exactly as in Definition
3.2.

Definition 6.5. (σ coding, special sequences and attractor sequences)
Let Qs denote the set of all finite sequences (φ1, φ2, . . . , φd) such that φi ∈
c00(N) , φi 6= 0 with φi(n) ∈ Q for all i, n and φ1 < φ2 < · · · < φd. We
fix a pair Ω1, Ω2 of disjoint infinite subsets of N. From the fact that Qs

is countable we are able to define a Gowers-Maurey type injective coding
function σ : Qs → {2j : j ∈ Ω2} such that mσ(φ1,φ2,...,φd) > max{ 1

|φi(el)| :
l ∈ supp φi, i = 1, . . . , d} · max supp φd. Also, let (Λi)i∈N be a sequence of
pairwise disjoint infinite subsets of N with min Λi > mi.

(A) A finite sequence (fi)d
i=1 is said to be a Sn4j−1 special sequence

provided that
(i) (f1, f2, . . . , fd) ∈ Qs and (f1, f2, . . . , fd) is a Sn4j−1 admissible

sequence, fi ∈ DG for i = 1, 2, . . . , n4j−1.
(ii) w(f1) = m2k with k ∈ Ω1, m

1/2
2k > n4j−1 and for each 1 ≤ i < d,

w(fi+1) = mσ(f1,...,fi).
(B) A finite sequence (fi)d

i=1 is said to be a Sn4j−3 attractor sequence
provided that
(i) (f1, f2, . . . , fd) ∈ Qs and (f1, f2, . . . , fd) is a Sn4j−3 admissible

sequence.
(ii) w(f1) = m2k with k ∈ Ω1, m

1/2
2k > n4j−3 and w(f2i+1) =

mσ(f1,...,f2i) for each 1 ≤ i < d
2 .

(iii) f2i = e∗l2i
for some l2i ∈ Λσ(f1,...,f2i−1), for i = 1, . . . , d

2 .

Definition 6.6. (The space XF ′s) In order to define the norming set D of
the space XF ′s we shall inductively define four sequences of subsets of c00(N),
denoted as (Kn)n∈N, (τn)n∈N, (Gn)n∈N, (Dn)n∈N.

We set K0 = F (K0
0 = F , Kj

0 = ∅, j = 1, 2, . . .), G0 = F , τ0 = ∅
and D0 = convQ(F ). Suppose that Kn−1, τn−1, Gn−1 and Dn−1 have been
defined. The inductive properties of (Kn)n∈N, (τn)n∈N, (Gn)n∈N, (Dn)n∈N are
included in the inductive definition. We set

K2j
n = K2j

n−1 ∪ {
1

m2j

d∑

i=1

fi : f1 < · · · < fd is Sn2j admissible, fi ∈ Dn−1}

K4j−3
n = K4j−3

n−1 ∪ {±E(
1

m4j−3

d∑

i=1

fi) : (f1, . . . , fd) is a Sn4j−3 attractor

sequence, fi ∈ Kn−1 and E is an interval of N}
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K4j−1
n = K4j−1

n−1 ∪ {±E(
1

m4j−1

d∑

i=1

fi) : (f1, . . . , fd) is a Sn4j−1 special

sequence, fi ∈ Kn−1 and E is an interval of N}

K0
n = F

.
We set Kn =

∞⋃
j=0

Kj
n.

In order to define τn we need the following definition.

Definition 6.7. ((Dn−1, j) exact functionals) A functional f ∈ F is said
to be (Dn−1, j) exact if f ∈ Fj and there exists x ∈ c00(N) with ‖x‖Dn−1 ≤
1000, ran(x) ⊂ ran(f), f(x) = 1 such that for every i 6= j, we have that

‖x‖Fi ≤ 1000
m2

4i−3
if i < j while ‖x‖Fi

≤ 1000m2
4j−3

m2
4i−3

if i > j.

We set

τn = {±E(
d∑

i=1

φi) : d ≤ n,E is an interval, (φi)d
i=1 is σF special

and each φi is (Dn−1, ind(φi)) exact}.

We recall that for Φ = ±E(
d∑

i=1

φi) ∈ τn, ind(Φ) = {ind(φi) : E ∩ ran φi 6= ∅}.
We set

Gn = {
d∑

i=1

εiΦi : Φi ∈ τn, εi ∈ {−1, 1}, min supp Φi ≥ d,

(ind(Φi))d
i=1 are pairwise disjoint}

We set Dn = convQ(Kn ∪Gn ∪Dn−1).

We finally set D =
∞⋃

n=0
Dn. We also set τ =

∞⋃
n=0

τn, F ′s =
∞⋃

n=0
Gn, K =

∞⋃
n=0

Kn. We set Kj =
∞⋃

n=1
Kj

n for j = 1, 2, . . .. For f ∈ Kj we write w(f) =

mj . We notice that w(f) is not necessarily uniquely determined.
We also need the following definition.

Definition 6.8. ((D, j) exact functionals) A functional f ∈ F is said to be
(D, j) exact if f ∈ Fj and there exists x ∈ c00(N) with (‖x‖D =)‖x‖ ≤ 1000,
ran(x) ⊂ ran(f), f(x) = 1 such that for every i 6= j, we have that ‖x‖Fi ≤
1000

m2
4i−3

if i < j while ‖x‖Fi ≤ 1000m2
4j−3

m2
4i−3

if i > j.

Remarks 6.9. (i) If the functional φ is (Dn, j) exact then it is also
(Dk, j) exact for all k ≤ n.
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(ii) Let (φi)i∈N be a σF special sequence such that each φi is (D, ind(φi))

exact. Then each φi is (Dn, ind(φi)) exact for all n and
d∑

i=1

φi ∈ τn ⊂ τ

for all n ≥ d. It follows that
∞∑

i=1

φi ∈ τw∗ ⊂ F ′s
w∗ ⊂ D

w∗
= BX∗F′s

.

(iii) Let (φi)i∈N be a σF special sequence such that
d∑

i=1

φi ∈ τ for all d.

In this case we call the σF special sequence (φi)i∈N survivor and the

functional Φ =
∞∑

i=1

φi a survivor σF special functional. Then each φi

is (Dn, ji) exact (where ji = ind(φi)) for all n, thus for each n there
exists xi,n with ‖xi,n‖Dn

≤ 1000, ran(xi,n) ⊂ ran(φi), φi(xi,n) = 1
and such that for every k 6= ji, we have that ‖xi,n‖Fk

≤ 1000
m2

4k−3
if

k < j while ‖xi,n‖Fk
≤ 1000 m2

4j−3

m2
4k−3

if k > j. Taking a subsequence

of (xi,n)n∈N norm converging to some xi it is easily checked that
‖xi‖ ≤ 1000, φi(xi) = 1 while ‖xi‖Fk

≤ 1000
m2

4k−3
for k < j and ‖xi‖Fk

≤
1000 m2

4j−3

m2
4k−3

for k > j.

A sequence (xi)i∈N satisfying the above property is called a se-
quence witnessing that the σF special sequence (φi)i∈N (or the special

functional Φ =
∞∑

i=1

φi) is survivor.

Lemma 6.10. The norming set D of the space XF ′s is the minimal subset of
c00(N) satisfying the following conditions:

(i) F ′s ⊂ D.
(ii) D is closed in the (Sn2j ,

1
m2j

) operations.
(iii) D is closed in the (Sn4j−1 ,

1
m4j−1

) operations on Sn4j−1 special se-
quences.

(iv) D is closed in the (Sn4j−3 ,
1

m4j−3
) operations on Sn4j−3 special se-

quences.
(v) D is symmetric, closed in the restrictions of its elements on intervals

of N and rationally convex.

It is easily proved that the Schauder basis (en)n∈N of the space XF ′s is
boundedly complete and that XF ′s is an asymptotic `1 space. Since the space
JTF ′s is c0 saturated (see Remark B.16 where we use the notation JTFτ,s for
such a space) we get the following.

Proposition 6.11. The identity operator I : XF ′s → JTFs is strictly singular.

Remark 6.12. Applying the methods of [AT1] and taking into account that
the identity operator I : XF ′s → JTFs is strictly singular we may prove the
following. For every ε > 0 and j > 1 every block subspace of XF ′s contains a
vector x which is a seminormalized (ε, j) S.C.C. with ‖x‖F ′s < ε.
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Definition 6.13. (exact pairs in XF ′s) A pair (x, f) with x ∈ c00 and f ∈ K
is said to be a (12, j, θ) exact pair, where j ∈ N, if the following conditions
are satisfied:

(i) 1 ≤ ‖x‖ ≤ 12, f(x) = θ and ran(f) = ran(x).

(ii) For every g ∈ K with w(g) = mi and i < j, we have that |g(x)| ≤
24/mi.

(iii) For every sequence (φi)i in K with mj < w(φ1) < w(φ2) < · · · we
have that

∑
i

|φi(x)| ≤ 12/mj .

Proposition 6.14. For every j ∈ N, ε > 0 and every block subspace Z of
XF ′s , there exists a (12, 2j, 1) exact pair (z, f) with z ∈ Z and ‖z‖F ′s < ε.

Proof. Since the identity operator I : XF ′s → JTFs is strictly singular we
may assume, passing to a block subspace of Z, that ‖z‖F ′s ≤ ε

12‖z‖ for every
z ∈ Z.

Let (xk)k∈N be a block sequence in Z such that (xk)k∈N is a (2, 1
m2j

) R.I.S.
and each xk is a seminormalized ( 1

mjk
, jk) S.C.C. Passing to a subsequence

we may assume that (b∗(xk))k∈N converges for every σF branch b. We set
zk = x2k−1 − x2k. Then (zk)k∈N is a (4, 1

m2j
) R.I.S. such that b∗(zk) → 0 for

every branch b.

We recall that each g ∈ F ′s has the form g =
d∑

i=1

εiΦ∗i with εi ∈ {−1, 1},
(Φ∗i )

d
i=1 ∈ τ with min supp x∗i ≥ d and (ind(x∗i ))

d
i=1 pairwise disjoint. We

may assume, replacing (zk)k∈N by an appropriate subsequence, that for every
g ∈ G we have that the set {min supp zk : |g(zk)| > 1

m2j
} belongs to S2, the

second Schreier family.
It follows now from Proposition 6.2 of [AT1] that if z =

∑
k∈F akzk is

a (1/m2
2j , 2j) special convex combination of (zk)k∈N and f is of the form

f = 1/m2j

∑
k∈F fk where fk ∈ K with fk(zk) = 1 and ran(fk) = ran(zk)

then (z, f) is the desired (12, 2j, 1) exact pair. ¤
Definition 6.15. (dependent sequences and attracting sequences in
XF ′s)

(A) A double sequence (xk, x∗k)d
k=1 is said to be a (C, 4j − 1, θ) depen-

dent sequence (for C > 1, j ∈ N, and 0 ≤ θ ≤ 1) if there exists a
sequence (2jk)d

k=1 of even integers such that the following conditions
are fulfilled:
(i) (x∗k)d

k=1 is a Sn4j−1 special sequence with w(x∗k) = m2jk
for each

k.
(ii) Each (xk, x∗k) is a (C, 2jk, θ) exact pair.
(iii) Setting tk = min supp xk, we have that t1 > m2j and {t1, . . . , td}

is a maximal element of Sn4j−1 . (Observe, for later use, that
Remark 3.18 of [AT1] yields that there exist (ak)d

k=1 such that
d∑

k=1

aketk
is a ( 1

m2
4j−1

, 4j − 1) basic special convex combination).
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(B) A double sequence (xk, x∗k)d
k=1 is said to be a (C, 4j − 3, θ) attract-

ing sequence (for C > 1, j ∈ N, and 0 ≤ θ ≤ 1) if there exists a
sequence (2jk)d

k=1 of even integers such that the following conditions
are fulfilled:
(i) (x∗k)d

k=1 is a Sn4j−3 attractor sequence with w(x∗2k−1) = m2j2k−1

and x∗2k = e∗l2k
where l2k ∈ Λ2j2k

for all k ≤ d/2.
(ii) x2k = el2k

.
(iii) Setting tk = min supp xk, we have that t1 > m2j and {t1, . . . , td}

is a maximal element of Sn4j−3 . (Observe that Remark 3.18 of

[AT1] yields that there exist (ak)d
k=1 such that

d∑
k=1

aketk
is a

( 1
m2

4j−3
, 4j − 3) basic special convex combination).

(iv) Each (x2k−1, x
∗
2k−1) is a (C, 2j2k−1, θ) exact pair.

Proposition 6.16. The space XF ′s is reflexively saturated and Hereditarily
Indecomposable.

Proof. The proof that XF ′s is reflexively saturated is a consequence of the
fact that the identity operator I : XF ′s → JTFs is strictly singular and its
proof is identical to that of Proposition 1.21.

In order to show that the space XF ′s is Hereditarily Indecomposable we
consider a pair of block subspaces Y and Z and δ > 0. We choose j such that
m4j−1 > 192

δ .
Using Proposition 6.14 we may choose a (12, 4j− 1, 1) dependent sequence

(xk, x∗k)d
k=1 such that ‖x2k−1‖Fs < 2

m2
4j−1

for all k while x2k−1 ∈ Y if k

is odd and x2k−1 ∈ Z if k is even. ¿From the observation in Definition

6.15(A)(iii) there exist (ak)d
k=1 such that

d∑
k=1

aketk
is a ( 1

m2
4j−1

, 4j − 1) basic

special convex combination (where tk = min supp xk). A variant of Propo-
sition 1.17 (i) in terms of the space XF ′s (using Proposition 6.2 of [AT1])

yields that ‖
d∑

k=1

(−1)k+1akxk‖ ≤ 96
m2

4j−1
. On the other hand the functional

f = 1
m4j−1

d∑
k=1

x∗k belongs to the norming set D of the space XF ′s and estimat-

ing f(
∑
k

akxk) we get that ‖
d∑

k=1

akxk‖ ≥ 1
m2j−1

.

Setting y =
∑

k odd

akxk and z =
∑

k even

akxk we have that y ∈ Y and z ∈ Z

while from the above inequalities we get that ‖y − z‖ ≤ δ‖y + z‖. Therefore
XF ′s is a Hereditarily Indecomposable space. ¤

Proposition 6.17. The dual space X∗F ′s is the norm closed linear span of the
w∗ closure of F ′s i.e.

X∗F ′s = span(F ′s
w∗

).
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Proof. Assume the contrary. Then using arguments similar to those of the
proof of Proposition 1.19 we may choose a x∗ ∈ X∗F ′s with ‖x∗‖ = 1, and
a block sequence (xk)k∈N in XF ′s with x∗(xk) > 1 and ‖xk‖ ≤ 2 such that
xk

w−→ 0 in JTFs . Observe that the action of x∗ ensures that every convex
combination of (xk)k∈N has norm greater than 1.

We may choose a convex block sequence (yk)k∈N of (xk)k∈N with ‖yk‖Fs <
ε
2 where ε = 1

m4
. We select a block sequence (zk)k∈N of (yk)k∈N such that

each zk is a convex combination of (yk)k∈N and such that (zk)k∈N is (4, ε)
R.I.S. This is possible if we consider each zk to be a ( 1

mik
, ik) S.C.C. and

mik+1ε > max supp zk for an appropriate increasing sequence of integers
(ik)k∈N. We then consider x =

∑
akzk, an (ε, 4) S.C.C. of (zk)k∈N. A variant

of Proposition 6.2(1a) of [AT1] yields that ‖x‖ ≤ 20
m4

< 1. On the other
hand, since x is a convex combination of (xk)k∈N we get that ‖x‖ > 1, a
contradiction. ¤
Definition 6.18. Let (xn)n∈N be a bounded block sequence in JTFs and
ε > 0. We say that (xn)n∈N is ε-separated if for every φ ∈ ∪j∈NFj

#{n : |φ(xn)| ≥ ε} ≤ 1.

In addition, we say that (xn)n∈N is separated if for every L ∈ [N] and ε > 0
there exists an M ∈ [L] such that (xn)n∈M is ε-separated.

Lemma 6.19. Let (xn)n∈N be a weakly null separated sequence in JTFs .

Then for every ε > 0, there exists an L ∈ [N] such that for all y∗ ∈ τw∗ ,

#{n ∈ L : |y∗(xn)| ≥ ε} ≤ 2.

The proof of the above lemma is similar to that of Lemma 3.12.

Lemma 6.20. Let (zk)k∈N be a block sequence in XF ′s such that each zk is a
( 1

m2jk
, 2jk) special convex combination of a normalized block sequence, where

(jk)k∈N is strictly increasing. Then the sequence (zk)k∈N is separated.

Proof. Given ε > 0 and L ∈ [N] we have to find an M ∈ [L] such that
for every φ ∈ ⋃

j∈N

Fj we have that |φ(zk)| > ε for at most one k ∈ M . For

simplicity in our notation we may assume, passing to a subsequence, that
1

m2j1
< ε and max supp zk−1 < εm2jk

for each k.

Now let φ ∈ ⋃
j∈N

Fj . Then φ takes the form φ = 1
m2

4j−3

∑
i∈I

±e∗i with I ∈
Sn4j−3 for some j. Let k0 such that 2jk0 < 4j − 3 < 2jk0+1.

We have that |φ(zk)| ≤ 1
m2

4j−3

∑
i∈I

|e∗i (zk)| < 1
m4j−3

1
m2jk0

#supp(zk) < ε for

every k < k0. Also for k > k0 we get that |φ(zk)| ≤ 2
m2jk

< ε. Thus the
subsequence we have selected is ε-separated and this finishes the proof of the
lemma. ¤
Remark 6.21. Let’s observe, for later use, that easy modifications of the
previous proof yield that for a sequence (zk)k∈N as above the sequence (z2k−1−
z2k)k∈N is also separated.
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Lemma 6.22. Let (zk)k∈N be a weakly null separated sequence in XF ′s . Then
for every ε > 0 there exists L ∈ [N] such that for every φ ∈ F ′s, {min supp zk :
k ∈ L, |φ(zk)| > ε} ∈ S2.

Proof. The proof is almost identical to the proof of Lemma 10.9 of [AT1].
For the sake of completeness we include the proof here.

Using Lemma 6.19 we construct a sequence (Lk)k∈N of infinite subsets of
the natural numbers such that the following conditions hold

(i) min suppxl1 ≥ 3.
(ii) lk = min Lk 6∈ Lk+1 and Lk+1 ⊂ Lk for each k ∈ N.
(iii) For each k ∈ N if pk = max suppxlk then for every segment s ∈ τw∗

we have that

#{n ∈ Lk+1 : |s∗(xn)| > ε

pk
} ≤ 2.

We set L = {l1, l2, l3, . . .} and we claim that the set L satisfies the required
condition.

Indeed, let φ =
d∑

i=1

εis
∗
i ∈ Fs where segments s1, s2, . . . , sd are in τw∗ ,

have pairwise disjoint sets of indices, d ≤ min si and εi ∈ {−1, 1} for each
i = 1, 2, . . . , d. We set

li0 = min{n ∈ L : supp xn ∩ supp φ 6= ∅}.
Observe that d ≤ pi0 . We set

F = {n ∈ L : |φ(xn)| > ε}.
We have that F ⊂ {li0 , li0+1, li0+2, . . .} thus F \{li0} ⊂ Li0+1. Also (iii) yields
that for each i = 1, 2, . . . , d the set Fi = {n ∈ Li0+1 : |s∗i (xn)| > ε

pi0

} has at

most two elements.
We observe that

F \ {li0} ⊂
d⋃

i=1

Fi.

Indeed if n ∈ Li0+1 and n 6∈
d⋃

i=1

Fi then by our inductive construction

|s∗i (xn)| ≤ ε

pi0

for each i = 1, 2, . . . , d thus |
d∑

i=1

εis
∗
i (xn)| ≤ d

ε

pi0

and it follows

that |φ(xn)| ≤ ε therefore n 6∈ F .
We conclude that #(F \ {li0}) ≤ 2d. Also min suppxn > pi0 ≥ d for each

n ∈ F \ {li0} hence the set {min supp xn : n ∈ F \ {li0}} is the union of two
sets belonging to the first Schreier family S1. Since min supp xli0

≥ 3 the set
{min supp xn : n ∈ F} is the union of three sets of S1 and its minimum is
greater or equal to 3. It follows that

{min suppxn : n ∈ F} ∈ S2

which completes the proof of the Lemma. ¤
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Lemma 6.23. For every block subspace Z of (XF ′s)∗ and and j > 1, ε >
0 there exists a (60, 2j, 1) exact pair (z, z∗) such that dist(z∗, Z) < ε and
‖z‖F ′s < 2

m2j
.

Proof. As in the proof of Theorem 8.3 of [AT1] we may select a block se-
quence (zk)k∈N and a sequence (fk)k∈N in D such that

(i) Each zk is a ( 1
m2jk

, 2jk) S.C.C. of a normalized block sequence and
the sequence (jk)k is strictly increasing.

(ii) fk(zk) > 1
3 and ran fk = ran zk.

(iii) dist(fk, Z) < 1
2k .

We assume that the sequence (zk)k∈N is weakly Cauchy. Then the sequence
(z2k−1 − z2k)k∈N is weakly null while from Remark 6.21 this sequence is sep-
arated. From Lemma 6.22, for every ε > 0 there exists L ∈ [N] such that for
every φ ∈ F ′s, {min supp(z2k−1 − z2k) : k ∈ L, |φ(z2k−1 − z2k)| > ε} ∈ S2.

The rest of the proof follows the argument of Theorem 8.3 of the Memoirs
monograph [AT1]. ¤

Proposition 6.24. Every infinite dimensional subspace of (XF ′s)∗ has non-
separable second dual. In particular the space (XF ′s)∗ contains no reflexive
subspace.

Proof. Using Lemma 6.23 for every block subspace and every j we may select,
similarly to Lemma 4.6, a (60, 4j − 3, 1) attracting sequence χ = (xk, x∗k)d

k=1

with
∑
k

‖x2k−1‖F ′s < 1
m2

4j−3
and

∑
k

dist(x∗2k−1, Z) < 1
m4j−3

. We recall at this

point (see Definition 6.15(B)(iii)) that there exists a sequence (ak)d
k=1 such

that
d∑

k=1

aketk
is a ( 1

m2
4j−3

, 4j − 3) basic special convex combination (where

tk = min supp xk).
We set Fχ = − 1

m2
4j−3

∑
k

x∗2k−1 and gχ = 1
m2

4j−3

∑
k

x∗2k. From the fact that

(x∗k)d
k=1 is a Sn4j−3 special sequence we have that ‖ 1

m2j−1
(x∗1 + x∗2 + · · · +

x∗d)‖ ≤ 1 and since gχ − Fχ = 1
m2j−1

( 1
m2j−1

(x∗1 + x∗2 + · · · + x∗d)) we get that
‖gχ − Fχ‖ ≤ 1

m2j−1
. We also have that dist(Fχ, Z) < 1

m4j−3
.

Similarly to Proposition 7.5 of [AT1] and to Proposition 1.17 of the present

paper, we may prove that ‖
d∑

k=1

(−1)kakxk‖ ≤ 300
m2

4j−3
. Observe also that

gχ(
d∑

k=1

(−1)kakxk) = 1
m2

4j−3

∑
k

a2k ≥ 1
3m2

4j−3
. ¿From these inequalities it fol-

lows that there exists 1 ≤ θχ ≤ 900 such that gχ(dχ) = 1 and ‖dχ‖ ≤ 900

where dχ = 3θχm2
4j−3

d∑
k=1

(−1)kakxk. It is also easily checked that ‖dχ‖Fi ≤
1000

m2
4i−3

for i < j while ‖dχ‖Fi ≤ 1000m2
4j−3

m2
4i−3

if i > j. Thus the vector dχ

witnesses that the functional gχ is (D, j) exact.
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Using arguments similar to those of Theorem 4.7, for a given block subspace
Z of (XF ′s)∗ we construct a family (χa)a∈D (D is the dyadic tree) of dependent
sequences with properties analogous to (i),(ii), (iii) of Theorem 4.7 and such
that for every a ∈ D the functional gχa is (D, ja) exact. It follows that for
every branch b of the dyadic tree the sum

∑
a∈b

gχa converges in the w∗ topology

to a survivor σF special functional gb ∈ BX∗F′s
and there exists zb ∈ Z∗∗ with

‖zb − gb‖ < 1
1152 . Then, as in the proof of Theorem 4.7 we obtain that Z∗∗ is

nonseparable. ¤

Proposition 6.25. The space (XF ′s)∗ is Hereditarily Indecomposable.

Proof. Let Y,Z be a pair of block subspaces of (XF ′s)∗. For every j > 1,
using Lemma 6.23, we are able to construct a (60, 4j − 1, 1) dependent se-
quence (xk, x∗k)n4j−1

k=1 such that ‖xk‖F ′s < 1
m2

4j−1
while

∑
dist(x∗2k−1, Y ) < and∑

dist(x∗2k, Z) < for each k. From the observation in Definition 6.15(A)(iii)

there exist (ak)d
k=1 such that

d∑
k=1

aketk
is a ( 1

m2
4j−1

, 4j−1) basic special convex

combination. As in Proposition 6.16 we get that ‖
d∑

k=1

(−1)k+1akxk‖ ≤ 480
m2

4j−1
.

We set hY = 1
m4j−1

∑
k odd

x∗k and hZ = 1
m4j−1

∑
k even

x∗k. The functional

hY + hZ = 1
m4j−1

d∑
k=1

x∗k belongs to the norming set D hence ‖hY + hZ‖ ≤ 1.

On the other hand the action of hY −hZ to the vector
d∑

k=1

(−1)k+1akxk yields

that ‖hY − hZ‖ ≥ m4j−1
480 .

From the above estimates and since dist(hY , Y ) < 1 and dist(hZ , Z) < 1 we
may choose fY ∈ Y and fZ ∈ Z with ‖fY −fZ‖ ≥ (m4j−1

1440 − 2
3 )‖fY +fZ‖. Since

this can be done for arbitrary large j we obtain that (XF ′s)∗ is Hereditarily
Indecomposable. ¤

Proposition 6.26. The quotient space X∗F ′s/(XF ′s)∗ is isomorphic to c0(Γ)
where the set Γ coincides with the set of all survivor σF special sequences.

Proof. As follows from 6.17 the quotient space X∗F ′s/(XF ′s)∗ is generated in

norm by the classes of the elements of the set F ′s
w∗

. Since clearly

F ′s
w∗

= F ∪ {
d∑

i=1

εiΦi : Φi ∈ τ, εi ∈ {−1, 1}, min supp Φi ≥ d,

(ind(Φi))d
i=1 are pairwise disjoint}

we get that

X∗F ′s = span({e∗n : n ∈ N} ∪ {Φ : Φ is a survivor σF special functional})
Thus X∗F ′s/(XF ′s)∗ = span{Φ+(XF ′s)∗ : Φ is a survivor σF special functional}
To prove that this space is isomorphic to c0(Γ) we shall show that for every
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choice (Φ)d
i=1 of pairwise different survivor σF special functionals and every

choice of signs (εi)d
i=1 we have that

(14)
1

2000
≤ ‖

d∑

i=1

εi(Φi + (XF ′s)∗)‖ ≤ 1.

We have that ‖
d∑

i=1

εi(Φi +(XF ′s)∗)‖ = lim
k
‖

d∑
i=1

εi(EkΦi)‖ where for each k,

Ek = {k, k + 1, . . .}. The right part of inequality (14) follows directly, since

for all but finite k the functional Ek(
d∑

i=1

εiΦi) belongs to F ′s
w∗ ⊂ BX∗F′s

.

For each i = 1, . . . , d let Φi =
∞∑

l=1

φi
l with (φi

l)l∈N a survivor σF special

sequence and and let (xi
l) be a sequence witnessing this fact (see Remark

6.9 (iii)). We choose k0 such that (ind(Ek0Φi))d
i=1 are pairwise disjoint and

min(
d⋃

i=1

ind(Ek0Φi)) = r0 with m2r0−1 > 1010.

Let k ≥ k0. We choose t such that ran(φ1
t ) ⊂ Ek and let ind(φ1

t ) = l0. We

get that
d∑

i=2

|Φi(x1
t )| ≤

l0−1∑
r=r0

1000
m2

4r−3
+

∞∑
r=l0+1

1000m2
2l0−1

m2
4r−3

< 1
2 . We thus get that

‖Ek(
d∑

i=1

εiΦi)‖ ≥ 1
1000

(Φ1(x1
t )−

d∑

i=2

|Φi(x1
t )|) >

1
1000

(1− 1
2
) =

1
2000

.

The proof of the proposition is complete. ¤

Theorem 6.27. There exists a Banach space XF ′s satisfying the following
properties:

(i) The space XF ′s is an asymptotic `1 space with a boundedly complete
Schauder basis (en)n∈N and is Hereditarily Indecomposable and re-
flexively saturated.

(ii) The predual space (XF ′s)∗ = span{e∗n : n ∈ N} is Hereditarily In-
decomposable and each infinite dimensional subspace of (XF ′s)∗ has
nonseparable second dual. In particular the space (XF ′s)∗ contains no
reflexive subspace.

(iii) The dual space X∗F ′s is nonseparable, Hereditarily Indecomposable and
contains no reflexive subspace.

(iv) Every bounded linear operator T : X → X where X = (XF ′s)∗ or
X = XF ′s or X = X∗F ′s takes the form T = λI + W with W a weakly
compact operator. In particular each T : X∗F ′s → X∗F ′s is of the form
T = Q∗ + K with Q : XF ′s → XF ′s and K a compact operator, hence
T = λI + R with R an operator with separable range.

Proof. As we have observed the Schauder basis (en)n∈N of XF ′s is boundedly
complete and XF ′s is asymptotic `1. In Proposition 6.16 we have shown that
XF ′s is reflexively saturated and Hereditarily Indecomposable. The facts that
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(XF ′s)∗ is Hereditarily Indecomposable and that every subspace of it has non-
separable second dual have been shown in Proposition 6.24 and Proposition
6.25.

From the facts that the quotient space X∗F ′s/(XF ′s)∗ is isomorphic to c0(Γ)
and (XF ′s)∗ is Hereditarily Indecomposable and taking into account that XF ′s ,
being a Hereditarily Indecomposable space, contains no isomorphic copy of `1
we get that the dual space X∗F ′s is also Hereditarily Indecomposable (Corol-
lary 1.5 of [AT1]). Since X∗F ′s is Hereditarily Indecomposable and contains a
subspace (which is (XF ′s)∗ with no reflexive subspace we conclude that X∗F ′s
also does not have any reflexive subspace.

Using similar arguments to those of the proof of Theorems 2.15, 2.16 and
Corollary 4.10 we may prove that every bounded linear operator T : (XF ′s)∗ →
(XF ′s)∗ and every bounded linear operator T : XF ′s → XF ′s takes the form
T = λI + W with W a strictly singular and weakly compact operator. Since
XF ′s contains no isomorphic copy of `1 and X∗∗F ′s is isomorphic to XF ′s ⊕ `1(Γ)
Proposition 1.7 of [AT1] yields that every bounded linear operator T : X∗F ′s →
X∗F ′s is of the form T = Q∗ + K with Q : XF ′s → XF ′s and K a compact
operator. From the form of the operators of XF ′s we have mentioned before
we conclude that T takes the form T = λI + R with R a weakly compact
operator and hence of separable range. ¤

Remark 6.28. It is worth mentioning that the key ingredient to obtain
X∗F ′s/(XF ′s)∗ isomorphic to c0(Γ) which actually yields the HI property of
X∗F ′s is that in the ground set F ′s we connect the σF special functionals using
the Schreier operation. This forces us to work with the saturation families
(Snj ,

1
mj

)j instead of (Anj ,
1

mj
)j . The reason for this is that working with F ′s

built on (Fj)j with Fj =
{

1
m2

4j−3

∑
i∈I

±e∗i : #(I) ≤ n4j−3
2

}
the extension with

attractors of this ground set F ′s based on (Anj ,
1

mj
)j is not strongly strictly

singular.
However there exists an alternative way of connecting the σF special func-

tionals lying between the Schreier operation and the `2 sums. This yields
the James Tree space JTF2,s defined and studied in Appendix B. It is easy
to check that the corresponding HI extension with attractors XF ′2,s

of JTF ′2,s

is a strictly singular one either we work on in the frame of (Anj ,
1

mj
)j or

of (Snj ,
1

mj
)j . It is open whether the corresponding space X∗F ′2,s

contains `2

or not. If it does not contain `2 then X∗F ′2,s
will be also a nonseparable HI

space not containing any reflexive subspace with the additional property that
X∗F ′2,s

/(XF ′2,s
)∗ is isomorphic to `2(Γ).

7. A HJT space with unconditionally and reflexively saturated
dual

This section concerns the definition of the space Xus
F2

namely a separable
space with a boundedly complete basis which is reflexive and unconditionally
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saturated and its predual (Xus
F2

)∗ is HJT space hence it does not contain any
reflexive subspace. This construction starts with the ground set F2 used in
Section 4. In the extensions we use only attractors for which we eliminate a
sufficient part of their conditional structure. The proof of the property that
Xus
F2

is unconditionally saturated follows the arguments of [AM],[AT2] while
the HJT property of (Xus

F2
)∗ results from the remaining part of the conditional

structure of the attractors. We additionally show that (Xus
F2

)∗ is HI.
Let Q be the set of all finitely supported scalar sequences with rational

coordinates, of maximum modulus 1 and nonempty support. We set

Qs = {(x1, f1, . . . , xn, fn) : xi, fi ∈ Q, i = 1, . . . , n

ran(xi) ∪ ran(fi) < ran(xi+1) ∪ ran(fi+1), i = 1, . . . , n− 1}.
For φ = (x1, f1, . . . , xn, fn) ∈ Qs and l ≤ n we denote by φl the sequence
(x1, f1, . . . , xl, fl). We consider an injective coding function σ : Qs → {2j :
j ∈ N} such that for every φ = (x1, f1, . . . , xn, fn) ∈ Qs

σ(x1, f1, . . . , xn−1, fn−1) < σ(x1, f1, . . . , xn, fn)

and max{ran(xn) ∪ ran(fn)} ≤ m
1
2
σ(φ).

The norming set Dus of the space Xus
F2

will be defined as Dus =
∞⋃

n=0
Dn after

defining inductively two sequences (Kn)∞n=0, (Dn)∞n=0 of subsets of c00(N) with
Dn = convQ(Kn).

Let F2 be the set defined in the beginning of the third section. We set

K0 = F2 and D0 = convQ(K0).

Assume that Kn−1 and Dn−1 have been defined. Then for each j ∈ N we set

K2j
n = K2j

n−1 ∪ {
1

m2j

d∑

i=1

fi : f1 < · · · < fd, fi ∈ Dn−1, d ≤ n2j}.

For fixed j ∈ N we consider the collection of all sequences φ = (xi, fi)
n4j−3
i=1

satisfying the following conditions:
(i) x1 = el1 and f1 = e∗l1 for some l1 ∈ Λ2j1 where j1 is an integer with

m
1/2
2j1

> n4j−3.

(ii) For 1 ≤ i ≤ n4j−3/2, f2i ∈ K
σ(φ2i−1)
n−1 and ‖x2i‖Kn−1 ≤ 18

mσ(φ2i−1)
.

(iii) For 1 ≤ i < n4j−3/2, x2i+1 = el2i+1 and f2i+1 = e∗l2i+1
for some

l2i+1 ∈ Λσ(φ2i).
For every φ satisfying (i),(ii) and (iii) we define the set

K4j−3
n,φ =

{ ±1
m4j−3

E
( n4j−3/2∑

i=1

(λf ′2i
f2i−1 + f ′2i)

)
: E is an interval of N,

f ′2i ∈ K
σ(φ2i−1)
n−1 , λf ′2i

= f ′2i(mσ(φ2i−1)x2i),

(x2i−1, f2i−1, x2i, f
′
2i)

n4j−3/2
i=1 ∈ Qs

}
.
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We define

K4j−3
n = ∪{K4j−3

n,φ : φ satisfies conditions (i), (ii), (iii)} ∪K4j−3
n−1

and we set

Kn =
⋃

j

(K2j
n ∪K4j−3

n ) and Dn = convQ(Kn).

We finally set

Kus =
∞⋃

n=0

Kn and Dus =
∞⋃

n=0

Dn

The space Xus
F2

is the completion of the space (c00, ‖ ‖Dus) where

‖x‖Dus = sup{f(x) : f ∈ Dus}.
Using the same arguments as those in Proposition 4.1 we get the following.

Lemma 7.1. The identity operator I : Xus
F2

→ JTF2 is strongly strictly
singular (Definition 2.1).

Definition 7.2. The sequence

φ = (x1, f1, x2, f2, x3, f3, x4, f4, . . . , xn4j−3 , fn4j−3) ∈ Qs

is said to be a n4j−3 attracting sequence provided that
(i) x1 = el1 and f1 = e∗l1 for some l1 ∈ Λ2j1 where j1 is an integer with

m
1/2
2j1

> n4j−3.
(ii) For 1 ≤ i ≤ n4j−3/2, (mσ(φ2i−1)x2i, f2i) is a (18, σ(φ2i−1), 1) exact

pair (Definition 1.9) while
n4j−3/2∑

i=1

‖x2i‖F2 < 1
n4j−3

.

(iii) For 1 ≤ i < n4j−3/2, x2i+1 = el2i+1 and f2i+1 = e∗l2i+1
for some

l2i+1 ∈ Λσ(φ2i).
We consider the vectors dφ in Xus

F2
, and gφ, Fφ in (Xus

F2
)∗ as they are defined

in Definition 4.4. Let also notice, for later use, that the analogue of Lemma
4.5 remains valid.

Lemma 7.3. For every block subspace Z of the predual space (Xus
F2

)∗ and
every j ∈ N there exists a n4j−3 attracting sequence

φ = (x1, f1, x2, f2, . . . , xn4j−3 , fn4j−3) with
n4j−3/2∑

i=1

dist(f2i, Z) < 1
m2

4j−3
.

Proof. Since the identity I : Xus
F2
→ JTF2 is strongly strictly singular (7.1),

we may construct, using the analogue of Lemma 2.10 in terms of Xus
F2

, the
desired attracting sequence. ¤

Lemma 7.4. Let χ = (x2k, x∗2k)n4j−3/2
k=1 be a (18, 4j−3, 1) attracting sequence

such that
n4j−3/2∑

k=1

‖x2k−1‖F2 < 1
m2

4j−3
. Then for every branch b such that

j 6∈ ind(b) we have that |b∗(dχ)| < 3
m4j−3

.
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Proof. Let b = (f1, f2, f3, . . .) be a branch (i.e. (fi)i∈N is a σF special se-

quence). We recall that dχ = m2
4j−3

n4j−3

n4j−3∑
k=1

(−1)kxk and we set

d1 = −m2
4j−3

n4j−3

n4j−3/2∑
k=1

x2k−1 and d2 = m2
4j−3

n4j−3

n4j−3/2∑
k=1

x2k.

Our assumption
n4j−3/2∑

k=1

‖x2k−1‖F2 < 1
m2

4j−3
yields that

(15)

|b∗(d1)| ≤
m2

4j−3

n4j−3

n4j−3/2∑

k=1

|b∗(x2k−1)| ≤
m2

4j−3

n4j−3

n4j−3/2∑

k=1

‖x2k−1‖F2 <
1

n4j−3
.

We decompose b∗ as b∗ = x∗ + y∗ with ind(x∗) ⊂ {1, . . . , j − 1} and
ind(y∗) ⊂ {j + 1, j + 2, . . .}. We recall that an f ∈ F with inf(f) = l is of
the form f = 1

m2
4l−3

∑
i∈supp(f)

±e∗i with supp(f) ≤ n4l−3/2. Thus supp(x∗) ≤
n1
2 + n5

2 + · · ·+ n4j−7
2 < n4j−4. Hence

(16) |x∗(d2)| ≤
m2

4j−3

n4j−3
n4j−4 <

1
m4j−3

.

On the other hand we have that ‖y∗‖∞ ≤ 1
m4j+1

, therefore

(17) |y∗(d2)| ≤ 1
m4j+1

· m2
4j−3

n4j−3
· n4j−3

2
<

1
m4j−3

.

From (15),(16) and (17) we obtain that |b∗(dχ)| < 3
m4j−3

. ¤

Proposition 7.5. The space (Xus
F2

)∗ is Hereditarily Indecomposable.

Proof. Let Z1, Z2 be a pair of block subspaces in (Xus
F2

)∗ and let 0 < δ < 1.
We may inductively construct, using Lemma 7.3, a sequence (χr)r∈N such

that the following conditions are satisfied.

(i) Each χr = (xr
k, (xr

k)∗)n4jr−3
k=1 is a (18, 4jr − 3, 1) attracting sequence

with
n2jr−1∑

k=1

‖xr
2k−1‖F2 < 1

m2
4jr−3

and additionally

dist(Fχr , Z1) < 1
m2jr−1

if r is odd, while dist(Fχr , Z2) < 1
m2jr−1

if r is
even.

(ii) (dχr )r∈N is a block sequence.
(iii) For r > 1, jr = σF (gχ1 , . . . , gχr−1).

Claim. The sequence (dχ2r−1 − dχ2r )r∈N is a weakly null sequence in XF2 .

Proof of the claim. From the analogue of Proposition 1.19 the space X∗F2

is the closed linear span of the pointwise closure F2
w∗

of the set F2. From
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the observation after Theorem 3.7 we have that

F2
w∗

= F0 ∪
{ ∞∑

i=1

aix
∗
i :

∞∑

i=1

a2
i ≤ 1, (x∗i )

d
i=1 are σF special functionals

with (ind(x∗i ))
d
i=1 pairwise disjoint min supp x∗i ≥ d

}
.

Thus it is enough to show that b∗(dχ2r−1 − dχ2r )
r→∞−→ 0 for every branch b.

Let b be an arbitrary branch. If b = (gχ1 , gχ2 , gχ3 , gχ4 , . . .) from we obtain
that g(dχ2r−1 − dχ2r ) = gχ2r−1(dχ2r−1) − gχ2r (dχ2r ) = 1

2 − 1
2 = 0 for every r.

If b 6= (gχ1 , gχ2 , gχ3 , gχ4 , . . .) the injectivity of the coding function σF yields
that there exist r0 ∈ N such that jr 6∈ ind(b∗) for all r > 2r0. Hence, for
r > r0, Lemma 7.4 yields that |b(dχ2r−1 − dχ2r )| ≤ |b(dχ2r−1)| + |b(dχ2r )| <

3
m4j2r−1−3

+ 3
m4j2r−3

< 4
m4j2r−1−3

and therefore b∗(dχ2r−1 − dχ2r )
r→∞−→ 0.

The proof of the claim is complete. ¤

It follows from the claim that there exists a convex combination of the
sequence (dχ2r−1−dχ2r )r∈N with norm less than δ

3 ; let (ar)d
r=1 be nonnegative

reals with
d∑

r=1
ar = 1 such that ‖

d∑
r=1

ar(dχ2r−1 − dχ2r )‖ < δ
3 .

We set g =
2d∑

r=1
gχr and g′ =

d∑
r=1

(gχ2r−1 − gχ2r ). Since g ∈ F2 we have that

‖g‖ ≤ 1. On the other hand

‖g′‖ ≥
g′

( d∑
r=1

ar(dχ2r−1 − dχ2r )
)

‖
d∑

r=1
ar(dχ2r−1 − dχ2r )‖

>

d∑
r=1

ar(gχ2r−1 − gχ2r )(dχ2r−1 − dχ2r )

δ
3

=

d∑
r=1

ar( 1
2 + 1

2 )

δ
3

=
3
δ
.

For each r ≤ 2d with r odd we select z∗r ∈ Z1 such that ‖z∗r−Fχr‖ < 1
m4jr−3

,
while for r even we select z∗r ∈ Z2 such that ‖z∗r − Fχr‖ < 1

m4jr−3
. We set

F1 =
d∑

r=1

z∗2r−1(∈ Z1) and F2 =
d∑

r=1

z∗2r(∈ Z2).

From our choice of z∗r and the analogue of Lemma 4.5 we get that
(18)
2d∑

r=1

‖zr−gχr‖ ≤
2d∑

r=1

(‖zr−Fχr‖+‖Fχr −gχr‖) ≤
2d∑

r=1

(
1

m4jr−3
+

1
m4jr−3

) < 1.

From (18) we obtain that ‖(F1 + F2) − g‖ < 1 and ‖(F1 − F2) − g′‖ < 1.
Thus, the facts that ‖g‖ ≤ 1 and ‖g′‖ > 3

δ yield that ‖F1 + F2‖ < 2 and
‖F1 − F2‖ > 3

δ − 1 > 2
δ , therefore ‖F1 + F2‖ < δ‖F1 + F2‖. The proof of the

proposition is complete. ¤
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Proposition 7.6. The space (Xus
F2

)∗ is HJT. In particular the space (Xus
F2

)∗
contains no reflexive subspace and every infinite dimensional subspace Z of
(Xus
F2

)∗ has nonseparable second dual Z∗∗.

Proof. The proof is identical to that of Theorem 4.7. ¤

Theorem 7.7. The space Xus
F2

has the following properties

(i) Every subspace Y of Xus
F2

contains a further subspace Z which is
reflexive and has an unconditional basis.

(ii) The predual (Xus
F2

)∗ of the space Xus
F2

is Hereditarily Indecomposable
and has no reflexive subspace.

Proof. First, the identity operator I : Xus
F2
→ JTF2 , being strongly strictly

singular, is strictly singular (Proposition 2.3). Therefore the space Xus
F2

is
reflexively saturated. Let Z be an arbitrary block subspace of the space Xus

F2
.

From the fact that I : Xus
F2
→ JTF2 is strictly singular we may choose a block

sequence (zk)k∈N in Z with ‖zk‖ = 1 and
∞∑

k=1

‖zk‖F2 < 1
16 . We may prove

that (zk)k∈N is an unconditional basic sequence following the procedure used
in the proof of Proposition 3.6 of [AT2].

The facts that the space (Xus
F2

)∗ is Hereditarily Indecomposable and has no
reflexive subspace have been proved in Propositions 7.5 and 7.6. ¤

Defining the norming set of the present section using Fs (instead of F2)
in the first inductive step (namely in the definition of K0) and using the
saturation methods (Snj ,

1
mj

)j (instead of (Anj ,
1

mj
)j) we produce a Banach

space Xus
Fs

which is unconditionally saturated while its predual and its dual
share similar properties with the space XFs of Section 6. Namely we have the
following.

Theorem 7.8. There exists a Banach space Xus
Fs

with the properties:

(i) The predual (Xus
Fs

)∗ of Xus
Fs

is HI and every infinite dimensional sub-
space of (Xus

Fs
)∗ has nonseparable second dual. In particular (Xus

Fs
)∗

contains no reflexive subspace.
(ii) The space Xus

Fs
is unconditionally and reflexively saturated.

(iii) The dual space (Xus
Fs

)∗ is nonseparable HI and contains no reflexive
subspace.

Appendix A. The auxiliary space and the basic inequality

The basic inequality is the main tool in providing upper bounds for the
action of functionals on certain vectors of XG. It has appeared in several
variants in previous works like [AT1], [ALT], [ArTo]. In this section we present
another variant which mainly concerns the case of strongly strictly singular
extensions and in particular we provide the proof of Proposition 1.7 stated
in Section 1. The proof of the present variant follows the same lines as the
previous ones.
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Definition A.1. The tree Tf of a functional f ∈ W . Let f ∈ D. By a
tree of f (or tree corresponding to the analysis of f) we mean a finite family
Tf = (fa)a∈A indexed by a finite tree A with a unique root 0 ∈ A such that
the following conditions are satisfied:

1. f0 = f and fa ∈ D for all a ∈ A.
2. An a ∈ A is maximal if and only if fa ∈ G.
3. For every a ∈ A which is not maximal, denoting by Sa the set of the

immediate successors of a, exactly one of the following holds:
(a) Sa = {β1, . . . , βd} with fβ1 < · · · < fβd

and there exists j ∈ N
such that d ≤ nj and fa = 1

mj

d∑
i=1

fβi (recall that in this case we

say that fa is of type I).
(b) Sa = {β1, . . . , βd} and there exists a family of positive rationals

{rβi
: i = 1, . . . , d} with

d∑
i=1

rβi
= 1 such that fa =

d∑
i=1

rβi
fβi

.

Moreover for all i = 1, . . . , d, ran fβi ⊂ ran fa. (recall that in
this case we say that fa is of type II).

It is obvious that every f ∈ D has a tree which is not necessarily unique.

Definition A.2. (The auxiliary space Tj0) Let j0 > 1 be fixed. We set
Cj0 = {∑

i∈F

±e∗i : #(F ) ≤ nj0−1}.
The auxiliary space Tj0 is the completion of (c00(N) , ‖ ‖Dj0

) where the
norming set Dj0 is defined to be the minimal subset of c00(N) which (i) Con-
tains Cj0 . (ii) It is closed under (A5nj ,

1
mj

) operations for all j ∈ N. (iii) It is
rationally convex.

Observe that the Schauder basis (en)n∈N of Tj0 is 1-unconditional.

Remark A.3. Let D′
j0

be the minimal subset of c00(N) which (i) Contains
Cj0 . (ii) Is closed under (A5nj ,

1
mj

) operations for all j ∈ N. We notice that
each f ∈ D′

j0
has a tree (fa)a∈A in which for a ∈ A which is not maximal, f is

the result of an (A5nj ,
1

mj
) operation (for some j) of the functionals (fβ)β∈Sa .

It can be shown that D′
j0

is also a norming set for the space Tj0 and that
for every j ∈ N we have that convQ{f ∈ Dj0 : w(f) = mj} = convQ{f ∈ D′

j0
:

w(f) = mj}. For proofs of similar results in a different context we refer to
[AT1] (Lemma 3.5).

Lemma A.4. Let j0 ∈ N and f ∈ D′
j0

. Then for every family k1 < k2 <
. . . < knj0

we have that

(19) |f(
1

nj0

nj0∑

l=1

ekl
)| ≤

{
2

mi·mj0
, if w(f) = mi, i < j0

1
mi

, if w(f) = mi, i ≥ j0

In particular ‖ 1
nj0

nj0∑
l=1

ekl
‖Dj0

≤ 1
mj0

.
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If we additionally assume that the functional f admits a tree (fα)α∈A such
that w(fα) 6= mj0 for every α ∈ A, then we have that

(20) |f(
1

nj0

nj0∑

l=1

ekl
)| ≤

{
2

mi·m2
j0

, if w(f) = mi, i < j0
1

mi
, if w(f) = mi, i > j0

≤ 1
m2

j0

.

Proof. We first prove the following claim.

Claim. Let h ∈ D′
j0

. Then

(i) #{k : |h(ek)| > 1
mj0

} < (5nj0−1)log2(mj0 ).
(ii) If the functional h has a tree (ha)a∈A with w(ha) 6= mj0 for each

a ∈ A then
#{k : |h(ek)| > 1

m2
j0
} < (5nj0−1)2 log2(mj0 ).

Proof of the claim. We shall prove only part (i) of the claim, as the proof
of (ii) is similar. Let (ha)a∈A be a tree of h and let n be its height (i.e. the
length of its maximal branch). We may assume that |h(ek)| > 1

mj0
for all k ∈

supp h. Let h = h0, h1, . . . , hn be a maximal branch (then hn ∈ Cj0) and let

k ∈ supp hn. Then 1
mj0

< |h(ek)| =
n−1∏
l=0

1
w(hl)

≤ 1
2n , hence n ≤ log2(mj0)− 1.

On the other hand, since |h(ek)| > 1
mj0

for all k ∈ supp h, each ha with a

non maximal is a result of an (A5nj ,
1

mj
) operation for j ≤ j0−1. An inductive

argument yields that for i ≤ n the cardinality of the set {ha : |a| = i}
is less or equal to (5nj0−1)i. The facts that n ≤ log2(mj0) − 1 and that
each element of g ∈ Cj0 has #(supp(g)) ≤ nj0−1 yield that #(supp(h)) ≤
nj0−1(5nj0−1)log2(mj0 )−1 < (5nj0−1)log2(mj0 ).

The proof of the claim is complete. ¤
We pass to the proof of the lemma. The case w(f) = mi, i ≥ j0 is

straightforward. Let f ∈ D′
j0

with w(f) = mi, i < j. Then f = 1
mi

d∑
t=1

ft

where f1 < · · · < fd belong to D′
j0

and d ≤ ni.
For t = 1, . . . , d we set Ht = {k : |ft(ek)| > 1

mj0
}. Part (i) of the claim

yields that #(Ht) < (5nj0−1)log2(mj0 ). Thus, setting H =
d⋃

t=1
Ht, we get that

#(H) < d(5nj0−1)log2(mj0 ) ≤ (5nj0−1)log2(mj0 )+1. Therefore

|f(
1

nj0

nj0∑

l=1

ekl
)| ≤ 1

mi

(∣∣(
d∑

t=1

ft)|H(
1

nj0

nj0∑

l=1

ekl
)
∣∣
)

+
1

mi

(∣∣(
d∑

t=1

ft)|(N\H)(
1

nj0

nj0∑

l=1

ekl
)
∣∣
)

≤ 1
mi

#(H)
1

nj0

+
1

mi

1
mj0

<
2

mimj0

.

The second part is proved similarly by using part (ii) of the claim. ¤
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Proposition A.5. (The basic inequality) Let (xk)k∈N be a (C, ε) R.I.S.
in XG and j0 > 1 such that for every g ∈ G the set {k : |g(xk)| > ε}
has cardinality at most nj0−1. Let (λk)k∈N ∈ c00 be a sequence of scalars.
Then for every f ∈ D of type I we can find g1, such that either g1 = h1 or
g1 = e∗t + h1 with t 6∈ supp h1 where h1 ∈ convQ{h ∈ D′

j0
: w(h) = w(f)}

and g2 ∈ c00(N) with ‖g2‖∞ ≤ ε with g1, g2 having nonnegative coordinates
and such that

(21) |f(
∑

λkxk)| ≤ C(g1 + g2)(
∑

|λk|ek).

If we additionally assume that for every h ∈ D with w(h) = mj0 and every
interval E of the natural numbers we have that

(22) |h(
∑

k∈E

λkxk)| ≤ C(max
k∈E

|λk|+ ε
∑

k∈E

|λk|)

then, if w(f) 6= mj0 , h1 may be selected satisfying additionally the following
property: h1 =

∑
rlh̃l with rl ∈ Q+,

∑
rl = 1 and for each l the functional

h̃l belongs to D′
j0

with w(h̃l) = w(f) and admits a tree Th̃l
= (f l

a)a∈Cl
with

w(f l
a) 6= mj0 for all a ∈ Cl.

Proof. The proof in the general case (where (22) is not assumed) and in the
special case (where we assume (22)) is actually the same. We shall give the
proof only in the special case. The proof in the general case arises by omitting
any reference to distinguishing cases whether a functional has weight mj0 or
not and treating the functionals with w(f) = mj0 as for any other j.

We fix a tree Tf = (fa)a∈A of f . Before passing to the proof we adopt
some useful notation and state two lemmas. Their proofs can be found in
[AT1] (Lemmas 4.4 and 4.5).

Definition A.6. For each k ∈ N we define the set Ak as follows:

Ak =
{

a ∈ A such that fa is not of type II and

(i) ran fa ∩ ranxk 6= ∅
(ii) ∀ γ < a if fγ is of type I then w(fγ) 6= mj0

(iii) ∀ β ≤ a if β ∈ Sγ and fγ is of type I

then ran fβ ∩ ranxk = ran fγ ∩ ran xk

(iv) if w(fa) 6= mj0 then for all β ∈ Sa

ran fβ ∩ ran xk $ ran fa ∩ ranxk

}

The next lemma describes the properties of the set Ak.

Lemma A.7. For every k ∈ N we have the following:
(i) If a ∈ A and fa is of type II then a 6∈ Ak.

(Hence Ak ⊂ {a ∈ A : fa is of type I or fa ∈ G}.)
(ii) If a ∈ Ak, then for every β < a if fβ is of type I then w(fβ) 6= mj0 .
(iii) If Ak is not a singleton then its members are incomparable members

of the tree A. Moreover if a1, a2 are two different elements of Ak
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and β is the (necessarily uniquely determined) maximal element of A
satisfying β < a1 and β < a2 then fβ is of type II.

(iv) If a ∈ A is such that supp fa∩ranxk 6= ∅ and γ 6∈ Ak for all γ < a then
there exists β ∈ Ak with a ≤ β. In particular if supp f ∩ ranxk 6= ∅
then Ak 6= ∅.

Definition A.8. For every a ∈ A we define Da =
⋃

β≥a{k : β ∈ Ak}.
Lemma A.9. According to the notation above we have the following:

(i) If supp f ∩ ran xk 6= ∅ then k ∈ D0 (recall that 0 denotes the unique
root of A and f = f0). Hence f(

∑
λkxk) = f(

∑
k∈D0

λkxk).
(ii) If fa is of type I with w(fa) = mj0 then Da is an interval of N.
(iii) If fa is of type I with w(fa) 6= mj0 then



{k} : k ∈ Da \

⋃

β∈Sa

Dβ



 ∪ {Dβ : β ∈ Sa}

is a family of successive subsets of N. Moreover for every k ∈ Da \⋃
β∈Sa

Dβ (i.e. for k such that a ∈ Ak) such that supp fa∩ ranxk 6= ∅
there exists a β ∈ Sa such that either min suppxk ≤ max supp fβ <
max supp xk or min supp xk < min supp fβ ≤ max supp xk.

(iv) If fa is of type II, β ∈ Sa and k ∈ Da \Dβ then supp fβ ∩ ranxk = ∅
and hence fβ(xk) = 0.

Recall that we have fixed a tree (fa)a∈A for the given f . We construct two
families (g1

a)a∈A and (g2
a)a∈A such that the following conditions are fulfilled.

(i) For every a ∈ A such that fa is not of type II, g1
a = ha or g1

a = e∗ka
+ha

with ta 6∈ suppha, where ha ∈ convQ(D′
j0

) and g2
a ∈ c00(N) with

‖g2
a‖∞ ≤ ε.

(ii) For every a ∈ A, supp g1
a ⊂ Da and supp g2

a ⊂ Da and the functionals
g1

a, g2
a have nonnegative coordinates.

(iii) For a ∈ A with fa ∈ G and Da 6= ∅ we have that g1
a ∈ Cj0 .

(iv) For fa of type II with f =
∑

β∈Sa
rβfβ (where rβ ∈ Q+ for every

β ∈ Sa and
∑

β∈Sa
rβ = 1) we have g1

a =
∑

β∈Sa
rβg1

β and g2
a =∑

β∈Sa
rβg2

β .
(v) For fa of type I with w(f) = mj0 we have g1

a = e∗ka
where ka ∈ Da is

such that |λka | = maxk∈Da |λk| and g2
a =

∑
k∈Da

εe∗k.
(vi) For fa of type I with w(f) = mj for j 6= j0 we have g1

a = ha or g1
a =

e∗ka
+ ha with ha ∈ convQ{h ∈ D′

j0
: w(h) = mj} and ka 6∈ supp ha.

(vii) For every a ∈ A the following inequality holds:

|fa(
∑

k∈Da

λkxk)| ≤ C(g1
a + g2

a)(
∑

k∈Da

|λk|ek).

When the construction of (g1
a)a∈A and (g2

a)a∈A has been accomplished, we set
g1 = g1

0 and g2 = g2
0 (where 0 is the root of A and f = f0) and we observe

that these are the desired functionals. To show that such (g1
a)a∈A and (g2

a)a∈A
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exist we use finite induction starting with a ∈ A which are maximal and in
the general inductive step we assume that g1

β , g2
β have been defined for all

β > a satisfying the inductive assumptions and we define g1
a and g2

a.
1 st= inductive step

Let a ∈ A which is maximal. Then fa ∈ G. If Da = ∅ we define g1
a = 0 and

g2
a = 0. If Da 6= ∅ we set

Ea = {k ∈ Da : |fa(xk)| > ε} and Fa = Da \ Ea.

From our assumption we have that #(Ea) ≤ nj0−1 and we define

g1
a =

∑

k∈Ea

e∗k and g2
a =

∑

k∈Fa

εe∗k.

We observe that g1
a ∈ Cj0 and ‖g2

a‖∞ ≤ ε. Inequality (vii) is easily checked
(see Proposition 4.3 of [AT1]).

General inductive step
Let a ∈ A and suppose that g1

γ and g2
γ have been defined for every γ > a

satisfying the inductive assumptions. If Da = ∅ we set g1
a = 0 and g2

a = 0. In
the remainder of the proof we assume that Da 6= ∅. We consider the following
three cases:

1 st= case The functional fa is of type II.
Let fa =

∑
β∈Sa

rβfβ where rβ ∈ Q+ are such that
∑

β∈Sa
rβ = 1. In this

case, we have that Da =
⋃

β∈Sa
Dβ . We define

g1
a =

∑

β∈Sa

rβg1
β and g2

a =
∑

β∈Sa

rβg2
β .

For the proof of inequality (vii) see Proposition 4.3 of [AT1].
2 nd= case The functional fa is of type I with w(f) = mj0 .

In this case Da is an interval of the natural numbers (Lemma A.9(ii)). Let
ka ∈ Da be such that |λka | = maxk∈Da |λk|. We define

g1
a = e∗ka

and g2
a =

∑

k∈Da

εe∗k.

Inequality (vii) is easily established.
3 rd= case The functional fa is of type I with w(f) = mj for j 6= j0.

Then fa = 1
mj

∑
β∈Sa

fβ and the family {fβ : β ∈ Sa} is a family of successive
functionals with #(Sa) ≤ nj . We set

Ea = {k : a ∈ Ak and supp fa ∩ ranxk 6= ∅}
(= {k ∈ Da \

⋃

β∈Sa

Dβ : supp fa ∩ ranxk 6= ∅}).

We consider the following partition of Ea.

E2
a = {k ∈ Ea : mjk+1 ≤ mj} and E1

a = Ea \ E2
a.
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We define
g2

a =
∑

k∈E2
a

εe∗k +
∑

β∈Sa

g2
β .

Observe that ‖g2
a‖∞ ≤ ε. Let E1

a = {k1 < k2 < · · · < kl}. From the definition
of E1

a we get that mj < mjk2
< · · · < mjkl

. We set

ka = k1 and g1
a = e∗ka

+ ha where ha =
1

mj
(

l∑

i=2

e∗ki
+

∑

β∈Sa

g1
β)

(The term e∗ka
does not appear if E1

a = ∅.)
For the verification of inequality (vii) see Proposition 4.3 of [AT1].

It remains to show that ha ∈ convQ{h ∈ D′
j0

: w(h) = mj} By the
second part of Lemma A.9(iii), for every k ∈ Ea there exists an element of
the set N = {min supp fβ , max supp fβ : β ∈ Sa} belonging to ranxk. Hence
#(E1

a) ≤ #(Ea) ≤ 2nj .
We next show that ha ∈ convQ{g ∈ D′

j0
: w(g) = mj}. We first examine

the case that for every β ∈ Sa the functional fβ is not of type II. Then for
every β ∈ Sa one of the following holds:

(i) fβ ∈ G. In this case g1
β ∈ Cj0 (by the first inductive step).

(ii) fβ is of type I with w(fβ) = mj0 . In this case g1
β = e∗kβ

∈ D′
j0

.
(iii) fβ is of type I with w(fβ) = mj for j 6= j0. In this case g1

β = e∗kβ
+hβ

(or g1
β = hβ) where hβ ∈ convQ(D′

j0
) and kβ 6∈ supp hβ . We set

E1
β = {n ∈ N : n < kβ}, E2

β = {n ∈ N : n > kβ} and h1
β = E1

βhβ ,
h2

β = E2
βhβ . The functionals h1

β , e∗tβ
, h2

β are successive and belong to
Dj0 = convQ(D′

j0
).

We set

T 1
a = {β ∈ Sa : fβ ∈ G}

T 2
a = {β ∈ Sa : fβ of type I and w(fβ) = mj0}

T 3
a = {β ∈ Sa : fβ of type I and w(fβ) 6= mj0}.

The family of successive (see Lemma A.9(iii)) functionals of Dj0 ,

{e∗ki
: i = 2, . . . , l} ∪ {g1

β : β ∈ T 1
a } ∪ {g1

β : β ∈ T 2
a } ∪

∪{h1
β : β ∈ T 3

a } ∪ {e∗kβ
: β ∈ T 3

a } ∪ {h2
β : β ∈ T 3

a }
has cardinality ≤ 5nj , thus we get that ha ∈ Dj0 with w(ha) = mj . Therefore
from Remark A.3 we get that

ha ∈ convQ{h ∈ D′
j0 : w(h) = mj}.

For the case that for some β ∈ Sa the functional fβ is of type II see [AT1]
Proposition 4.3. ¤

Proof of Proposition 1.7. The proof is an application of the basic inequal-
ity (Proposition A.5) and Lemma A.4. Indeed, let f ∈ D with w(f) = mi.
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Proposition A.5 yields the existence of a functional h1 with h1 ∈ convQ{h ∈
D′

j0
: w(h) = mi}, a t ∈ N and a h2 ∈ c00(N) with ‖h2‖∞ ≤ ε, such that

|f(
1

nj0

nj0∑

k=1

xk)| ≤ C(e∗t + h1 + h2)
( 1
nj0

nj0∑

k=1

ek

)
.

If i ≥ j0 we get that |f( 1
nj0

∑nj0
k=1 xk)| ≤ C( 1

nj0
+ 1

mi
+ε) < C

nj0
+ C

mi
+Cε. If

i < j0, using Lemma A.4 we get that |f( 1
nj0

∑nj0
k=1 xk)| ≤ C( 1

nj0
+ 2

mi·mj0
+ε) <

3C
mi·mj0

.

In order to prove 2) let (bk)nj0
k=1 be scalars with |bk| ≤ 1 such that (2)

is satisfied. Then condition (22) of the basic inequality is satisfied for the
linear combination 1

nj0

∑nj0
k=1 bkxk and thus for every f ∈ D with w(f) = mi,

i 6= j0, there exist a t ∈ N and h1, h2 ∈ c00(N) with h1, h2 having nonnegative
coordinates and ‖h2‖∞ ≤ ε such that

|f(
1

nj0

nj0∑

k=1

bkxk)| ≤ C(e∗t + h1 + h2)
( 1
nj0

nj0∑

k=1

|bk|ek

)

≤ C(e∗t + h1 + h2)
( 1
nj0

nj0∑

k=1

ek

)

with h1 being a rational convex combination h1 =
∑

rlh̃l and for each l the
functional h̃l belongs to D′

j0
with w(h̃l) = mi and has a tree Th̃l

= (f l
a)a∈Cl

with w(f l
a) 6= mj0 for all a ∈ Cl. Using the second part of Lemma A.4 we

deduce that

|f(
1

nj0

nj0∑

k=1

bkxk)| ≤ C(
1

nj0

+
1

m2
j0

+ ε) <
4C

m2
j0

.

For f ∈ D with w(f) = mj0 it follows from condition (2) that
|f( 1

nj0

∑nj0
k=1 bkxk)| ≤ C

nj0
(1 + 2

m2
j0

nj0) < 4C
m2

j0
. ¤

Appendix B. The James tree spaces JTF2,s , JTF2 and JTFs

In this part we continue the study of the James Tree spaces initialized in
Section 3. We give a slightly different definition of JTG sequences and then
we define the space JTF2 exactly as in section 3. We also define the spaces
JTFs , JTF2,s . We prove that JTF2 is `2 saturated while JTFs , JTF2,s are
c0 saturated. We also give an example of JTF2 , defined for a precise family
(Fj)j such that the basis (en)n∈N of the space is normalized weakly null and
for every subsequence (en)n∈M , M ∈ [N] the space XM = span{en : n ∈ M}
has nonseparable dual. As we have mentioned before the study of the James
Tree spaces does not require techniques related to HI constructions.

Definition B.1. (JTG families) A sequence (Fj)∞j=0 of subsets of c00(N)
is said to be a James Tree Generating family (JTG family) provided that it
satisfies the following conditions:
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(A) F0 = {±e∗n : n ∈ N} and each Fj is nonempty, countable, symmetric,
compact in the topology of pointwise convergence and closed under
restrictions to intervals of N.

(B) Setting τj = sup{‖f‖∞ : f ∈ Fj}, the sequence (τj)j∈N is strictly

decreasing and
∞∑

j=1

τj ≤ 1.

(C) For every block sequence (xk)k∈N of c00(N), every j = 0, 1, 2, . . . and
every δ > 0 there exists a vector x ∈ span{xk : k ∈ N} such that

δ · sup{f(x) : f ∈
∞⋃

i=0

Fi} > sup{f(x) : f ∈ Fj}.

We set F =
∞⋃

j=0

Fj . The set F defines a norm ‖ ‖F on c00(N) by the rule

‖x‖F = sup{f(x) : f ∈ F}.
The space YF is the completion of the space (c00(N), ‖ ‖F ).

Examples B.2. We provide some examples of JTG families.

(i) The first example is what we call the Maurey-Rosenthal JTG family,
related to the first construction of a normalized weakly null sequence
with no unconditional subsequence ([MR]). In particular the norming

set for their example is the set F =
∞⋃

j=0

Fj together with the σF special

functionals resulting from the family F . We proceed defining the sets
(Fj)∞j=0.

Let (kj)j∈N be a strictly increasing sequence of integers such that
∞∑

j=1

∑

n 6=j

min
{√kn√

kj

,

√
kj√
kn

} ≤ 1.

We set F0 = {±e∗n : n ∈ N} while for j = 1, 2, . . . we set

Fj =
{ 1√

kj

(∑

i∈F

±e∗i
)

: ∅ 6= F ⊂ N, #(F ) ≤ kj

} ∪ {
0
}
.

The above conditions (1) and (2) for the sequence (kj)j∈N easily yield
that (Fj)∞j=0 is a JTG family.

(ii) The second example is the family introduced in Section 4. For com-
pleteness we recall its definition. Let (mj)j∈N and (nj)j∈N defined as
follows:
• m1 = 2 and mj+1 = m5

j .
• n1 = 4, and nj+1 = (5nj)sj where sj = log2 m3

j+1.
We set F0 = {±e∗n : n ∈ N} and for j = 1, 2, . . . we set

Fj =
{ 1

m2
2j−1

∑

i∈I

±e∗i : #(I) ≤ n2j−1

2
} ∪ {

0
}
.
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We shall show that the sequence (Fj)∞j=0 is a JTG family. Con-
ditions (A), (B) of Definition B.1 are obviously satisfied. Suppose
that condition (C) fails. Then for some j ∈ N, there exists a block
sequence (xk)k∈N in c00(N) with ‖xk‖F = 1 and a δ > 0 such that
δ‖∑

akxk‖F ≤ ‖∑
akxk‖Fj for every sequence of scalars (ak)k∈N ∈

c00(N) . We observe that ‖xk‖∞ ≥ 2δm2
2j−1

n2j−1
for all k. Indeed, if

‖xk‖∞ <
2δm2

2j−1
n2j−1

then for every f ∈ Fj , f = 1
m2

2j−1

∑
i∈I

±e∗i , with

#(I) ≤ n2j−1
2 we would have that |f(xk)| ≤ 1

m2
2j−1

∑
i∈I

|e∗i (xk)| <

1
m2

2j−1

n2j−1
2

2δm2
2j−1

n2j−1
= δ which yields that ‖xk‖Fj

< δ, a contradiction.

Hence for each k we may select a tk ∈ supp xk such that |e∗tk
(xk)| ≥

2δm2
2j−1

n2j−1
. Since the sequence ( n2i−1

m2
2i−1

)i∈N increases to infinity we may

choose a j′ ∈ N such that δ2 n2j′−1

m2
2j′−1

> ( n2j−1

m2
2j−1

)2. We consider the vec-

tor y =
n2j′−1/2∑

k=1

xk. We have that δ‖y‖F ≥ δ 1
m2

2j′−1

n2j′−1/2∑
k=1

|e∗tk
(xk)| ≥

δ 1
m2

2j′−1

n2j′−1
2

2δm2
2j−1

n2j−1
> 1

m2
2j−1

n2j−1. On the other hand ‖y‖Fj ≤
1

m2
2j−1

n2j−1
2 , a contradiction.

(iii) Another example of a JTG family has been given in Definition 6.4
and we have used it to define the ground set for the space XFs .

Remarks B.3. (i) The standard basis (en)n∈N of c00(N) is a normalized
bimonotone Schauder basis of the space YF .

(ii) The set F is compact in the topology of pointwise convergence. In-
deed, let (fn)n∈N be a sequence in F . There are two cases. Either
there exists j0 ∈ N such that the set Fj0 contains a subsequence of
(fn)n∈N in which case the compactness of Fj0 yields the existence of a
further subsequence converging pointwise to some f ∈ Fj0 , otherwise
if no such j0 exists, then we may find a subsequence (fkn)n∈N and
a strictly increasing sequence (in)n∈N of integers with fkn ∈ Fin and
thus ‖fkn‖∞ ≤ τin for all n. Since condition (B) of Definition B.1
yields that τn → 0 we get that fkn

p→ 0 ∈ F .
(iii) The fact that F is countable and compact yields that the space

(C(F ), ‖ ‖∞) is c0 saturated [BP]. It follows that the space YF is
also c0 saturated, since YF is isometric to a subspace of (C(F ), ‖ ‖∞).

(iv) For each j we consider the seminorm ‖ ‖Fj : c00(N) → R defined by
‖x‖Fj = sup{|f(x)| : f ∈ Fj}. In general ‖ ‖Fj is not a norm. Defin-
ing YFj to be the completion of the space (c00(N) , ‖ ‖Fj ), condition
(C) of Definition B.1 is equivalent to saying that the identity operator
I : YF → YFj is strictly singular.

Furthermore, observe that setting Hj = ∪j
i=0Fi the identity oper-

ator I : YF → YHj (YHj is similarly defined) is also strictly singular.
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Indeed, let (xk)k∈N be a block sequence of c00(N) and let δ > 0.
We choose a block sequence (x0

k)k∈N of (xk)k∈N with ‖x0
k‖F = 1 and

∞∑
k=1

‖x0
k‖F1 < δ. Then for every x ∈ span{x0

k : k ∈ N} we have that

δ‖x‖F ≥ ‖x‖F0 . We then select a block sequence (x1
k)k∈N of (x0

k)k∈N
such that δ‖x‖F ≥ ‖x‖F1 for every x ∈ span{x1

k : k ∈ N}. Follow-
ing this procedure, after j + 1 steps we may select a block sequence
(xj

k)k∈N of (xk)k∈N such that δ‖x‖F ≥ ‖x‖Fi for i = 1, . . . , j and thus
δ‖x‖F ≥ ‖x‖Hj for every x ∈ span{xj

k : k ∈ N}.
Next using the σF coding defined in Definition 3.2 we introduce the σF

special sequences and functionals in the same manner as in Definition 3.3.
For a σF special functional x∗ the index ind(x∗) has the analogous meaning.
Finally we denote by S the set of all finitely supported σF special functionals.

The next proposition is an immediate consequence of the above definition
and describes the tree-like interference of two σF special sequences.

Proposition B.4. Let (fi)i, (hi)i be two distinct σF special sequences. Then
ind(fi) 6= ind(hj) for i 6= j while there exists i0 such that fi = hi for all i < i0
and ind(fi) 6= ind(hi) for i > i0.

Definition B.5. (The norming sets F2,s, F2, Fs) Let (Fj)∞j=0 be a JTG
family. We set

F2 = F0 ∪
{ d∑

k=1

akx∗k : ak ∈ Q,

d∑

k=1

a2
k ≤ 1, x∗k ∈ S ∪

∞⋃

i=1

Fi, k = 1, . . . , d

with (ind(x∗k))d
k=1 pairwise disjoint

}

F2,s F0 ∪
{ d∑

k=1

akx∗k : ak ∈ Q,

d∑

k=1

a2
k ≤ 1, x∗k ∈ S ∪

∞⋃

i=1

Fi, k = 1, . . . , d

with (ind(x∗k))d
k=1 pairwise disjoint and min supp x∗k ≥ d

}
,

and

Fs = F0 ∪ {
d∑

k=1

εkx∗k : ε1, . . . , εd ∈ {−1, 1}, x∗k ∈ S ∪
∞⋃

i=1

Fi, k = 1, . . . , d

with (ind(x∗i ))
d
i=1 pairwise disjoint and min supp x∗i ≥ d, d ∈ N}.

The space JTF2,s is defined as the completion of the space (c00(N) , ‖ ‖F2,s),
the space JTF2 is defined to be the completion of the space (c00(N) , ‖ ‖F2)
while JTFs the completion of (c00(N) , ‖ ‖Fs) (where ‖x‖F∗ = sup{f(x) : f ∈
F} for x ∈ c00(N) , for either F∗ = F2 or F∗ = F2,s or F∗ = Fs). For a

functional f ∈ F∗ \ F0 of the form f =
l∑

k=1

akx∗k the set of its indices ind(f)

is defined to be the set ind(f) =
l⋃

k=1

ind(x∗k).



THE ATTRACTORS METHOD AND HEREDITARILY JAMES TREE SPACES 81

Remark B.6. The standard basis (en)n∈N of c00(N) is a normalized bimono-
tone Schauder basis for the space JTF∗ .

Let’s observe that the only difference between the definition of F2,s and
that of F2 is the way we connect the σF special functionals. In the case
of F2 the σF special functionals are connected more freely than in F2,s and
obviously F2,s ⊂ F2. This difference leads the spaces JTF2,s and JTF2 to have
extremely different structures. We study the structure of these two spaces as
well as the structure of JTFs . Namely we have the following theorem.

Theorem B.7. (i) The space JTF2,s is c0 saturated.
(ii) The space JTF2 is `2 saturated.
(iii) The space JTFs

is c0 saturated.

Proposition B.4 yields that the set of all finite σF special sequences is
naturally endowed with a tree structure. The set of infinite branches of this
tree structure is identified with the set of all infinite σF special sequences.

For such a branch b = (f1, f2, . . .) the functional b∗ = lim
d

d∑
i=1

fi (where the

limit is taken in the pointwise topology) is a cluster point of the sets F2, F2,s

and Fs and hence belongs to the unit balls of the dual spaces JT ∗F2
JT ∗F2,s

and JT ∗Fs
. Let also point out that a σF special functional x∗ is either finite

or takes the form Eb∗ for some branch b and some interval E. Furthermore,
it is easy to check that the set {Ex∗ : E interval, x∗ σF special functional}
is closed in the pointwise topology.

Our main goal in this section is to prove Theorem B.7. Many of the Lemmas
used in proving this theorem are common for JTF2,s , JTF2 and JTFs . For
this reason it is convenient to use the symbol F∗ when stating or proving a
property which is valid for F∗ = F2,s, F∗ = F2 and F∗ = Fs.

Lemma B.8. The identity operator I : JTF∗ → YF is strictly singular.

Proof. Assume the contrary. Then there exists a block subspace Y of JTF∗
such that the identity operator I : (Y, ‖ ‖F∗) → (Y, ‖ ‖F ) is an isomorphism.
Since YF is c0 saturated (Remark B.3 (iii)) we may assume that (Y, ‖ ‖F∗)
is is spanned by a block basis which is equivalent to the standard basis of
c0. Using property (C) of Definition B.1 and Remark B.3 (iv) we inductively
choose a normalized block sequence (xn)n∈N in (Y, ‖ ‖F∗) and a strictly in-
creasing sequence (jn)n∈N of integers such that for some δ determined by the
isomorphism, the following hold:

(i) ‖xn‖Fjn
> δ.

(ii) ‖xn+1‖ jn⋃
k=1

Fk

< δ.

From (i) and (ii) and the definition of each F∗ we easily get that ‖x1 + · · ·+
xn‖ n→ ∞. This is a contradiction since (xn)n∈N, being a normalized block
basis of a sequence equivalent to the standard basis of c0, is also equivalent
to the standard basis of c0. ¤
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The following lemma, although it refers exclusively to the functional b∗,
its proof is crucially depended on the fact that in F∗ we connect the special
functionals under certain norms. A similar result is also obtained in [AT1]
(Lemma 10.6).

Lemma B.9. Let (xn)n∈N be a bounded block sequence in JTF∗ . Then there
exists an L ∈ [N] such that for every branch b the limit lim

n∈L
b∗(xn) exists. In

particular, if the sequence (xn)n∈N is seminormalized (i.e. inf ‖xn‖F∗ > 0)
and L = {l1 < l2 < l3 < · · · } then the sequence yn =

xl2n−1−xl2n

‖xl2n−1−xl2n
‖ satisfies

‖yn‖F∗ = 1 and lim
n

b∗(yn) = 0 for every branch b.

Proof. We first prove the following claim.

Claim. For every ε > 0 and M ∈ [N] there exists L ∈ [M ] and a finite collec-
tion of branches {b1, . . . , bl} such that for every branch b with b 6∈ {b1, . . . , bl}
we have that lim sup

n∈L
|b∗(xn)| ≤ ε.

Proof of the claim. Assume the contrary. Then we may inductively con-
struct a sequence M1 ⊃ M2 ⊃ M3 · · · of infinite subsets of N and a se-
quence b1, b2, b3, . . . of pairwise different branches satisfying |b∗i (xn)| > ε for
all n ∈ Mi.

We set C = sup
n
‖xn‖F∗ and we consider k > C

ε . Since the branches

b1, b2, . . . , bk2 are pairwise different we may choose an infinite interval E with
min E ≥ k2 such that the functionals (Eb∗i )

k2

i=1 have disjoint indices. We
also consider any n ∈ Mk2 with supp xn ⊂ E and we set εi = sgn b∗i (xn) for

i = 1, 2, . . . , k2. Then the functional f =
k2∑
i=1

εi

k b∗i belongs to BJT∗F∗
. Therefore

‖xn‖F∗ ≥ f(xn) =
k2∑

i=1

1
k
|b∗i (xn)| ≥

k2∑

i=1

1
k
· ε = k · ε > C,

a contradiction completing the proof of the claim. ¤
Using the claim we inductively select a sequence L1 ⊃ L2 ⊃ L3 ⊃ · · · of infi-

nite subsets of N and a sequence B1, B2, B3, . . . of finite collections of branches
such that for every branch b 6∈ Bi we have that |b∗(xn)| < 1

i for all n ∈ Li. We
then choose a diagonal set L0 of the nested sequence (Li)i∈N. Then for every

branch b not belonging to B =
∞⋃

i=1

Bi we have that lim
n∈L0

b∗(xn) = 0. Since

the set B is countable, we may choose, using a diagonalization argument, an
L ∈ [L0] such that the sequence (b∗(xn))n∈L converges for every b ∈ F . The
set L clearly satisfies the conclusion of the lemma. ¤

Combining Lemma B.8 and Lemma B.9 we get the following.

Corollary B.10. Every block subspace of JTF∗ contains a block sequence
(yn)n∈N such that ‖yn‖F∗ = 1, ‖yn‖F

n→∞−→ 0 and b∗(yn) n→∞−→ 0 for every
branch b.
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Lemma B.11. Let Y be a block subspace of JTF∗ and let ε > 0. Then there
exists a finitely supported vector y ∈ Y such that ‖y‖F∗ = 1 and |x∗(y)| < ε
for every σF special functional x∗.

Proof. Assume the contrary. Then there exists a block subspace Y of JTF∗
and an ε > 0 such that

(23) ε · ‖y‖F∗ ≤ sup{|x∗(y)| : x∗ is a σF special functional}
for every y ∈ Y . Let q > 8

ε2 . From Corollary B.10 we may select a block se-
quence (yn)n∈N in Y such that ‖yn‖F∗ = 1, ‖yn‖F

n→∞−→ 0 and b∗(yn) n→∞−→ 0
for every branch b. Observe also that (yn)n∈N is a separated sequence (Defi-
nition 3.11) hence from Lemma 3.12 we may assume passing to a subsequence
that for every σF special functional x∗ we have that |x∗(yn)| ≥ 1

q2 for at most
two yn. (Although Lemma 3.12 is stated for JTF2 with small modifications
in the proof remains valid for either Fs or F2,s.)

We set t1 = 1. From (23) there exists a σF special functional y∗1 with
ran y∗1 ⊂ ran yt1 such that |y∗1(yt1)| > ε

2 . Setting d1 = max ind y∗1 we select t2
such that ‖yt2‖F < ε

4d1
. Let z∗2 be a σF special functional with ran z∗2 ⊂ ran yt2

such that |z∗2(yt2)| > 3ε
4 . We write z∗2 = x∗2 + y∗2 with ind x∗2 ⊂ {1, . . . , d1}

and ind y∗2 ⊂ {d1 + 1, . . .}. We have that |x∗2(yt2)| ≤ d1‖yt2‖F < ε
4 and

thus |y∗2(yt2)| > ε
2 . Following this procedure we select a finite collection

(tn)q2

n=1 of integers and a finite sequence of σF special functionals (y∗n)q2

n=1 with
ran y∗n ⊂ ran ytn and |y∗n(ytn)| > ε

2 such that the sets of indices (ind(y∗n))q2

n=1

are pairwise disjoint. We consider the vector y = yt1 + yt2 + . . . + ytq2 .

We set εi = sgn y∗n(ytn) for i = 1, . . . , q2. The functional f =
q2∑

n=1

εn

q y∗n

belongs to F2,s (⊂ F2), while qf ∈ Fs. Therefore

(24) ‖y‖F∗ ≥ f(y1 + y2 + . . . + yq2) ≥ 1
q

q2∑
n=1

|y∗n(ytn)| > q
ε

2
>

4
ε
.

It is enough to show that sup{|x∗(y)| : x∗ is a σF special functional} ≤ 3
so as to derive a contradiction with (23) and (24). Let x∗ be a σF special
functional. Then from our assumptions that |x∗(yn)| > 1

q2 for at most two
yn,

|x∗(y)| ≤ 2 + (q2 − 2)
1
q2

< 3.

The proof of the lemma is complete. ¤
Theorem B.12. Let Y be a subspace of either JTF2,s or of JTFs . Then for
every ε > 0, there exists a subspace of Y which 1 + ε isomorphic to c0.

Proof. Let Y be a block subspace of JTF2,s or of JTFs and let ε > 0. Using
Lemma B.11 we may inductively select a normalized block sequence (yn)n∈N
in Y such that, setting dn = max supp yn for each n and d0 = 1, |x∗(yn)| <

ε
2ndn−1

for every σF special functional x∗.
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We claim that (yn)n∈N is 1 + ε isomorphic to the standard basis of c0.
Indeed, let (βn)N

n=1 be a sequence of scalars. We shall show that max
1≤n≤N

|βn| ≤

‖
N∑

n=1
βnyn‖F∗ ≤ (1 + ε) max

1≤n≤N
|βn| for either F∗ = F2,s or F∗ = Fs. We may

assume that max
1≤n≤N

|βn| = 1. The left inequality follows directly from the

bimonotonicity of the Schauder basis (en)n∈N of JTF∗ .
To see the right inequality we consider an arbitrary g ∈ F∗. Then there

exist d ∈ N, (x∗i )
d
i=1 in S ∪ (

∞⋃
i=1

Fi) with (ind(x∗i ))
d
i=1 pairwise disjoint and

min supp x∗i ≥ d, such that g =
d∑

i=1

aix
∗
i with

d∑
i=1

a2
i ≤ 1 in the case F∗ = F2,s,

while ai ∈ {−1, 1} in the case F∗ = Fs. Let n0 be the minimum integer n
such that d ≤ dn. Since min supp g ≥ d > dn0−1 we get that g(yn) = 0 for
n < n0. In either case we get that

g(
N∑

n=1

βnyn) ≤ |g(yn0)|+
N∑

n=n0+1

|g(yn)| ≤ 1 +
N∑

n=n0+1

d∑

i=1

|x∗i (yn)|

< 1 +
N∑

n=n0+1

d
ε

2ndn−1
< 1 +

N∑
n=n0+1

ε

2n
< 1 + ε.

The proof of the theorem is complete. ¤

Lemma B.13. For every x ∈ c00(N) and every ε > 0 there exists d ∈ N
(denoted d = d(x, ε)) such that for every g ∈ F2\F0 with ind(g)∩{1, . . . , d} =
∅ we have that |g(x)| < ε.

Proof. Let C = ‖x‖`1 be the `1 norm of the vector x. We choose d ∈ N
such that

∞∑
l=d+1

τ2
l < ( ε

C )2. Now let g =
k∑

i=1

aix
∗
i ∈ F2, such that ind(g) ∩

{1, . . . , d} = ∅. Each x∗i takes the form x∗i =
ri∑

j=1

x∗i,j , where for each i either

ri = 1 and xi,1 ∈
∞⋃

i=1

Fi or (xi,j)ri
j=1 is a σF special sequence, and the indices

(ind(x∗i,j))i,j are pairwise different elements of {d + 1, d + 2, . . .}. We get that

|g(x)| ≤
k∑

i=1

|ai| · |x∗i (x)| ≤ ( k∑

i=1

|ai|2)
)1/2( k∑

i=1

|x∗i (x)|2)1/2

≤ 1 · (
k∑

i=1

‖x‖2`1‖x∗i ‖2∞
)1/2 ≤ C

( ∞∑

l=d+1

τ2
l

)1/2
< ε.

¤

Theorem B.14. For every subspace Y of JTF2 and every ε > 0 there exists
a subspace of Y which is 1 + ε isomorphic to `2.
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Proof. Let Y be a block subspace of JTF2 and let ε > 0. We choose a

sequence (εn)n∈N of positive reals satisfying
∞∑

n=1
εn < ε

2 . We shall produce

a block sequence (xn)n∈N in Y and a strictly increasing sequence of integers
(dn)n∈N such that

(i) ‖xn‖F2 = 1.
(ii) For every σF special functional x∗ we have that |x∗(xn)| < εn

3dn−1
.

(iii) If g =
k∑

i=1

aiy
∗
i ∈ F2 is such that ind(g) ∩ {1, 2, . . . , dn} = ∅, then

|g(xn)| < εn.
The construction is inductive. We choose an arbitrary finitely supported
vector x1 ∈ Y with ‖x1‖F2 = 1 and we set d1 = d(x1, ε1) (see the notation in
the statement of Lemma B.13). Then, using Lemma B.11 we select a vector
x2 ∈ Y ∩ c00(N) with x1 < x2 such that ‖x2‖F2 = 1 and |x∗(x2)| < ε2

3d1
for

every σF special functional x∗. We set d2 = d(x2, ε2). It is clear how the
inductive construction proceeds. We shall show that for every sequence of
scalars (βn)N

n=1 we have that

(25) (1− ε)
( N∑

n=1

β2
n

)1/2 ≤ ‖
N∑

n=1

βnxn‖F2 ≤ (1 + ε)
( N∑

n=1

β2
n

)1/2
.

We may assume that
N∑

n=1
β2

n = 1.

We first show the left hand inequality of (25). For each n we choose

gn ∈ F2, gn =
ln∑

i=1

an,ign,i, with ran gn ⊂ ran xn and

(26) gn(xn) > 1− ε

3
.

For each (n, i) we write the functional gn,i as the sum of three successive
functionals, gn,i = x∗n,i + y∗n,i + z∗n,i such that ind(x∗n,i) ⊂ {1, . . . , dn−1},
ind(y∗n,i) ⊂ {dn−1 + 1, . . . , dn} and ind(z∗n,i) ⊂ {dn + 1, . . .}. From the choice
of the vector xn and the definition x∗n,i we get that

(27) |
ln∑

i=1

an,ix
∗
n,i(xn)| ≤

ln∑

i=1

|x∗n,i(xn)| ≤ dn−1 · ‖xn‖F < dn−1
εn

3dn−1
<

ε

3
.

The definition of the number dn yields also that

(28) |
ln∑

i=1

an,iz
∗
n,i(xn)| < ε

3
.

From (26), (27) and (28) we get that g′n(xn) > 1 − ε where the functional

g′n =
ln∑

i=1

an,iy
∗
n,i, belongs to F2, satisfies ran(g′n) ⊂ ran(gn) ⊂ ran(xn) and

ind(g′n) ⊂ {dn−1 + 1, . . . , dn}. We consider the functional g =
N∑

n=1
βng′n =
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N∑
n=1

ln∑
i=1

βnan,iy
∗
n,i. Since

∑
n

∑
i

(βnan,i)2 ≤ 1 and the sets (ind(y∗n,i))n,i are

pairwise disjoint we get that g ∈ F2
p ⊂ BJT∗F2

. Therefore

‖
N∑

n=1

βnxn‖F2 ≥ g(
N∑

n=1

βnxn)
N∑

n=1

β2
ng′n(xn) > 1− ε.

We next show the right hand inequality of (25). Let (βn)N
n=1 be any se-

quence of scalars such that
N∑

n=1
β2

n ≤ 1. We consider an arbitrary f ∈ F2,

and we shall show that f(
N∑

n=1
βnxn) ≤ 1 + ε. Let f =

k∑
i=1

aix
∗
i , where (x∗i )

k
i=1

belong to S ∪ (
∞⋃

i=1

Fi) with pairwise disjoint sets of indices and
k∑

i=1

a2
i ≤ 1.

We partition the set {1, 2, . . . , k} in the following manner. We set

A1 =
{
i ∈ {1, 2, . . . , k} : ind(x∗i ) ∩ {1, 2, . . . , d1} 6= ∅}.

If A1, . . . , An−1 have been defined we set

An =
{
i ∈ {1, 2, . . . , k} : ind(x∗i ) ∩ {1, 2, . . . , dn} 6= ∅} \

n−1⋃

i=1

Ai.

Finally we set AN+1 = {1, 2, . . . , k} \
N⋃

i=1

Ai.

The sets (An)N+1
n=1 are pairwise disjoint and #

( n⋃
i=1

Ai

) ≤ dn for n =

1, 2, . . . , N . We set

fAn =
∑

i∈An

aix
∗
i , i = 1, 2, . . . , N + 1.

It is clear that ‖fAn‖JT∗F2
≤ ( ∑

i∈An

a2
i

)1/2 for each n.

Let n ∈ {1, 2, . . . , N} be fixed. We have that

(29) |f(βnxn)| ≤
n−1∑

l=1

|fAl
(xn)|+ |fAn(βnxn)|+ |

N+1∑

l=n+1

fAl
(xn)|.

From condition (ii) we get that

(30)
n−1∑

l=1

|fAl
(xn)| ≤

∑

i∈∪n−1
l=1 Al

|x∗i (xn)| < dn−1 · εn

dn−1
= εn.

On the other hand

ind(
N+1∑

l=n+1

fAl
)∩ {1, . . . , dn} = ind(

N+1∑
l=n+1

∑
i∈Al

aix
∗
i )∩ {1, . . . , dn} = ∅ and thus
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condition (iii) yields that

(31) |
N+1∑

l=n+1

fAl
(xn)| < εn.

Inequalities (29),(30) and (31) yield that

|f(βnxn)| < |fAn(βnxn)|+ 2εn.

Therefore

|f( N∑
n=1

βnxn

)| ≤
N∑

n=1

|f(βnxn)| ≤
N∑

n=1

(|fAn(βnxn)|+ 2εn

)

≤
N∑

n=1

|βn||fAn
(xn)|+ 2

N∑
n=1

εn

<
( N∑

n=1

|βn|2
)1/2( N∑

n=1

|fAn(xn)|2)1/2 + ε

≤ 1 · (
N∑

n=1

∑

i∈An

a2
i

)1/2 + ε ≤ 1 + ε.

The proof of the theorem is complete. ¤

Proposition B.15. The dual space JT ∗F∗ is equal to the closed linear span
of the set containing (e∗n)n∈N and b∗ for every branch b,

JT ∗F∗ = span({e∗n : n ∈ N} ∪ {b∗ : b is a σF branch}).
Moreover the Schauder basis (en)n∈N of the space JTF∗ is weakly null.

Proof. Since the space JTF∗ is c0 saturated for F∗ = F2,s or F∗ = Fs

(Theorem B.12) or `2 saturated (for F∗ = F2) it contains no isomorphic copy
of `1. Haydon’s theorem yields that the unit ball of JT ∗F∗ is the norm closed
convex hull of its extreme points. Since the set F∗ is the norming set of the

space JTF∗ we have that BJT∗F∗
= conv(F∗)

w∗
hence Ext(BJT∗F∗

) ⊂ F∗w∗
.

We thus get that JT ∗F∗ = span(F∗w∗
).

We observe that

F2,s
w∗

= F0 ∪
{ d∑

i=1

aix
∗
i :

d∑

i=1

a2
i ≤ 1, (x∗i )

d
i=1 are σF special functionals

with (ind(x∗i ))
d
i=1 pairwise disjoint and min supp x∗i ≥ d

}
,

F2
w∗

= F0 ∪
{ ∞∑

i=1

aix
∗
i :

∞∑

i=1

a2
i ≤ 1, (x∗i )

∞
i=1 are σF special functionals

with (ind(x∗i ))
∞
i=1 pairwise disjoint

}
.
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and

Fs
w∗

= F0 ∪
{ d∑

i=1

εix
∗
i : εi ∈ {−1, 1}, (x∗i )

d
i=1 are σF special functionals

with (ind(x∗i ))
d
i=1 pairwise disjoint and min supp x∗i ≥ d

}
,

The first and third equality follow easily. For the second the arguments are
similar to Lemma 8.4.5 of [Fa].

The first part of the proposition for the cases F∗ = F2,s or F∗ = Fs

follows directly while for the case F∗ = F2 it is enough to observe that

‖
∞∑

i=1

aix
∗
i ‖JT∗F2

≤ ( ∞∑
i=1

a2
i

)1/2 for every g =
∞∑

i=1

aix
∗
i ∈ F2. Therefore

JT ∗F∗ = span({e∗n : n ∈ N} ∪ {b∗ : b branch}).
From the first part of the proposition, to show that the basis (en)n∈N is

weakly null, it is enough to show that b∗(en) n→∞−→ 0 for every branch b. But
if b = (f1, f2, f3, . . .) is an arbitrary branch then the sequence kn = ind(fn) is
strictly increasing and hence, since ‖fn‖∞ ≤ τkn , the conclusion follows. ¤

Remark B.16. Let (Fj)∞j=0 be a JTG family (Definition B.1). If τ is a
subfamily of the family of finite σF special functionals such that F ⊂ τ and
Ex∗ ∈ τ for every x∗ ∈ τ and interval E of N, then, setting

Fτ,s = {
d∑

i=1

εix
∗
i : ε1, . . . , εd ∈ {−1, 1}, x∗1, . . . , x

∗
d ∈ τ

with ind(x∗i )
d
i=1 pairwise disjoint and min supp x∗i ≥ d, d ∈ N}.

the space JTFτ,s , which is defined to be the completion of (c00(N) , ‖ ‖Fτ,s),
is also c0 saturated.

Theorem B.17. There exists a Banach space X with a weakly null Schauder
basis (en)n∈N such that X is `2 saturated (c0 saturated) and for every M ∈ [N]
the space XM = span{en : n ∈ M} has nonseparable dual.

A similar result has been also obtained by E. Odell in [O] using a different
approach.

Proof. Let (Fj)∞j=0 be the Maurey-Rosenthal JTG family (Example B.2 (i)).
As we have seen the space X = JTF2 (Definition B.5) has a normalized
weakly null Schauder basis (en)n∈N (Proposition B.15) and it is `2 saturated
(Theorem B.14).

Let now M ∈ [N]. We inductively construct (xa, fa, ja)a∈D, where D is the
dyadic tree and the induction runs on the lexicographical order of D, such
that the following conditions are satisfied:

(i) For every a ∈ D there exists Fa ⊂ M with #(Fa) = kja such that
xa = 1√

kja

∑
i∈Fa

ei and fa = 1√
kja

∑
i∈Fa

e∗i .

(ii) j∅ ∈ Ξ1 with j∅ ≥ 2 while for a ∈ D, a 6= ∅, ja = σF ((fβ)β<a).
(iii) If a <lex β then Fa < Fβ .
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Our construction yields that for every branch b of the dyadic tree the sequence
(fa)a∈b is a σF special sequence. Hence the w∗ sum gb =

∑
a∈b

fa is a member

of S
w∗

and thus it belongs to the unit ball of JTF2 . We shall show that
‖gb|XM − gb′ |XM ‖X∗

M
≥ 1

2 for infinite branches b 6= b′ of the dyadic tree.
We first observe that for every a ∈ D and f ∈ Fj we have that |f(xa)| ≤

min{
√

kj√
kja

,

√
kja√
kj

}. Thus, if g =
d∑

i=1

aix
∗
i ∈ F2 (Definition B.5), then

|g(xa)| ≤
d∑

i=1

|x∗i (xa)| ≤
∑

j<ja

√
kj√
kja

+ 1 +
∑

j>ja

√
kja√
kj

≤ 1 + 1 = 2.

We conclude that xa ∈ XM with ‖xa‖F2 ≤ 2.
Therefore, if b 6= b′ are infinite branches of D and a ∈ b \ b′ then

‖gb|XM
− gb′ |XM

‖X∗
M
≥ (gb − gb′)(xa)

‖xa‖F2

≥ fa(xa)
2

=
1
2
.

The c0 saturated space of the statement is the space X = JTF2,s and the
proof is the same. ¤
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THE DAUGAVET PROPERTY FOR LINDENSTRAUSS
SPACES

Abstract. A Banach space X is said to have the Daugavet property
if every rank-one operator T : X −→ X satisfies ‖Id + T‖ = 1 + ‖T‖.
We give geometric characterizations of this property for Lindenstrauss
spaces.

Julio Becerra Guerrero 1 and Miguel Mart́ın 2

1. Introduction

The study of the Daugavet property was inaugurated in 1961 when I. Dau-
gavet [7] proved that every compact linear operator T on C[0, 1] satisfies the
norm equality

(DE) ‖Id + T‖ = 1 + ‖T‖,
now known as the Daugavet equation. Over the years, the validity of this
equation was proved for compact linear operators on various spaces, including
C(K) and L1(µ) provided that K is perfect and µ does not have any atoms (see
[18] for an elementary approach), and certain function algebras such as the
disk algebra A(D) or the algebra of bounded analytic functions H∞ [19, 21].
In the nineties, new ideas were infused into the field, and the geometry of
Banach spaces having the so-called Daugavet property was initiated. Let us
recall that a Banach space X is said to have the Daugavet property [15] if
every rank-one operator T : X −→ X satisfies (DE), in which case, all weakly
compact operators on X also satisfy (DE) (see [15, Theorem 2.3]). Therefore,
this definition of Daugavet property coincides with those that gave a briefly
appearance in [6, 1]. A good introduction to the the Daugavet equation is
given in the books [2, 3] and the state-of-the-art on the subject can be found in
the papers [15, 20]. For very recent results we refer the reader to [4, 5, 14, 16]
and references therein.

Let us mention here several facts concerning the Daugavet property which
are relevant to our discussion. It is clear that X has the Daugavet property
whenever its topological dual X∗ does, but the converse result is false (for
instance, X = C[0, 1]). It is known that a space with the Daugavet property
cannot have the Radon-Nikodým property [21]; even more, every weakly open
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subset of its unit ball has diameter 2 [17]. A space with the Daugavet property
contains a copy of `1 [15], it does not have an unconditional basis [13] and it
does not even embed into a space with an unconditional basis [15].

The Daugavet property is not always inherited by ultraproducts. Actu-
ally, given a Banach space X, every ultrapower XU , U a free ultrafilter on N,
has the Daugavet property if and only if X has the so-called uniform Dau-
gavet property, a quantitative version of the Daugavet property introduced
in [5], and which is strictly stronger than the usual Daugavet property [16,
Theorem 3.3]. Even though, the basic examples of spaces with the Daugavet
property (C(K) with K perfect and L1[0, 1]) are in fact spaces with the uni-
form Daugavet property [5, Lemmas 6.6 and 6.7]. We refer to [11, 12] for
definitions and basic results about ultraproducts of Banach spaces.

The aim of this note is to give geometric characterizations of the Daugavet
property valid for the so-called Lindenstrauss spaces (i.e. Banach spaces whose
dual is isometric to an L1(µ) space) which remind those given in [4, Corollaries
4.1 and 4.4] for C∗-algebras. We apply them to prove that the Daugavet
property passes to ultraproducts of Lindenstrauss spaces.

Let us fix notation and recall some common definitions.
Let X be a Banach space. The symbols BX and SX denote, respectively,

the closed unit ball and the unit sphere of X, and we write ext(C) to denote
the set of extreme points of the convex set C. Let us fix u in SX . We define
the set D(X, u) of all states of X relative to u by

D(X,u) := {f ∈ BX∗ : f(u) = 1},
which is a non-empty w∗-closed face of BX∗ . The norm of X is smooth at u if
D(X,u) reduces to a singleton, and it is Fréchet-smooth at u ∈ SX whenever
there exists limα→0

‖u+αx‖−1
α uniformly for x ∈ BX . We define the roughness

of X at u by the equality

η(X, u) := lim sup
‖h‖→0

‖u + h‖+ ‖u− h‖ − 2
‖h‖ .

We remark that the absence of roughness of X at u (i.e., η(X,u) = 0) is noth-
ing other than the Fréchet-smoothness of the norm of X at u [8, Lemma I.1.3].
Given δ > 0, the Banach space X is said to be δ-rough if, for every u in SX , we
have η(X, u) > δ. We say that X is extremely rough whenever it is 2-rough.
A slice of BX is a subset of the form

S(BX , f, α) =
{
x ∈ BX : Re f(x) > 1− α

}
,

where f ∈ SX∗ and 0 < α < 1. If X is a dual space and f is actually
taken from the predual, we say that S(BX , f, α) is a w∗-slice. By [8, Proposi-
tion I.1.11], the norm of X is δ-rough if and only if every nonempty w∗-slice
of BX∗ has diameter greater or equal than δ. A point x ∈ SX is said to be an
strongly exposed point if there exists f ∈ D(X,x) such that lim ‖xn − x‖ = 0
for every sequence (xn) of elements of BX such that lim Re f(xn) = 1 or,
equivalently, if there is a point of Fréchet-smoothness in D(X, x) (see [8,
Corollary I.1.5]).
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2. The results

Our aim is to characterize those real or complex Lindenstrauss spaces with
the Daugavet property. Since the Daugavet property passes from the dual of
a Banach space to the space itself, one may wonder if it is enough to char-
acterizes L1(µ) spaces with the Daugavet property and then the mentioned
result applies. Characterizations of the Daugavet property for L1(µ) spaces
can be obtained as a particular case of [4, Corollaries 4.2 and 4.4], where the
work was done for von Neumann preduals. Let us state here this result for
L1(µ) spaces.

Let µ be a positive measure. Then, the following are equivalent:
(i) L1(µ) has the Daugavet property.
(ii) Every weak-open subset of BL1(µ) has diameter 2.
(iii) BL1(µ) has no strongly exposed points.
(iv) BL1(µ) has no extreme points.
(v) The measure µ does not have any atom.

Let us observe that, as an immediate consequence of (iv) above and the
Krein-Milman Theorem, we have that an L1(µ) space which is a dual space
never has the Daugavet property. Therefore, the Daugavet property for a
Lindenstrauss space never comes from its dual space, and we need to look
for other kind of characterizations which depends not only on the measure µ
but also on the particular form in which a given Lindenstrauss space is the
predual of L1(µ). For C(K) spaces (which are very particular examples of
Lindenstrauss spaces) this was done in [4, Corollaries 4.1 and 4.4], where the
Daugavet property was characterized for C∗-algebras. Let us write here the
result for C(K) spaces.

Let K be a Hausdorff compact topological space. Then, the following are
equivalent:

(i) C(K) has the Daugavet property.
(ii) The norm of C(K) is extremely rough.
(iii) The norm of C(K) is not Fréchet-smooth at any point.
(iv) The space K does not have any isolated point.
Just remembering that the space K is isometric to a quotient of the topo-

logical space ext
(
BC(K)∗

)
endowed with the weak∗ topology, one realizes that

the above result characterizes the Daugavet property of C(K) either in terms
of the geometry of the space or in terms of the way in which C(K) is a predual
of C(K)∗.

The aim of this paper is to give characterizations of the Daugavet prop-
erty for Lindenstrauss spaces analogous to the ones given above for C(K)
spaces. Of course, we have to translate the meaning of (iv) to an arbitrary
Lindenstrauss space, and the above paragraph gives us the idea to do so for
an arbitrary Banach space.

Definition 2.1. Given a Banach space X, we define the equivalence relation
f ∼ g if and only if f and g are linearly dependent elements of ext (BX∗), and
we endowed the quotient space ext (BX∗) / ∼ with the quotient topology of
the weak∗ topology.
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In [19, Theorem 3.5], D. Werner proved that a Lindenstrauss space X
for which ext (BX∗) / ∼ does not have any isolated point has the Daugavet
property. We will show that this condition is actually a characterization. To
do so, we need the following geometrical result, which may be of independent
interest.

Proposition 2.2. Let X be a Banach space and let f be an extreme point
of BX∗ such that its equivalence class is an isolated point in ext (BX∗) / ∼.
Then, f is a w∗-strongly exposed point of BX∗ .

Proof. We may find a w∗-neighborhood U of f in BX∗ such that whenever
g ∈ ext (BX∗) belongs to U , then f ∼ g. By Choquet’s Lemma (see [10,
Lemma 3.40], for instance), we may certainly suppose that U is a w∗-open
slice of BX∗ ; i.e., there are x ∈ SX and 0 < α0 < 1 such that

(1) g ∈ ext (BX∗) , g ∈ S(BX∗ , x, α0) =⇒ f ∼ g.

We claim that, for 0 < α 6 α0 and y ∈ SX satisfying ‖y−x‖ < α, there exists
a modulus-one scalar ωy such that D(X, y) reduces to the singleton {ωy f}
and

‖ωy f − ωx f‖ <
√

2 α .

Let us observe that this claim finish the proof, since it implies that every
selector of the duality mapping is norm to norm continuous at x, which gives
that the norm of X is Fréchet-smooth at x (see [9, Theorem II.2.1]) and then,
ωx f (and hence f) is w∗-strongly exposed (see [8, Corollary I.1.5]).

Let us prove the claim. If ‖y − x‖ < α, every g ∈ D(X, y) satisfies

(2) Re g(x) = Re g(y)− (
Re g(y)− Re g(x)

)
> 1− ‖x− y‖ > 1− α

and so, D(X, y) is contained in S(BX∗ , x, α) ⊂ S(BX∗ , x, α0). Then, every
extreme point of the w∗-closed face D(X, y) (remaining extreme in BX∗) is
a multiple of f by Eq. (1). Since only one multiple of f can be in the face
D(X, y) and, being w∗-compact, D(X, y) is the w∗-closed convex hull of its
extreme points, we get D(X, y) = {ωy f} for a suitable modulus-one scalar
ωy. Finally, on one hand, since |f(x)| = 1, we have that

‖ωx f − ωy f‖ = |ωx − ωy| = |ωx f(x)− ωy f(x)| = |1− ωy f(x)|.
On the other hand, Eq. (2) says that Re ωy f(x) > 1− α and so, an straight-
forward computation gives that

|1− ωy f(x)| <
√

2 α . ¤

Remarks 2.3.
(a) In the real case, the proof of Proposition 2.2 actually gives a stronger

result. Namely, let X be a real Banach space and let f be a w∗-isolated
point of ext (BX∗). Then, the face of the unit ball

{x ∈ BX : f(x) = 1}
has non-empty interior (relative to SX), which implies that f is w∗-
strongly exposed.
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(b) Let us comment that no proper face of the unit ball of a complex
Banach space has interior points relative to SX , so the above result
does not hold for complex spaces. Anyhow, a sight to the proof of
Proposition 2.2 allows us to state the following improvement. Let X
be a complex Banach space and let f be an extreme point of BX∗

such that its equivalent class is isolated in ext (BX∗) / ∼. Then, there
exists an open subset U of SX such that the norm of X is Fréchet-
smooth at any point of U and each derivative is a multiple of f .

We are now ready to state the main result of the paper.

Theorem 2.4. Let X be a Lindenstrauss space. Then, the following are
equivalent:

(i) X has the Daugavet property.
(ii) The norm of X is extremely rough.
(iii) The norm of X is not Fréchet-smooth at any point.
(iv) ext (BX∗) / ∼ does not have any isolated point.

Proof. The implications (i) ⇒ (ii) ⇒ (iii) are clear and valid for general
Banach spaces, and Proposition 2.2 gives (iii) ⇒ (iv). Finally, (iv) ⇒ (i)
follows from [19, Theorem 3.5]. ¤

Remark 2.5. It is worth mentioning that the above geometric characteriza-
tions are not valid for arbitrary Banach spaces. On one hand, the norm of `1
is extremely rough (and so `1 has no points of Fréchet-smoothness), but `1
does not have the Daugavet property. On the other hand, for X = `2 the
set ext (BX∗) / ∼ does not have any w∗-isolated point, but `2 is reflexive and,
therefore, it does not have the Daugavet property.

The above theorem and the fact that the class of Lindenstrauss spaces is
closed under ultraproducts, gives us the following result.

Corollary 2.6. The ultraproduct of every family of Lindenstrauss spaces with
the Daugavet property also has the Daugavet property. In particular, the Dau-
gavet and the uniform Daugavet properties are equivalent for Lindenstrauss
spaces.

Proof. Since the class of Lindenstrauss spaces is closed under arbitrary ultra-
products [12, Proposition 2.1], the result follows from Theorem 2.4 and the
fact that the roughness of the norm is inherited under arbitrary ultraproducts
[4, Lemma 5.1]. ¤

Acknowledgments: The authors would like to express their gratitude
to the organizers of the V Conference on Banach spaces (Cáceres, Spain,
September 2004), for offering the opportunity to write this note.
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Sci. Liège 51 (1982), 371–378.

[7] I. K. Daugavet, On a property of completely continuous operators in the space C,
Uspekhi Mat. Nauk 18 (1963), 157–158 (Russian).

[8] R. Deville, G. Godefroy, and V. Zizler, Smoothness and Renormings in Banach
spaces, Pitman Monographs 64, New York 1993.

[9] J. Diestel, Geometry of Banach Spaces: Selected Topics, Springer-Verlag, New York,
1975.

[10] M. Fabian, P. Habala, P. Hájek, V. Montesinos, J. Pelant, and V. Zizler,
Functional Analysis and infinite-dimensional geometry, CMS Books in Mathematics
8, Springer-Verlag, New York, 2001.

[11] S. Heinrich, Ultraproducts in Banach space theory, J. Reine Angew. Math. 313
(1980), 72–104.

[12] S. Heinrich, Ultraproducts of L1-predual spaces, Fund. Math. 113 (1981), 221–234.
[13] V. M. Kadets, Some remarks concerning the Daugavet equation, Quaestiones Math.

19 (1996), 225–235.
[14] V. Kadets, N. Kalton, and D. Werner, Remarks on rich subspaces of Banach

spaces, Studia Math. 159 (2003), 195–206.
[15] V. M. Kadets, R. V. Shvidkoy, G. G. Sirotkin, and D. Werner, Banach spaces

with the Daugavet property, Trans. Amer. Math. Soc. 352 (2000), 855–873.
[16] V. Kadets and D. Werner, A Banach space with the Schur and the Daugavet prop-

erty, Proc. Amer. Math. Soc. 132 (2004), 1765–1773.
[17] R. V. Shvidkoy, Geometric aspects of the Daugavet property, J. Funct. Anal. 176

(2000), 198–212.
[18] D. Werner, An elementary approach to the Daugavet equation, Interaction between

functional analysis, harmonic analysis, and probability (Columbia, MO, 1994), 449–
454, Lecture Notes in Pure and Appl. Math. 175, Dekker, New York, 1996.

[19] D. Werner, The Daugavet equation for operators on function spaces, J. Funct. Anal.
143 (1997), 117–128.

[20] D. Werner, Recent progress on the Daugavet property, Irish Math. Soc. Bull. 46
(2001), 77-97.

[21] P. Wojtaszczyk, Some remarks on the Daugavet equation, Proc. Amer. Math. Soc.
115 (1992), 1047–1052.

(Julio Becerra Guerrero) Departamento de Matemática Aplicada, Escuela Uni-
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WEAKLY NULL SEQUENCES IN THE BANACH SPACE
C(K)

I. GASPARIS, E. ODELL, AND B. WAHL

Abstract. The hierarchy of the block bases of transfinite normalized
averages of a normalized Schauder basic sequence is introduced and
a criterion is given for a normalized weakly null sequence in C(K),
the Banach space of scalar valued functions continuous on the compact
metric space K, to admit a block basis of normalized averages equivalent
to the unit vector basis of c0, the Banach space of null scalar sequences.
As an application of this criterion, it is shown that every normalized
weakly null sequence in C(K), for countable K, admits a block basis of
normalized averages equivalent to the unit vector basis of c0.

1. Introduction

We study normalized weakly null sequences in the spaces C(K) where K
is a compact metric space. When K is uncountable, C(K) is isomorphic to
C([0, 1]) ([33], [37], [13]), while for every countable compact metric space K
there exist unique countable ordinals α and β with C(K) (linearly) isometric
to C(α) [32] and isomorphic (i.e., linearly homeomorphic) to C(ωωβ

) [16] (in
the sequel, for an ordinal α we let C(α) denote C([1, α]), the Banach space
of scalar valued functions, continuous on the ordinal interval [1, α] endowed
with the order topology).

Every normalized weakly null sequence (fn) in C(K) for countable K,
admits a basic shrinking subsequence ([14], [18]) that is, a subsequence (fkn)
which is a Schauder basis for its closed linear span and whose corresponding
sequence of biorthogonal functionals is a Schauder basis for the dual of the
closed linear subspace generated by (fkn).

It is shown in [31] that while (fn) must admit an unconditional subsequence
in C(ωω), it need not admit an unconditional subsequence in C(ωω2

).
We remark here that if a normalized basic sequence in C(K) for countable

K has no weakly null subsequence, then it admits no unconditional subse-
quence since such a subsequence would have a further subsequence equivalent
(this term is explained below) to the unit vector basis of `1 and C(K) has
dual isometric to `1 which is separable.

1991 Mathematics Subject Classification. (2000) Primary: 46B03. Secondary: 06A07,
03E02.

Key words and phrases. C(K) space, weakly null sequence, unconditional sequence,
Schreier sets.
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Since C(α) is c0-saturated for all ordinals α [38] (a Banach space is c0-
saturated provided all of its infinite-dimensional subspaces contain an iso-
morph of c0), some block basis of (fn) is equivalent to the unit vector basis of
c0.

We recall here that if (en) is a Schauder basic sequence in a Banach space
then a non-zero sequence (un) is called a block basis of (en), if there exist finite
sets (Fn), with max Fn < min Fn+1 for all n, and scalars (an) with ai 6= 0 for
all i ∈ Fn and n ∈ N such that un =

∑
i∈Fn

aiei, for all n ∈ N. We then call
Fn the support of un. We shall adopt the notation u1 < u2 < ... to indicate
that (un) is a block basis of (en) such that max supp un < min supp un+1, for
all n ∈ N. We also recall that two basic sequences (xn), (yn) are equivalent
provided the map T sending xn to yn for all n ∈ N, extends to an isomorphism
between the closed linear spans X and Y of (xn) and (yn), respectively. In
the case T only extends to a bounded linear operator from X into Y , we say
(xn) dominates (yn).

Our main results are presented mostly in Sections 3 and 6. We show in
Corollary 6.8 that if (fn) is normalized weakly null in C(ωωξ

), one can always
find c0 as a block basis of normalized α-averages of (fn) for some α ≤ ξ, and
a quantified description of α is given. Note that the proof given in [38] of the
fact that C(ωωξ

) is c0-saturated is an existential one that is, it only provides
the existence of a block basis of (fn) equivalent to the unit vector basis of c0

without giving any information about the support of the blocks or the scalar
coefficients involved. A normalized 1-average of (fm)m∈M (where M = (mi) is
an infinite subsequence of N) is a vector x = (

∑m1
i=1 fmi)/‖

∑m1
i=1 fmi‖. Thus

we have that the support of x is a maximal S1-set in M where S1 is the first
Schreier class (see the definition of Schreier classes in the next section). A
2-average is similarly defined by averaging a block basis of 1-averages so that
the support is a maximal S2-set. This is carried out for all α < ω1, as in the
construction of the Schreier classes Sα, yielding the hierarchy of normalized
α-averages of (fn). The details are presented in Section 5. We should mention
here that an alternative proof of Corollary 6.8 is obtained in the recent paper
[9].

Section 3 includes the following results. We show in Theorem 3.8 and
Corollary 3.9 that if a normalized weakly null sequence (fn) in C(ωωξ

) is Sξ-
unconditional (see Definition 2.1 and the comments after it) then it admits an
unconditional subsequence. This result, combined with that of [31] and [35] on
Schreier unconditional sequences, yields an easier proof of the aforementioned
fact about weakly null sequences in C(ωω) [31]. Indeed, as is observed in
[31] (see [35] for a proof), every normalized weakly null sequence in a Banach
space admits, for every ε > 0, a subsequence that is S1-unconditional with
constant 2 + ε. It follows from this and Theorem 3.8 that every normalized
weakly null sequence in C(ωω) admits an unconditional subsequence. Another
consequence of Theorem 3.8 is that the example of a normalized weakly null
sequence in C(ωω2

) without unconditional subsequence [31], fails to admit an
S2-unconditional subsequence although of course it admits S1-unconditional
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subsequences. This shows the optimality of the result in [31], [35] on Schreier
unconditional sequences.

We show in Theorem 3.11 that if (χGn) is a weakly null sequence of indica-
tor functions in some space C(K) then there exist ξ < ω1 and a subsequence
of (χGn) which is equivalent to a subsequence of the unit vector basis of the
generalized Schreier space Xξ ([1], [2]) (see Notation 3.3). We thus obtain
a quantitative version of Rosenthal’s unpublished result, that a weakly null
sequence of indicator functions in some space C(K) admits an unconditional
subsequence (cf. also [10] and [8] for another proof of this result). Theorem
3.11 is extended in [11], to the setting of weakly null sequences in C(K,X)
with X finite dimensional.

In Section 6 we give a sufficient condition for a normalized weakly null
sequence in some C(K) space to admit a block basis of normalized averages
equivalent to the unit vector basis of c0. We show in Theorem 6.1 that if
(fn) is normalized weakly null in C(K) and there exist a summable sequence
of positive scalars (εn) and a subsequence (fmn) of (fn) satisfying {n ∈ N :
|fmn(t)| ≥ εmn} is finite for all t ∈ K, then there exist ξ < ω1 and a block
basis of normalized ξ-averages of (fn) which is equivalent to the unit vector
basis of c0. There are two consequences of Theorem 6.1. The first, Corollary
6.8, has been already discussed. The second one is Corollary 6.3, which gives
a quantitative version of a special case of Elton’s famous result on extremely
weakly unconditionally convergent sequences [22] (cf. also [23], [25], [4] for
related results). It was shown in [22] that if (xn) is a normalized basic sequence
in some Banach space and the series

∑
n |x∗(xn)| converges for every extreme

point x∗ in the ball of X∗, then some block basis of (xn) is equivalent to the
unit vector basis of c0. We show in Corollary 6.3 that if (fn) is a normalized
basic sequence in some C(K) space satisfying

∑
n |fn(t)| converges for all

t ∈ K, then there exist ξ < ω1 and a block basis of normalized ξ-averages of
(fn) which is equivalent to the unit vector basis of c0.

Finally, Sections 4 and 5 contain a number of technical results on α-averages
which are used in Section 6.

Some of the results contained in this paper were obtained in B. Wahl’s
thesis [41] written under the supervision of E. Odell.

2. Preliminaries

We shall make use of standard Banach space facts and terminology as may
be found in [30]. c00 is the vector space of the ultimately vanishing scalar
sequences. If X is any set, we let [X]<∞ denote the set of its finite subsets,
while [X] stands for the set of all infinite subsets of X. If M ∈ [N], we shall
adopt the convenient notation M = (mi) to denote the increasing enumeration
of the elements of M .

A family F ⊂ [N]<∞ is hereditary if G ∈ F whenever G ⊂ F and F ∈ F .
F is spreading if for every {m1 < · · · < mk} ∈ F and all choices n1 < · · · < nk

in N with mi ≤ ni (i ≤ k), we have that {n1, . . . , nk} ∈ F . F is compact, if it
is compact with respect to the topology of pointwise convergence in [N]<∞.
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F is regular if it possesses all three aforementioned properties and contains
all singletons. A regular family F is said to be stable, provided that F ∈ F
is a maximal, under inclusion, member of F if there exists n > max F with
F ∪ {n} /∈ F .

If E and F are finite subsets of N, we write E < F when max E < min F .
Given families F1 and F2 whose elements are finite subsets of N, we define
([1], [6], [36]) their convolution to be the family

F2[F1]{∪n
i=1Gi : n ∈ N, G1 < · · · < Gn, Gi ∈ F1 ∀ i ≤ n,

(min Gi)n
i=1 ∈ F2} ∪ {∅}.

It is not hard to see that F2[F1] is regular (resp. stable), whenever each Fi

is.
It turns out that for a regular family F there exists a countable ordinal

ξ such that the ξ-th Cantor-Bendixson derivative F (ξ) of F is equal to {∅}.
Hence F is homeomorphic to [1, ωξ], by the Mazurkiewicz-Sierpinski theorem
[32]. We then say that F is of order ξ. If we define F+{F ∈ [N]<∞ :
F \{min F} ∈ F}, then it is not hard to see, using the Mazurkiewicz-Sierpinski
theorem [32], that F+ is regular (and stable if F is) of order ξ + 1. It can be
shown that if Fi is regular of order ξi, i = 1, 2, then F2[F1] is of order ξ1ξ2.

Notation. Given F ⊂ [N]<∞ and M ∈ [N], we set F [M ] = {F ∩M : F ∈
F}. Clearly, F [M ] is hereditary (resp. compact), if F is.

We shall now recall the transfinite definition of the Schreier families Sξ,
ξ < ω1 ([1]). First, given a countable ordinal α we associate to it a sequence
of successor ordinals, (αn + 1), in the following manner: If α is a successor
ordinal we let αn = α − 1 for all n. In case α is a limit ordinal, we choose
(αn + 1) to be a strictly increasing sequence of ordinals tending to α.

Now set S0 = {{n} : n ∈ N}∪ {∅} and S1 = {F ⊂ N : |F | ≤ min F}∪ {∅}.
Note that S1 = S1[S0]. Let ξ < ω1 and assume Sα has been defined for all
α < ξ. If ξ is a successor ordinal, say ξ = ζ + 1, define

Sξ = S1[Sζ ].

In the case ξ is a limit ordinal, let (ξn+1) be the sequence of successor ordinals
associated to ξ. Set

Sξ = ∪n{F ∈ Sξn+1 : n ≤ min F} ∪ {∅}.
It is shown in [1] that the Schreier family Sξ is regular of order ωξ for all
ξ < ω1. It is shown in [24] that the Schreier families are stable.

Definition 2.1 ([31], [35]). A normalized basic sequence (xn) in a Banach
space is said to be Schreier unconditional, if there exists a constant C > 0
such that ‖∑

n∈F anxn‖ ≤ C‖∑
n anxn‖, for every F ⊂ N with |F | ≤ min F ,

and all choices of finitely supported scalar sequences (an).

It has been already mentioned in the introductory section that every nor-
malized weakly null sequence admits, for every ε > 0, a subsequence that is
Schreier unconditional with constant 2 + ε.
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The concept of Schreier unconditionality can be generalized in the following
manner: Consider a hereditary family F of finite subsets of N containing the
singletons. A normalized basic sequence (xn) is now called F-unconditional,
if there exists a constant C > 0 such that ‖∑

n∈F anxn‖ ≤ C‖∑
n anxn‖, for

every F ∈ F and all choices of finitely supported scalar sequences (an).

3. Upper Schreier estimates

In this section we show that every normalized weakly null sequence in
C(K), K a countable compact metric space, admits a subsequence dominated
by a subsequence of the unit vector basis of a certain Schreier space (see the
relevant definition after the statement of Theorem 3.10).

Recall, [16], that for every countable compact metric space K, there exists
a unique countable ordinal α with C(K) isomorphic to C(ωωα

). Since most
of the properties of weakly null sequences in C(K) that we shall be interested
in, are isomorphic invariants, there will be no loss of generality in assuming
that K = [1, ωξ], for some ξ < ω1. As is has been already mentioned in the
previous section, every regular family F of order ξ (this means F (ξ) = {∅}) is
homeomorphic to the ordinal interval [1, ωξ]. Moreover, it is easy to construct
by transfinite induction, a regular family of order ξ, for all ξ < ω1. We can
thus identify C(ωξ) with C(F), for every regular family of order ξ.

The advantage of such a representation is that one can easily construct
a monotone, shrinking Schauder basis of C(F), the so-called node basis [3].
Indeed, let (αn)∞n=1 be an enumeration of the elements of F , compatible with
the natural partial ordering of F given by initial segment inclusion. This
means that whenever αm is a proper initial segment of αn, then m < n. In
particular, α1 = ∅. Such an enumeration is for instance, the anti-lexicographic
enumeration of the elements of F , i.e., F ≺ G if and only if either max F <
maxG, or F \ {maxF} ≺ G \ {maxG}, for all F , G in F .

Given α ∈ F , set Gα = {β ∈ F : α 6 β}, where α 6 β means that α is
an initial segment of β. Clearly, Gα is a clopen subset of F for every α ∈ F .
The sequence (χGαn

)∞n=1 is called the node basis of C(F). It is not hard to
check that (χGαn

)∞n=1 is a normalized, monotone, shrinking Schauder basis
for C(F) [3].

Proposition 3.1. Let F be a regular family and u1 < u2 < . . . be a block
basis of the node basis (χGαn

)∞n=1 of C(F). Then there exist positive integers
n1 < n2 < . . . with the following property: For every γ ∈ F , {ni : i ∈
N, uni(γ) 6= 0} ∈ F+.

Proof. Define Fn = {αi : i ∈ supp un}, for all n ∈ N. Clearly, the Fn’s are
pairwise disjoint, finite subsets of F . We observe that whenever αi ∈ Fn and
αj ∈ Fm satisfy αi 6 αj , then n ≤ m. This is so since αi 6 αj implies that
i ≤ j and, subsequently, that un ≤ um. Hence, n ≤ m.

We next choose inductively, integers 2 = n1 < n2 < . . . such that max β <
ni+1 for every β ∈ Fni and all i ∈ N (where, max β denotes the largest element
of the finite subset β of N). We claim (ni) is as desired. Indeed, let γ ∈ F .
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Then

{ni : i ∈ N, uni(γ) 6= 0} ⊂ {ni : i ∈ N, ∃β ∈ Fni , β 6 γ},
for writing uni =

∑
β∈Fni

λβχGβ
for some suitable choice of scalars (λβ)β∈Fni

,
we see that uni

(γ) 6= 0 implies χGβ
(γ)1, for some β ∈ Fni with β 6 γ. In

particular, {ni : i ∈ N, uni(γ) 6= 0} is finite. Let now {ni1 < · · · < nik
}

be an enumeration of {ni : i ∈ N, uni(γ) 6= 0}, and choose βj ∈ Fnij
with

βj 6 γ, for all j ≤ k. Since {β1, . . . , βk} is well-ordered with respect to the
partial ordering 6 of F (all the βj ’s are initial segments of γ), our preliminary
observation yields β1 < · · · < βk. Note that β1 6= ∅. By the choices made,
maxβj < nij+1 ≤ nij+1 for all j ≤ k. Because F is hereditary and spreading,
we infer that {ni2 , . . . , nik

} ∈ F whence {ni : i ∈ N, uni(γ) 6= 0} ∈ F+, as
required. ¤

Corollary 3.2. Suppose K is homeomorphic to [1, ωξ], ξ < ω1, and that (fi)
is a normalized weakly null sequence in C(K). Let F be a regular family of
order ξ. Then for every N ∈ [N] and every non-increasing sequence of positive
scalars (εi), there exists M ∈ [N ], M = (mi), such that for every t ∈ K the
set {mi : i ∈ N, |fmi(t)| ≥ εi} belongs to F+.

Proof. We identify C(F) with C(K) and apply Proposition 3.1 to find a nor-
malized, shrinking, monotone Schauder basis (ei) for C(K) with the following
property: For every block basis u1 < u2 < . . . of (ei) there exist positive in-
tegers n1 < n2 < . . . such that for all t ∈ K, {ni : i ∈ N, uni(t) 6= 0} ∈ F+.

Now let (fi) be normalized weakly null in C(K). A classical perturbation
result [14] yields a subsequence (fli) of (fi) and a block basis (ui) of (ei),
u1 < u2 < . . ., such that li ∈ N and ‖fli − ui‖ < εi/2, for all i ∈ N. We next
choose positive integers n1 < n2 < . . . such that {ni : i ∈ N, uni(t) 6= 0} ∈
F+, for all t ∈ K. Set mi = lni , for all i ∈ N. It is not hard to check using the
spreading property of F , that M = (mi) satisfies the desired conclusion. ¤

Notation 3.3. Let F be a regular family and let (ei) denote the unit vector
basis of c00. We define a norm ‖ · ‖F on c00 by the rule

∥∥∑

i

aiei

∥∥
F = sup

{∑

i∈F

|ai| : F ∈ F}
, for all (ai) ∈ c00.

The completion of (c00, ‖ · ‖F ) is a Banach space having (ei) as a normal-
ized, unconditional, shrinking, monotone Schauder basis (see [1], [2]). When
F = Sξ, the ξ-th Schreier class, we obtain the generalized Schreier space Xξ

introduced in [1], [2].

Our next result yields that every normalized weakly null sequence in C(ωωξ

)
admits a subsequence dominated by a subsequence of the unit vector basis of
the generalized Schreier space Xξ.

Proposition 3.4. Suppose K is homeomorphic to [1, ωξ], ξ < ω1, and that
(fi) is a normalized weakly null sequence in C(K). Let F be a regular family
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of order ξ. Given 0 < ε < 1, there exists M ∈ [N], M = (mi), such that

∥∥∑

i

aifmi

∥∥ ≤ 2
1− ε

sup
{∥∥∑

i∈F

aifmi

∥∥ : F ⊂ N, (mi)i∈F ∈ F}

≤ 2
1− ε

∥∥∑

i

aiemi

∥∥
F , for all (ai) ∈ c00.

Proof. We may assume that (fi) is 2-basic. Choose a decreasing sequence
of positive scalars (εi) such that

∑
i εi < ε/3. We next choose M ∈ [N],

M = (mi), satisfying the conclusion of Corollary 3.2 applied to (fi) and the
scalar sequence (εi).

Let (ai) ∈ c00 be such that ‖∑
i aifmi

‖ = 1, and let t ∈ K satisfy
|∑i aifmi

(t)| = 1. Since {mi : i ∈ N, |fmi
(t)| ≥ εi} belongs to F+, we

obtain
1 ≤ 2 sup

{∥∥∑

i∈F

aifmi

∥∥ : F ⊂ N, (mi)i∈F ∈ F}
+ ε

from which the assertion of the proposition follows. ¤

An immediate consequence of Proposition 3.4 is the next

Corollary 3.5. Suppose K is homeomorphic to [1, ωωξ

], ξ < ω1, and that
(fi) is a normalized weakly null sequence in C(K). If (fi) admits a subse-
quence which is a cξ

0-spreading model (see Definition 4.4), then it also admits
a subsequence equivalent to the c0-basis.

Remark 3.6. S. Argyros has discovered an alternate proof of Corollary 3.2.
He shows that given a weakly null sequence (fi) in C(ωξ) and a summable
sequence of positive scalars (εi) then, by identifying C(ωξ) with C(F), one
can select positive integers 1 = m1 < m2 < . . . such that if |fmi(F )| ≥ εi for
some i ∈ N and F ∈ F , then F ∩ (mi−1,mi+1) 6= ∅ (m0 = 0). Therefore,
{m2i : i ∈ N, |fm2i(F )| ≥ ε2i} ∈ F+, for every F ∈ F which clearly implies
Corollary 3.2.

Remark 3.7. Proposition 9 and Lemma 13 in [29] yield that for a normal-
ized weakly null sequence (fi) in C(ωξ) there exist a subsequence (fmi), a
compact hereditary family D with D(ξ+1) = ∅ and a constant d > 0 such that
‖∑

i aifmi‖ ≤ d sup{‖∑
i∈A aifmi‖ : A ∈ D} for every (ai) ∈ c00.

Theorem 3.8. Suppose K is homeomorphic to [1, ωξ], ξ < ω1, and that (fi)
is a normalized weakly null sequence in C(K). Let F be a regular family of
order ξ. Assume (fi) is F-unconditional. Then (fi) has an unconditional
subsequence.

Proof. Suppose (fi) is F-unconditional with constant C > 0. This means
that ‖∑

i∈F aifi‖ ≤ C‖∑
i aifi‖, for all F ∈ F and every (ai) ∈ c00. Let

M = (mi) satisfy the conclusion of Proposition 3.4, for (fi) and F with
ε = 1/2. We claim that (fmi) is unconditional. Indeed, let (ai) ∈ c00 and
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I ∈ [N]. Proposition 3.4 yields
∥∥∑

i∈I

aifmi

∥∥ ≤ 4 sup
{∥∥ ∑

i∈F∩I

aifmi

∥∥ : F ⊂ N, (mi)i∈F ∈ F}
.

Since F is hereditary and (fi) is F-unconditional, we have that
∥∥ ∑

i∈F∩I

aifmi

∥∥ ≤ C
∥∥∑

i

aifmi

∥∥, whenever (mi)i∈F ∈ F .

Therefore, ‖∑
i∈I aifmi

‖ ≤ 4C‖∑
i aifmi

‖ which proves the claim. This
completes the proof. ¤

¿From Theorem 3.8 we easily obtain the next

Corollary 3.9. A normalized weakly null sequence in C(ωωξ

), ξ < ω1, admits
an unconditional subsequence if, and only if, it admits a subsequence which is
Sξ-unconditional.

Theorem 3.10. Let (fi) be a normalized weakly null sequence in C(ωωξ

),
ξ < ω1. Assume that (fi) is an `ξ

1-spreading model. Then (fi) admits a
subsequence equivalent to a subsequence of the unit vector basis of Xξ, the
generalized Schreier space of order ξ (see Notation 3.3).

We recall that X0 = c0 while X1 was implicitly considered by Schreier [40].
The generalized Schreier spaces Xξ, ξ < ω1, were introduced in [1], [2]. They
can be thought as the the higher ordinal unconditional analogs of c0.

We also recall ([10]), that a normalized basic sequence (xn) is said to
be an `ξ

1-spreading model, ξ < ω1, if there is a constant δ > 0 such that
‖∑

n∈F anxn‖ ≥ δ
∑

n∈F |an|, for every F ∈ Sξ and all choices of scalars
(an)n∈F . Saying (xn) is an `11-spreading model means that `1 is a spreading
model for the space generated by some subsequence of (xn), in the sense of
[17], [12], [34]. `ξ

1-spreading models are instrumental in the study of asymp-
totic `1-spaces [36]. It is shown in [7] that a weakly null sequence which is
an `ξ

1-spreading model, admits a subsequence which is Sξ-unconditional. The
unit vector basis of Xξ is an `ξ

1-spreading model with constant δ = 1.

Proof of Theorem 3.10. We first apply Proposition 3.4 with ε = 1/2, to obtain
an infinite subset M = (mi) of N with ‖∑

i aifmi‖ ≤ 4‖∑
i aiemi‖Sξ

for all
(ai) ∈ c00, where (ei) denotes the unit vector basis of Xξ. On the other hand,
as (fi) is an `ξ

1-spreading model, there exists a constant δ > 0 such that

‖
∑

i

aifmi‖ ≥ δ‖
∑

i

aiemi‖ξ, for all (ai) ∈ c00.

We infer from the preceding inequalities that (fmi) and (emi) are equivalent.
¤

Our final result in this section yields a quantitative version of Rosenthal’s
result, that a weakly null (in C(K)) sequence of indicator functions of clopen
subsets of a compact Hausdorff space K, admits an unconditional subsequence
(cf. also [10] and [8] for another proof of this result).



WEAKLY NULL SEQUENCES IN THE BANACH SPACE C(K) 105

Theorem 3.11. Let K be a compact Hausdorff space. Suppose that (fn) is a
normalized weakly null sequence in C(K) such that there exists ε > 0 with the
property fn(t) = 0 or |fn(t)| ≥ ε for all t ∈ K and n ∈ N. Then there exist
ξ < ω1 and a subsequence of (fn) equivalent to a subsequence of the natural
Schauder basis of Xξ.

Proof. We first employ the results of [1] in order to find the smallest countable
ordinal η for which there is a subsequence (fmn) of (fn), such that no subse-
quence of (fmn) is an `η

1-spreading model. Such an ordinal exists because (fn)
is weakly null. We claim that η is a successor ordinal. To see this we shall
need a result from [7] (Corollary 3.6) which states that a weakly null sequence
(fn) in a C(K) space admits a subsequence which is an `α

1 -spreading model,
for some α < ω1 if, and only if, there exist a constant δ > 0 and L ∈ [N],
L = (ln), so that for every F ∈ Sα there exists t ∈ K satisfying |fln(t)| ≥ δ,
for all n ∈ F .

Define Gn = {t ∈ K : fn(t) 6= 0}. Our assumptions yield Gn = {t ∈
K : |fn(t)| ≥ ε}, for all n ∈ N. Observe that for every α < η and P ∈ [N],
there exists Q ∈ [P ], Q = (qn), so that (fqn) is an `α

1 -spreading model. It
follows now, from the previously cited result of [7], that for every α < η
and P ∈ [N], there exists Q ∈ [P ], Q = (qn), so that for every F ∈ Sα,
∩n∈F Gqn 6= ∅. This in turn yields that every subsequence of (fmn) admits,
for every α < η, a further subsequence which is an `α

1 -spreading model with
constant independent of α and the particular subsequence. Were η a limit
ordinal, we would have that some subsequence of (fmn) is an `η

1-spreading
model, contrary to our assumption.

Hence, η = ξ + 1, for some ξ < ω1. Let (en) be the natural basis of Xξ.
We show that some subsequence of (fmn) is equivalent to a subsequence of
(en). Because ξ < η, we can assume without loss of generality, after passing
to a subsequence if necessary, that (fmn) is an `ξ

1-spreading model and thus
there exists a constant ρ > 0 such that ‖∑

n anfmn‖ ≥ ρ‖∑
n anen‖Sξ

for all
(an) ∈ c00. Define

F = {F ∈ [N]<∞ : ∩i∈F Gmi 6= ∅}.
Clearly, F is hereditary. It is shown in [7], based on the fact that no subse-
quence of (fmn) is an `ξ+1

1 -spreading model, that there exist L ∈ [N], L = (ln),
and d ∈ N so that every member of F [L] is contained in the union of d mem-
bers of Sξ[L]. Let kn = mln , for all n ∈ N. We deduce from our preceding
work that ‖∑

n anfkn‖ ≤ d‖∑
n aneln‖Sξ

, for every (an) ∈ c00. Therefore,
(fkn) and (eln) are equivalent. ¤

4. Normalized averages of a basic sequence

Let ~s = (en) be a normalized basic sequence in a Banach space, and let F
be a regular and stable family. We shall introduce a hierarchy

{(αF,~s,M
n )∞n=1, M ∈ [N], α < ω1}
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of normalized block bases of ~s, similar to that of the repeated averages in-
troduced in [10]. The latter however consists of convex block bases of ~s, not
necessarily normalized.

We fix a normalized basic sequence ~s = (en) and a regular and stable
family F . To simplify our notation, we shall write αM

n instead of αF,~s,M
n . We

shall next define, by transfinite induction on α < ω1, a family of normalized
block bases (αM

n )∞n=1 of ~s, where M ∈ [N], so that the following properties are
fulfilled for every α < ω1 and M ∈ [N]:

(1) αM
n < αM

n+1, for all n ∈ N.
(2) M = ∪nsuppαM

n , for all M ∈ [N].

If α = 0 and M = (mn) set αM
n = emn , for all n ∈ N.

Suppose (βN
n )∞n=1 has been defined so that (1) and (2), above, are satisfied

for all β < α and N ∈ [N]. Let M ∈ [N]. In order to define (αM
n )∞n=1, assume

first that α is successor, say α = β +1. Let k1 be the unique integer such that
the set {min supp βM

i : i ≤ k1} is a maximal member of F . We define

αM
1 =

( k1∑

i=1

βM
i

) / ∥∥
k1∑

i=1

βM
i

∥∥.

Suppose that αM
1 < · · · < αM

n have been defined and that the union of their
supports forms an initial segment of M . Set

Mn+1 = {m ∈ M : max supp αM
n < m}.

Let kn+1 be the unique integer such that the set {min supp β
Mn+1
i : i ≤ kn+1}

is a maximal member of F . We define

αM
n+1 =

(kn+1∑

i=1

β
Mn+1
i

) / ∥∥
kn+1∑

i=1

β
Mn+1
i

∥∥.

This completes the definition of (αM
n )∞n=1 when α is a successor ordinal. Note

that the construction described above can be carried out because F is stable.
(1) and (2) are now satisfied by (αM

n )∞n=1.
Now suppose α is a limit ordinal. Let (αn +1) be the sequence of successor

ordinals associated to α. Let M ∈ [N] and set m1 = min M . In case m1 = 1,
set αM

1 = e1. If m1 > 1, define

αM
1 = uM / ‖uM‖, where uM = (1/m1)em1 + [αm1 ]

M\{m1}
1 .

Suppose that αM
1 < · · · < αM

n have been defined and that the union of their
supports forms an initial segment of M . Set

Mn+1 = {m ∈ M : max supp αM
n < m}

and mn+1 = min Mn+1. Define

αM
n+1 = uMn+1 / ‖uMn+1‖, where

uMn+1 = (1/mn+1)emn+1 + [αmn+1 ]
Mn+1\{mn+1}
1 .
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Note that αM
n+1 = α

Mn+1
1 . This completes the definition (αM

n )∞n=1 when α is
a limit ordinal. It is clear that (1) and (2) are satisfied.

Remark 4.1. In case F = S1, the first Schreier family, it is not hard to see
that supp αM

n ∈ Sα, for all α < ω1, all M ∈ [N] and all n ∈ N.

The next lemma is an immediate consequence of the preceding definition.

Lemma 4.2. Let α < ω1, M ∈ [N] and n ∈ N. Then there exists N ∈ [N]
such that αM

n = αN
1 .

Our next result will be applied later, in conjunction with the infinite Ram-
sey theorem, in order to determine if there exists a block basis of the form
(αM

n ), equivalent to the c0-basis.

Lemma 4.3. Let α < ω1, M ∈ [N] and n ∈ N. Let Li ∈ [N] and ki ∈ N, for
i ≤ n, be so that αL1

k1
< · · · < αLn

kn
and ∪n

i=1supp αLi

ki
is an initial segment of

M . Then αM
i = αLi

ki
, for all i ≤ n.

Proof. By Lemma 4.2 we may assume that ki = 1 for all i ≤ n. We prove
the assertion of the lemma by transfinite induction on α. The case α = 0 is
trivial. Suppose the assertion holds for all ordinals smaller than α, and all
M ∈ [N] and n ∈ N. Let M ∈ [N]. We prove the assertion for α by induction
on n. If n = 1, we first consider the case of α being a successor ordinal, say
α = β + 1. We know from the definitions that

supp αL1
1 = ∪p1

j=1supp βL1
j ,

where {min supp βL1
j : j ≤ p1} is a maximal member of F . In particular, the

set ∪p1
j=1supp βL1

j is an initial segment of M . The induction hypothesis on β

now implies that βM
j = βL1

j , for all j ≤ p1. It follows now that αM
1 = αL1

1 .
To complete the case n = 1, we consider the possibility that α is a limit

ordinal. Let (αn +1) be the sequence of ordinals associated to α and suppose
that m = min M . Then m = min supp αL1

1 and so m = min L1. In case
m = 1 we have, trivially, αM

1 = αL1
1 = em. When m > 1, uM = (1/m)em +

[αm]M\{m}
1 , uL1 = (1/m)em + [αm]L1\{m}

1 and αM
1 = uM / ‖uM‖, αL1

1 =
uL1 / ‖uL1‖.

It follows that supp [αm]L1\{m}
1 is an initial segment of M \ {m}, and so

we infer from the induction hypothesis applied to αm, that [αm]L1\{m}
1 =

[αm]M\{m}
1 . Thus αM

1 = αL1
1 which completes the case n = 1.

Assume now the assertion holds for n−1 and write M = ∪n
i=1supp αLi

1 ∪N ,
where ∪n

i=1supp αLi
1 is an initial segment of M , which is disjoint from N .

The induction hypothesis for n − 1 yields αM
i = αLi

1 for all i < n. Hence
M = ∪n−1

i=1 supp αM
i ∪ P , where P = supp αLn

1 ∪ N . It follows from the
definition that αM

n = αP
1 . But now the case n = 1 guarantees that αP

1 = αLn
1

and the assertion of the lemma is settled. ¤
Terminology. Let (en) be a normalized Schauder basic sequence in a

Banach space and let F be a regular family. A finite block basis u1 < · · · <
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um of (en) is said to be F-admissible if {min suppui : i ≤ m} ∈ F . It is
called maximally F-admissible, if F is additionally assumed to be stable and
{min supp ui : i ≤ m} is a maximal member of F .

Definition 4.4. A normalized block basis (un) of (en) with u1 < u2 < ... is a
cξ
0-spreading model, if there exists a constant C > 0 such that ‖∑

i∈F aiui‖ ≤
C maxi∈F |ai|, for every F ∈ [N]<∞ with (ui)i∈F Sξ-admissible, and every
choice of scalars (ai)i∈F .

In what follows we fix a normalized basic sequence ~s = (en) and a regular
and stable family F . We abbreviate αF,~s,M

n to αM
n .

Terminology. Suppose that α < ω1 and M ∈ [N]. An α-average of (en)
supported by M , is any vector of the form αL

1 for some L ∈ [M ].
In the sequel we shall make use of the infinite Ramsey theorem [20], [34]

and so we recall its statement. [N] is endowed with the topology of pointwise
convergence.

Theorem 4.5. Let A be an analytic subset of [N]. Then there exists N ∈ [N]
so that either [N ] ⊂ A, or [N ] ∩ A = ∅.

Our next result is inspired by an unpublished result of W.B. Johnson (see
[34]).

Lemma 4.6. Let α and γ be countable ordinals and suppose there exists
N ∈ [N] such that for every M ∈ [N ] there exists a block basis of α-averages
of (en), supported by M , which is a cγ

0 -spreading model. Then there exist
M ∈ [N ] and a constant C > 0 so that ‖∑nL

i=1 αL
i ‖ ≤ C, for every L ∈ [M ],

where nL stands for the unique integer satisfying {min supp αL
i : i ≤ nL} is

maximal in Sγ .

Proof. Define Dk = {L ∈ [N ] : ‖∑nL

i=1 αL
i ‖ ≤ k}, for all k ∈ N. Dk is

closed in the topology of pointwise convergence, thanks to Lemma 4.3. We
claim that there exist k ∈ N and M ∈ [N ] so that [M ] ⊂ Dk. The assertion
of the lemma clearly follows once this claim is established. Were the claim
false, then Theorem 4.5 would yield a nested sequence M1 ⊃ M2 ⊃ . . . of
infinite subsets of N such that [Mk] ∩ Dk = ∅, for all k ∈ N. Choose an
infinite sequence of integers m1 < m2 < . . . with mi ∈ Mi for all i ∈ N.
Set M = (mi). Since M ∈ [N ] our assumptions yield a block basis (ui) of
α-averages of (ei), supported by M , which is a cγ

0 -spreading model. Therefore
there exists a constant C > 0 such that ‖∑

i∈F ui‖ ≤ C, whenever (ui)i∈F

is Sγ-admissible. Choose k ∈ N with k > C. Then choose i0 ∈ N so that
supp ui ⊂ Mk, for all i > i0. If we set L = ∪∞i=i0+1suppui, then L ∈ [Mk],
and αL

i = ui+i0 , for all i ∈ N, by Lemma 4.3. Hence, L /∈ Dk. However,

∥∥
nL∑

i=1

αL
i

∥∥∥∥
nL∑

i=1

ui0+i

∥∥ ≤ C < k

which is a contradiction. ¤
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5. Convolution of transfinite averages

We fix a normalized 2-basic, shrinking sequence ~s = (ei) in some Banach
space. We shall often make use of the following result established in [35]:
Given ε > 0 there exists M ∈ [N] such that for every finitely supported scalar
sequence (ai)i∈M with ‖∑

i∈M aiei‖ = 1, we have maxi∈M |ai| ≤ 1 + ε. For
the rest of this section, we let F = S1. All transfinite averages of ~s will be
taken with respect to F . As in the previous section, αM

n abbreviates αF,~s,M
n .

The purpose of the present section is to deal with the following problem:
Let α and β be countable ordinals and suppose that (ui) is a block basis of
(α + β)-averages of ~s. Does there exist a block basis (vi) of α-averages of ~s
such that (ui) is a block basis of β-averages of (vi) ?

It follows directly from the definitions that this is indeed the case when
β < ω. However, if β is an infinite ordinal, the preceding question has, in
general, a negative answer.

In Proposition 5.9, we give a partially affirmative answer to this question
which, roughly speaking, states that every (α + β) average of ~s can be repre-
sented as a finite sum

∑n
i=1 λiwi, where w1 < · · · < wn is an Sβ-admissible

block basis of α-averages of ~s and (λi)n
i=1 is a sequence of positive scalars

which are almost equal each other. We employ this result in order to prove
the following theorem about transfinite c0-spreading models of ~s, which will
in turn be applied in subsequent sections. In the sequel, when we refer to
a block basis we shall always mean a block basis of ~s. Also all transfinite
averages will be taken with respect to ~s.

Theorem 5.1. Let α and β be countable ordinals and N ∈ [N]. Suppose that
for every P ∈ [N ] there exists M ∈ [P ] such that no block basis of α-averages
supported by M is a cβ

0 -spreading model. Then for every P ∈ [N ] and ε > 0
there exists Q ∈ [P ] with the following property: Every (α + β)-average u
supported by Q admits a decomposition u =

∑n
i=1 λiui, where u1 < · · · < un

is a normalized block basis and (λi)n
i=1 is a sequence of positive scalars such

that
(1) There exists I ⊂ {1, . . . , n} with (ui)i∈I Sβ-admissible, and such that

ui is an α-average for all i ∈ I, while ‖∑
i∈{1,...,n}\I λiui‖`1 < ε.

(2) maxi∈I λi < ε.

Recall that if
∑n

i=1 aiei is a finite linear combination of ~s then we denote
by ‖∑n

i=1 aiei‖`1 the quantity
∑n

i=1 |ai|. To prove this theorem we shall need
to introduce some terminology.

Definition 5.2. Let α and β be countable ordinals and ε > 0. A normalized
block u is said to admit an (ε, α, β)-decomposition, if there exist normalized
blocks u1 < · · · < un and positive scalars (λi)n

i=1 with u =
∑n

i=1 λiui and so
that the following conditions are satisfied:

(1) There exists I ⊂ {1, . . . , n} with (ui)i∈I Sβ-admissible, and such that
ui is an α-average for all i ∈ I, while ‖∑

i∈{1,...,n}\I λiui‖`1 < ε.
(2) |λi − λj | < ε for all i and j in I.



110 I. GASPARIS, E. ODELL, AND B. WAHL

Terminology. The quantity maxi∈I λi is called the weight of the decom-
position. If u is an (α + β)-average admitting an (ε, α, β)-decomposition,
u =

∑n
i=1 λiui, satisfying (1), (2), above, and I ⊂ {1, . . . , n} is as in (1), then

every subset of {min supp ui : i ∈ I} will be called an (ε, α, β)-admissible sub-
set of N resulting from u. It is clear that the collection of all (ε, α, β)-admissible
subsets of N resulting from some (not necessarily the same) (α + β)-average
(for some fixed choices of ε, α, β), forms a hereditary family.

Lemma 5.3. Let P ∈ [N] and ε > 0. Assume that for every L ∈ [P ] there ex-
ists an (α+β)-average supported by L which admits an (ε, α, β)-decomposition.
Then there exists Q ∈ [P ] such that every (α+β)-average supported by Q ad-
mits an (ε, α, β)-decomposition.

Proof. Let

D = {L ∈ [P ] : [α + β]L1 admits an (ε, α, β)− decomposition}.
Lemma 4.3 yields that D is closed in the topology of pointwise convergence.
Theorem 4.5 now implies the existence of some Q ∈ [P ] such that either
[Q] ⊂ D, or [Q]∩D = ∅. Our assumptions rule out the second alternative for
Q. Hence [Q] ⊂ D which proves the lemma. ¤

In the next series of lemmas (Lemma 5.4 and Lemma 5.5), we describe some
criteria for embedding a Schreier family into an appropriate hereditary family
of finite subsets of N. These criteria, as well as their proofs, are variants of
similar results contained in [10], [7]. We shall therefore omit the proofs and
refer the reader to the aforementioned papers (see for instance Propositions
2.3.2 and 2.3.6 in [10], or Theorems 2.11 and 2.13 in [7]). These lemmas will
be applied in the proof of Proposition 5.9, which constitutes the main step
towards the proof of Theorem 5.1.

Notation. Let F be a family of finite subsets of N and M ∈ [N]. Let
M = (mi) be the increasing enumeration of M . We set F(M) =

{{mi : i ∈
F} : F ∈ F}

. Clearly, F(M) ⊂ F if F is spreading. We also recall that
F [M ] = {F ∩ M : F ∈ F}. Finally, for every L ∈ [N] and α < ω1, we let
(Fα

i (L))∞i=1 denote the unique decomposition of L into successive, maximal
members of Sα.

Lemma 5.4. Suppose that 1 ≤ ξ < ω1, D is a hereditary family of finite
subsets of N and N ∈ [N]. Assume that for every n ∈ N and P ∈ [N ] there
exists L ∈ [P ] such that ∪n

i=1(F
ξ
i (L) \ {min F ξ

i (L)}) ∈ D. Then there exists
M ∈ [N ] such that Sξ+1(M) ⊂ D.

Lemma 5.5. Suppose that D is a hereditary family of finite subsets of N and
N ∈ [N]. Let ξ < ω1 be a limit ordinal and let (αn) be an increasing sequence
of ordinals tending to ξ. Assume there exists a sequence M1 ⊃ M2 ⊃ . . . of
infinite subsets of N such that Sαn(Mn) ⊂ D, for all n ∈ N. Then there exists
M ∈ [N ] such that Sξ(M) ⊂ D.

In the sequel we shall make use of the following permanence property of
Schreier families established in [36]:
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Lemma 5.6. Suppose that α < β < ω1. Then there exists n ∈ N such that
for every F ∈ Sα with n ≤ min F we have F ∈ Sβ.

We shall also make repeated use of the following result from [5]:

Lemma 5.7. For every N ∈ [N] there exists M ∈ [N ] such that for every
α < ω1 and F ∈ Sα[M ] we have F \ {min F} ∈ Sα(N).

Lemma 5.7 combined with Proposition 3.2 in [36] yields the next

Lemma 5.8. Let α and β be countable ordinals and N ∈ [N]. Then there
exists M ∈ [N ] such that

(1) For every F ∈ Sβ [Sα][M ] we have F \ {min F} ∈ Sα+β.
(2) For every F ∈ Sα+β [M ] we have F \ {min F} ∈ Sβ [Sα].

Proposition 5.9. Let α and β be countable ordinals and N ∈ [N]. Then
given ε > 0 and P ∈ [N ] there exist Q ∈ [P ] and R ∈ [Q] such that

(1) Every (α + β)-average supported by Q admits an (ε, α, β) decomposi-
tion.

(2) For every F ∈ Sβ [R], F \{min F} is an (ε, α, β)-admissible set result-
ing from some (α + β)-average supported by Q.

Proof. Fix α < ω1. We prove the assertion of the proposition by transfinite
induction on β. The case β = 1 follows directly from the definitions since
every (α + 1)-average admits an (ε, α, 1)-decomposition. In fact, in this case,
we may take Q = P and R = {min supp αP

i : i ∈ N} and check that (1) and
(2) hold.

Now let β > 1 and suppose the assertion holds for all ordinals smaller than
β. Assume first β is a successor ordinal and let β − 1 be its predecessor. Let
ε > 0 and P ∈ [N ] be given and choose a sequence of positive scalars (δi)
such that

∑
i δi < ε/4. Let M ∈ [P ]. The induction hypothesis for β − 1

yields infinite subsets R1 ⊂ Q1 of M satisfying (1) and (2) for (δ1, α, β − 1).
Choose a maximal member F1 of Sβ−1 with F1 ⊂ R1. We may choose an
(α + β − 1)-average u1, supported by Q1 and such that F1 \ {min F1} is
(δ1, α, β − 1)-admissible resulting from u1.

Choose M2 ∈ [M ] with min M2 > max supp u1. Arguing similarly, we
choose a maximal member F2 of Sβ−1 with F2 ⊂ M2, and an (α + β − 1)-
average u2 supported by M2, which admits a (δ2, α, β−1)-decomposition from
which F2 \ {min F2} is resulting. We continue in this fashion and obtain a
sequence F1 < F2 < . . . , of successive maximal members of Sβ−1[M ], and a
block basis u1 < u2 < . . . , of (α + β − 1)-averages supported by M such that
for all i ∈ N,

(5.1) ui admits a (δi, α, β − 1)− decomposition.

(5.2) Fi \ {min Fi} is (δi, α, β − 1)− admissible, resulting from ui.

We next let, for all i ∈ N, di denote the weight of the (δi, α, β−1)-decomposition
of ui, from which Fi \ {min Fi} is resulting. Clearly, di ∈ (0, 3]. Therefore,
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without loss of generality, by passing to a subsequence if necessary, we may
assume that

(5.3) |di − dj | < ε/4, for all i, j in N.

Now let n ∈ N and choose n < i1 < · · · < im such that (uik
)m
k=1 is maximally

S1-admissible. Set u = (
∑m

k=1 uik
) / ‖∑m

k=1 uik
‖. It is clear that u is an

(α + β)-average supported by M . It is easy to check, using (5.1) and (5.3),
that u admits an (ε, α, β)-decomposition. On the other hand, (5.2) implies
that ∪n

k=1(Fik
\ {min Fik

}) is (ε, α, β)-admissible, resulting from u.
Taking into account the stability of Sβ−1, we conclude the following: Given

n ∈ N and M ∈ [P ]

There exists an (α + β)− average u supported by M(5.4)

which admits an (ε, α, β)− decomposition.

There exists L ∈ [M ] such that ∪n
i=1 (F β−1

i (L) \ {min F β−1
i (L)})(5.5)

is (ε, α, β)− admissible, resulting from u.

(Recall that for γ < ω1, (F γ
i (L))∞i=1 denotes the unique decomposition of L

into consecutive, maximal members of Sγ).
Lemma 5.3 and (5.4) now yield some Q ∈ [P ] satisfying (1) for (ε, α, β).

Let D denote the hereditary family of the (ε, α, β)-admissible subsets of Q
resulting from some (α+β)-average supported by Q. We infer from (5.5) that
for every n ∈ N and M ∈ [Q] there exists L ∈ [M ] such that ∪n

i=1(F
β−1
i (L) \

{min F β−1
i (L)}) ∈ D. We deduce from Lemma 5.4 that Sβ(R0) ⊂ D for some

R0 ∈ [Q]. Employing Lemma 5.7, we find R ∈ [R0] such that F \{min F} ∈ D,
for all F ∈ Sβ [R]. Thus Q and R satisfy (1) and (2) for (ε, α, β), when β is a
successor ordinal.

We now consider the case of β being a limit ordinal. We may choose
an increasing sequence of ordinals (βn) having β as its limit, and such that
(α + βn + 1) is the sequence of successor ordinals associated to the limit
ordinal α + β. Let ε > 0 and P ∈ [N ] be given. Let M ∈ [P ] and choose
m ∈ M with 1/m < ε/4. Next choose M1 ∈ [M ] with m < min M1 and
such that Sβm [M1] ⊂ Sβ (see Lemma 5.6). We now apply the induction
hypothesis for βm to obtain an (α + βm)-average v supported by M1 and
admitting an (ε/4, α, βm)-decomposition. It is clear that u = ((1/m)em +
v) / ‖(1/m)em + v‖, is an (α + β)-average supported by M and admitting an
(ε, α, β)-decomposition. Note also that if F is (ε/4, α, βm)-admissible resulting
from v, then it is also (ε, α, β)-admissible resulting from u.

It follows now, by lemma 5.3, that there exists Q ∈ [P ] such that (1)
holds for (ε, α, β). Next choose positive integers k1 < k2 < . . . such that
Sβn [kn,∞) ⊂ Sβ (see Lemma 5.6), for all n ∈ N. Successive applications
of the inductive hypothesis applied to each βn and Lemma 5.7, yield infinite
subsets Q1 ⊃ R1 ⊃ Q2 ⊃ R2 ⊃ . . . of Q with kn < min Qn and such that
each member of Sβn(Rn) is an (ε/4, α, βn)-admissible set resulting from some
(α+βn)-average supported by Qn, for all n ∈ N. Let D denote the hereditary



WEAKLY NULL SEQUENCES IN THE BANACH SPACE C(K) 113

family of the (ε, α, β)-admissible subsets of Q resulting from some (α + β)-
average supported by Q. Our preceding argument shows that Sβn(Rn) ⊂ D,
as long as n ∈ Q and 1/n < ε/4. We deduce now from Lemma 5.5, that there
exists R0 ∈ [Q] such that Sβ(R0) ⊂ D. Once again, Lemma 5.7 yields some
R ∈ [R0] with the property F \{min F} ∈ D, for all F ∈ Sβ [R]. Hence, Q ⊃ R
satisfy (1) and (2) for (ε, α, β), when β is a limit ordinal. This completes the
inductive step and the proof of the proposition. ¤

We shall also need Elton’s nearly unconditional theorem ([21], [34]).

Theorem 5.10. Let (fi) be a normalized weakly null sequence in some Ba-
nach space. There exists a subsequence (fmi

) of (fi) with the following prop-
erty: For every 0 < δ ≤ 1 there exists a constant C(δ) > 0 such that
‖∑

i∈F aifmi‖ ≤ C(δ)‖∑
i aifmi‖, for every finitely supported scalar sequence

(ai) in [−1, 1] and every F ⊂ {i ∈ N : |ai| ≥ δ}.
Proof of Theorem 5.1. Let P ∈ [N ] and ε > 0. Set

D ={L ∈ [P ] : [α + β]L1 admits an

(ε, α, β)− decomposition of weight smaller than ε}.
Lemma 4.3 yields that D is closed in the topology of pointwise convergence.
The theorem asserts that [Q] ⊂ D, for some Q ∈ [P ]. Suppose this is not the
case and choose, according to Theorem 4.5, Q0 ∈ [P ] such that [Q0] ∩D = ∅.
Next choose Q1 ∈ [Q0] such that no block basis of α-averages supported by
Q1 is a cβ

0 -spreading model. Let M ∈ [Q1]. We infer from Proposition 5.9
that there exist infinite subsets R ⊂ Q of M such that

Every (α + β)− average supported by Q admits an(5.6)

(ε/2, α, β)− decomposition.

If F ∈ Sβ [R], then F \ {min F} is (ε/2, α, β)− admissible(5.7)

resulting from some (α + β)− average supported by Q.

Choose a maximal member F of Sβ [R]. (5.6) and (5.7) allow us to find
normalized blocks u1 < · · · < un, positive scalars (λi)n

i=1 and I ⊂ {1, . . . , n}
such that

n∑

i=1

λiui is an (α + β)− average supported by Q,(5.8)

(ui)i∈I is Sβ − admissible and F \ {min F} ⊂ {min supp ui : i ∈ I},
ui is an α− average for all i ∈ I and ‖

∑

i∈{1,...,n}\I
λiui‖`1 < ε/2,

|λi − λj | < ε/2, for all i, j in I.

Since
∑n

i=1 λiui is supported by Q ⊂ Q0, and [Q0] ∩ D = ∅, we must have
that maxi∈I λi ≥ ε. We deduce from (5.8) that

λi ≥ ε/2 for all i ∈ I.
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Set J0 = {i ∈ I : minF < min supp ui} and note that (5.8) implies that
F \ {min F} ⊂ {min supp ui : i ∈ J0}. It follows now, since F is maximal in
Sβ , that {min F} ∪ {min supp ui : i ∈ J0} contains a maximal member of Sβ

as a subset and therefore, as Sβ is stable, there exists an initial segment J of
J0 such that {min F} ∪ {min supp ui : i ∈ J} is a maximal member of Sβ .
Note also that ‖∑

i∈J λiui‖ ≤ 3.
Summarizing, given M ∈ [Q1] we found a block basis of α-averages v1 <

· · · < vk, supported by M , m ∈ M with m < min supp v1, and scalars (µi)k
i=1

in [ε/2, 2] so that

(5.9) {m} ∪ {min supp vi : i ≤ k} is maximal in Sβ and ‖
k∑

i=1

µivi‖ ≤ 3.

Define

D1 =
{
L ∈ [Q1] : ∃ (µi)k

i=1 ⊂ [ε/2, 2], ‖
k∑

i=1

µiα
L\{min L}
i ‖ ≤ 3, and

{min L} ∪ {min supp α
L\{min L}
i : i ≤ k} is maximal in Sβ

}
.

Lemma 4.3 and the stability of Sβ yield that D1 is closed in the topology of
pointwise convergence. We now infer from (5.9) that every M ∈ [Q1] contains
some L ∈ D1 as a subset. Thus, we deduce from Theorem 4.5 that there exists
M0 ∈ [Q1] with [M0] ⊂ D1.

Now let L ∈ [M0] and denote by nL the unique integer such that (αL
i )nL

i=1

is maximally Sβ-admissible. Because L ∈ D1, we must have that

‖
nL∑

i=1

µiα
L
i ‖ ≤ 4, for some choice of scalars(5.10)

(µi)nL
i=1 in the interval [ε/2, 2].

Set gi = αM0
i , for all i ∈ N. Then (gi) is a normalized weakly null sequence,

as ~s is assumed to be shrinking. Theorem 5.10 now yields a constant C > 0
and a subsequence of (gi) (which, for clarity, is still denoted by (gi)), such
that

‖
∑

i∈G

aigi‖ ≤ C‖
∞∑

i=1

aigi‖,

for every finitely supported scalar sequence (ai) in [−2, 2] and every G ⊂ {i ∈
N : |ai| ≥ ε/2}. It follows from this, Lemma 4.3 and (5.10) that, whenever
F ∈ [N]<∞ is so that (gi)i∈F is maximally Sβ-admissible, then we have some
choice of scalars (µi)i∈F in [ε/2, 2] such that

‖
∑

i∈F

σiµigi‖ ≤ 8C,

for every choice of signs (σi)i∈F . We conclude from the above, that some
subsequence of (gi) is a cβ

0 -spreading model. Lemma 4.3 finally implies that
there is some L ∈ [M0] (and thus L ∈ [Q1]) such that (αL

i ) is a cβ
0 -spreading
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model, contradicting the choice of Q1. Therefore, we must have that [Q] ⊂ D,
for some Q ∈ [P ], and the proof of the theorem is now complete. ¤

6. Transfinite averages of weakly null sequences in C(K)
equivalent to the unit vector basis of c0

In this section we present the following

Theorem 6.1. Let K be a compact metric space and let (fn) be a normalized,
basic sequence in C(K). Suppose that there exist M ∈ [N] and a summable
sequence of positive scalars (εn) such that for all t ∈ K, the set {n ∈ M :
|fn(t)| ≥ εn} is finite. Then there exist ξ < ω1 and a block basis of ξ-averages
of (fn) equivalent to the unit vector basis of c0.

(Note that all transfinite averages of (fn) are considered with respect to
F = S1.)

Remark 6.2. The hypotheses in Theorem 6.1 imply that
∑

n∈M |fn(t)| is
a convergent series, for all t ∈ K. It follows then from Rainwater’s theorem
[39], that every normalized block basis of (fn)n∈M is weakly null and therefore,
the subsequence (fn)n∈M of (fn) is shrinking. Moreover, the convergence
of the series

∑
n∈M |fn(t)| for all t ∈ K, implies that some block basis of

(fn)n∈M is equivalent to the unit vector basis of c0. This is a special case of
a famous result, due to J. Elton [22], which states that if (xn) is a normalized
basic sequence in some Banach space and the series

∑
n |x∗(xn)| converges

for every extreme point x∗ in the ball of X∗, then some block basis of (xn) is
equivalent to the unit vector basis of c0. An alternate proof of this special case
of Elton’s theorem is given in [25]. See also [23], [4] for related results. We
wish to indicate however, as our next corollary shows, that this special case of
Elton’s theorem is also a consequence of Theorem 6.1. Hence, our result may
be viewed as a quantitative version of this special case of Elton’s theorem.

Corollary 6.3. Let (fn) be a normalized basic sequence in C(K) such that∑
n |fn(t)| is a convergent series, for all t ∈ K. Then there exist ξ < ω1 and

a block basis of ξ-averages of (fn) equivalent to the unit vector basis of c0.

The proof is given at the end of this section.
The ordinal ξ that appears in the conclusion of Theorem 6.1, is related to

the complexity of the compact family {F ∈ [M ]<∞ : ∃ t ∈ K with |fn(t)| ≥
εn, ∀n ∈ F}. It follows from Corollary 3.2, that every normalized weakly
null sequence in C(K), for K a countable compact metric space, admits a
subsequence satisfying the hypotheses of Theorem 6.1. Moreover, if K is
homeomorphic to [1, ωωα

], for some α < ω1, then as is shown in Corollary 6.8,
the ordinal ξ in the conclusion of Theorem 6.1 can be taken not to exceed α.

We shall next describe how to obtain the “optimal” ξ satisfying the con-
clusion of Theorem 6.1.

The following conventions hold throughout this section. K is a
compact metric space and ~s = (fn) is a normalized shrinking basic sequence
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in C(K). We shall assume, without loss of generality, by passing to a subse-
quence if necessary, that ~s is 2-basic. We let F = S1. All transfinite averages
of ~s will be taken with respect to F . As in the previous section, αM

n abbre-
viates αF,~s,M

n . In the sequel, when we refer to a block basis we shall always
mean a block basis of ~s = (fn). Also all transfinite averages will be taken
with respect to ~s.

Definition 6.4. (1) Given N ∈ [N] and 1 ≤ α < ω1, we say that N is α-
large, if for every β < α and M ∈ [N ] there exists L ∈ [M ] such that
no block basis of β-averages supported by L is a cγ

0 -spreading model,
where β + γ = α.

(2) Given N ∈ [N] set ξN = sup{α < ω1 : ∃ an α− largeM ∈ [N ]}. Put
ξN = 0, if this set is empty. Finally put ξ0 = min{ξN : N ∈ [N]}.

Note that if ξ0 = ξN0 for some N0 ∈ [N], then ξL = ξ0, for all L ∈ [N0]. In
fact, if 1 ≤ ξ0 < ω1, then every infinite subset of N0 is ξ0-large.

Proposition 6.5. Suppose that ξN < ω1, for some N ∈ [N]. Then there
exists a block basis of ξN -averages, supported by N , which is equivalent to the
unit vector basis of c0.

We postpone the proof and observe that if ξ0 < ω1 and ξ0 = ξN0 , then
Proposition 6.5 yields that every infinite subset of N0 supports a block basis of
ξ0-averages, equivalent to the unit vector basis of c0 and, moreover, it follows
by our preceding comments, that ξ0 is the smallest ordinal with this property.
Therefore, the optimality of ξ0 is considered in this sense. In order to prove
Theorem 6.1, we need to introduce some more notation and terminology.

Definition 6.6. (1) Let β < α < ω1, p ∈ N and ε > 0. An α-average
u =

∑
i aifi, is said to be (β, p, ε)-large, if for every choice I1 < · · · <

Ik of k consecutive members of Sβ, k ≤ p, and all t ∈ K, we have
|∑i∈I aifi(t)| ≤ ε +

∑
i/∈I ai|fi(t)|, where I = ∪k

j=1Ij.
(2) Let N ∈ [N], 1 ≤ α < ω1 We say that N is α-nice if for every β < α,

every M ∈ [N ], every p ∈ N and all ε > 0, there exists an α-average
supported by M which is (β, p, ε)-large.

The main step for proving Theorem 6.1 is

Theorem 6.7. Suppose that N ∈ [N] is α-large, for some 1 ≤ α < ω1. Then
N is α-nice.

We postpone the proof in order to give the

Proof of Theorem 6.1. Let

G = {F ∈ [N]<∞ : ∃ t ∈ K with |fn(t)| ≥ εn, ∀n ∈ F}.
Clearly, G is hereditary. The compactness of K and our assumptions, imply
that G[M ] is compact in the topology of pointwise convergence. It follows that
there is a countable ordinal ζ such that G[M ](ζ) is finite. Write ζ = ωγk + η,
for some k ∈ N and η < ωγ . We infer now by the result of [24], that there
exists N ∈ [M ] with the property G[N ] ⊂ Sγ+1.
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We claim that ξN ≤ γ + 1 (see Definition 6.4). Indeed, were this claim
false, we would choose P ∈ [N ] and a countable ordinal β > γ + 1 such that
P is β-large. Theorem 6.7 then yields P is β-nice (see Definition 6.6). Next,
let ε > 0 and choose Q ∈ [P ] such that

∑
n∈Q εn < ε/12. Since γ + 1 < β and

P is β-nice, there exists a β-average u =
∑

i aifi, supported by Q which is
(γ + 1, 1, ε/2)-large. This means

∣∣∑

i∈I

aifi(t)
∣∣ ≤ ε/2 +

∑

i/∈I

ai|fi(t)|,

for all t ∈ K and every I ∈ Sγ+1. Given t ∈ K, put Λt = {n ∈ N : |fn(t)| ≥
εn}. Note that u is supported by N and so Λt ∩ supp u ∈ Sγ+1, for all t ∈ K,
as Λt ∩ supp u ∈ G[N ]. Taking in account that ‖u‖ = 1, we have 0 ≤ ai ≤ 3,
for all i ∈ N. Hence,

|u(t)| ≤
∣∣∣∣

∑

i∈Λt∩supp u

aifi(t)
∣∣∣∣ +

∣∣∣∣
∑

i/∈Λt

aifi(t)
∣∣∣∣

≤ ε/2 + 2
∑

i/∈Λt

ai|fi(t)|

< ε/2 + 6ε/12 = ε,

for all t ∈ K. Since ε was arbitrary, we have reached a contradiction. There-
fore, our claim holds. In particular, ξN < ω1 and the assertion of the theorem
is a consequence of Proposition 6.5. ¤

Corollary 6.8. Let (fn) be a normalized weakly null sequence in C(ωωξ

),
ξ < ω1. Then there exist α ≤ ξ and a block basis of α-averages of (fn)
equivalent to the unit vector basis of c0.

Proof. Set K = [1, ωωξ

]. Corollary 3.2 yields M ∈ [N] and a summable
sequence of positive scalars (εn) such that for all t ∈ K the set {n ∈ M :
|fn(t)| ≥ εn} belongs to S+

ξ . In particular, Λt ∩ M is the union of two
consecutive members of Sξ. The argument in the proof of Theorem 6.1 shows
that ξM ≤ ξ. The assertion of the corollary now follows from Proposition
6.5. ¤

We shall now give the proof of Proposition 6.5. This requires two lemmas.

Lemma 6.9. Suppose that 1 ≤ α < ω1. Let m < n in N and F ∈ [N]<∞

with n < min F be such that {n} ∪ F is a maximal member of Sα. Then
{m} ∪ F /∈ Sα.

Proof. We use transfinite induction on α. When α = 1, we must have that
|F | = n− 1, in order for {n} ∪ F be maximal in S1. Hence, |{m} ∪ F | = n >
m = min({m} ∪ F ). Thus the assertion of the lemma holds in this case.

Next assume the assertion holds for all ordinals smaller than α (α > 1).
Suppose first α is a limit ordinal and let (αn) be the sequence of successor
ordinals associated to α. Since {n}∪F is maximal in Sα, we have that {n}∪F
is maximal in Sαk

, for all k ≤ n such that {n} ∪ F ∈ Sαk
. Suppose we had
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{m} ∪ F ∈ Sα. Then there is some k ≤ m such that {m} ∪ F ∈ Sαk
. We

infer from the spreading property of Sαk
, as m < n, that {n} ∪ F ∈ Sαk

.
Therefore, {n} ∪ F is maximal in Sαk

. The induction hypothesis applied on
αk now yields {m} ∪ F /∈ Sαk

, a contradiction which proves the assertion
when α is a limit ordinal.

We now assume α is a successor ordinal, say α = β + 1. Since {n} ∪ F is
maximal in Sα, there exist F1 < · · · < Fn, successive maximal members of
Sβ such that {n} ∪ F = ∪n

i=1Fi (see [24]). We shall assume m > 1 or else the
assertion holds since {1} is maximal in every Schreier family and F 6= ∅. Note
that the induction hypothesis on β implies that G1 = {m} ∪ (F1 \ {n}) /∈ Sβ .
It follows, as Sβ is stable, that G1 contains a maximal member H1 of Sβ as
an initial segment, and so we may write G1 = H1 ∪ H2 with H2 6= ∅. Of
course, m = min H1. Set H = H1 ∪ ∪m

i=2Fi. Then H is maximal in Sα. This
completes the proof of the lemma since H is a proper subset of {m} ∪ F . ¤

Lemma 6.10. Let P ∈ [N], β ≤ α < ω1 and τ < ω1. Assume that every block
basis of β-averages supported by P is a cγ

0 -spreading model, where β + γ = α,
while every block basis of α-averages supported by P is a cτ

0-spreading model.
Then there exists Q ∈ [P ] such that every block basis of β-averages supported
by Q is a cγ+τ

0 -spreading model.

Proof. We assume that both γ and τ are greater than or equal to 1, or else the
assertion of the lemma is trivial. We also assume, without loss of generality
thanks to Lemma 4.6, that there exists a constant C > 0 such that every
block basis of β-averages (resp. α-averages) supported by P is a cγ

0 (resp.
cτ
0)-spreading model with constant C. We shall further assume, without loss

of generality thanks to Lemma 5.8, that for every F ∈ Sγ+τ [P ] we have
F \ {min F} ∈ Sτ [Sγ ].

Let M ∈ [P ]. Choose a sequence of positive scalars (δi) with
∑

i δi <
1/(4C). We apply Proposition 5.9, successively, to obtain the following ob-
jects:

(1) A maximally Sτ -admissible block basis v1 < · · · < vn of α-averages,
supported by M , with min M < min supp v1.

(2) Successive, maximal members F1 < · · · < Fn of Sγ [M ] such that
max supp vi < min Fi+1, for all i < n.

(3) Successive finite subsets of N J1 < · · · < Jn such that for each i ≤ n,
there exist a normalized block basis (uj)j∈Ji , a subset Ii of Ji and
positive scalars (λj)j∈Ji which satisfy the following properties:

(6.1) vi =
∑

j∈Ji

λjuj , and
∥∥∥∥

∑

j∈Ji\Ii

λjuj

∥∥∥∥
`1

< δi.

(uj)j∈Ii is an Sγ − admissible block basis of β − averages(6.2)

and |λr − λs| < δi, for all r, s in Ii.

(6.3) Fi \ {min Fi} ⊂ {min supp uj : j ∈ Ii}.
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Our assumptions yield that ‖∑n
i=1 vi‖ ≤ C and that

1− δi ≤
∥∥∥∥
∑

j∈Ii

λjuj

∥∥∥∥ ≤ C max
j∈Ii

λj , for all i ≤ n.

(6.2) now implies

(6.4) 1/(2C) ≤ λj ≤ 3, for all j ∈ Ii and i ≤ n.

We also obtain from (6.1) that

(6.5)
∥∥∥∥

n∑

i=1

∑

j∈Ii

λjuj

∥∥∥∥ ≤ C +
n∑

i=1

δi < 2C.

We next observe that for all i < n and j0 ∈ Ii, {min suppuj0}∪{min supp uj :
j ∈ Ii+1} /∈ Sγ . This is so since Fi+1 \{min Fi+1} ⊂ {min supp uj : j ∈ Ii+1},
(by (6.3)), max supp vi < min Fi+1, and thus, as a consequence of Lemma 6.9,
we have that {min supp uj0} ∪ (Fi+1 \ {min Fi+1}) /∈ Sγ .

It follows from this that for all i ≤ n there exists an initial segment I∗i
of Ii (possibly, I∗i = ∅) with max I∗i < max Ii, such that {min supp uj : j ∈
(Ii \ I∗i ) ∪ I∗i+1} is a maximal member of Sγ , for all i < n. Note that I∗1 = ∅.

Set Ti = (Ii \ I∗i ) ∪ I∗i+1, for all i < n. Then (uj)j∈Ti is maximally Sγ-
admissible for all i < n. We also infer from (6.4) and (6.5) that

∥∥∥∥
∑

j∈∪i<nTi

λjuj

∥∥∥∥ ≤ 4C, λj ∈ [1/(2C), 3], for all j ∈ ∪i<nTi.

Note also that min supp umin Ti < min supp vi+1, for all i < n. Since min M <
min supp v1 and (vi)n

i=1 is maximally Sτ -admissible, Lemma 6.9 and the spread-
ing property of Sτ , yield that {min M} ∪ {min suppumin Ti : i < n} is not a
member of Sτ . Hence, by the stability of Sτ , there exists m < n such that
{min M} ∪ {min supp umin Ti : i ≤ m} is a maximal member of Sτ . Note also
that ‖∑

j∈∪i≤mTi
λjuj‖ ≤ 4C and λj ∈ [1/(2C), 3], for all j ∈ ∪i≤mTi.

Summarizing, given M ∈ [P ] there exists a maximally Sτ [Sγ ]-admissible
block basis (ui)k

i=1 of β-averages, supported by M , and scalars (λi)k
i=1 in

[1/(2C), 3] such that ‖∑k
i=1 λiui‖ ≤ 5C. Given L ∈ [P ] let nL denote the

unique integer such that (βL
i )nL

i=1 is maximally Sτ [Sγ ]-admissible. Define

D =
{

L ∈ [P ] : ∃ (λi)nL
i=1 ⊂ [1/(2C), 3],

∥∥
nL∑

i=1

λiβ
L
i

∥∥ ≤ 5C

}
.

Lemma 4.3 and the stability of Sτ [Sγ ] yield that D is closed in the topology
of pointwise convergence. We infer from our preceding discussion, that every
M ∈ [P ] contains some L ∈ D as a subset. Thus, we deduce from Theorem
4.5 that there exists M0 ∈ [P ] with [M0] ⊂ D. Arguing as in the last part
of the proof of Theorem 5.1, using Theorem 5.10 and our assumptions on P ,
we obtain a block basis of β-averages which is a cγ+τ

0 -spreading model. The
assertion of the lemma now follows from Lemma 4.6. ¤
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Proof of Proposition 6.5. To simplify our notation, let us write ξ instead of
ξN . We assert that for every M ∈ [N ] and all β < ω1 there exists a block basis
of ξ-averages supported by M which is a cβ

0 -spreading model. Once this is
accomplished, the proposition will follow from the Kunen-Martin boundedness
principle (see [19], [28]). To see this, let N ∈ [N]. Given n ∈ N, let T N

n denote
the family of those finite subsets of N that are initial segments of sets of the
form ∪k

i=1supp ξL
i , for some k ∈ N and L ∈ [N ] such that ‖∑k

i=1 ξL
i ‖ ≤ n.

We claim there is some n ∈ N so that T N
n is not compact in the topology

of pointwise convergence. Otherwise, the Mazurkiewicz-Sierpinski theorem
[32], yields ζ < ω1 so that T N

n is homeomorphic to a subset of [1, ωωζ

], for
all n ∈ N. We may now choose, according to our assertion combined with
Lemma 4.6, some L0 ∈ [N ] and n ∈ N such that (ξL

i )∞i=1 is a cζ+1
0 -spreading

model with constant n, for all L ∈ [L0]. It follows from this that for all
L ∈ [L0], ∪nL

i=1supp ξL
i ∈ T N

n , where nL stands for the unique integer such
that (ξL

i )nl
i=1 is maximally Sζ+1-admissible. Since Sα is homeomorphic to

[1, ωωα

] for all α < ω1 (see [1]), this implies that Sζ+1 is homeomorphic to a
subset of [1, ωωζ

] which is absurd. Hence, indeed, there is some n ∈ N with
T N

n non-compact. Subsequently, there exists M ∈ [N ], M = (mi), such that
{m1, . . . , mk} ∈ T N

n , for all k ∈ N. We now infer from Lemma 4.3, that
‖∑k

i=1 ξM
i ‖ ≤ n, for all k ∈ N. Using an argument based on Theorem 4.5,

similar to that in the proof of Lemma 4.6, we conclude that some block basis
of ξ-averages is equivalent to the unit vector basis of c0.

We shall next prove our initial assertion by transfinite induction on β. The
assertion is trivial for β = 0. Assume β ≥ 1 and that the assertion holds for
all M ∈ [N ] and all ordinals smaller than β yet, for some P ∈ [N ] there is
no block basis of ξ-averages, supported by P , which is a cβ

0 -spreading model.
We now show that P is (ξ + β)-large which, of course, is absurd.

To see this, first consider an ordinal γ < ξ and let M ∈ [P ]. Write ξ = γ+δ.
We claim that there exists L ∈ [M ] such that no block basis of γ-averages
supported by L is a cδ+β

0 -spreading model (note that γ+(δ+β) = ξ+β). Were
this claim false, then Lemma 4.6 would yield a constant C > 0 and L0 ∈ [M ]
such that, every block basis of γ-averages supported by L0 is a cδ+β

0 -spreading
model with constant C. By employing Lemma 5.8 we may assume, without
loss of generality, that for all F ∈ Sβ [Sδ], F ⊂ L0, we have F \{min F} ∈ Sδ+β .
But now, we shall exhibit a block basis of ξ-averages supported by L0 (and
thus also by P ), which is a cβ

0 -spreading model. Indeed, as ξ = γ + δ, we may
apply Proposition 5.9, successively, to obtain block bases u1 < u2 < . . . and
v1 < v2 < . . . consisting of ξ and γ-averages, respectively, both supported
by L0; a sequence of positive scalars (λi) and a sequence F1 < F2 < . . . of
successive finite subsets of N so that the following requirements are satisfied:

(1) ‖ui −
∑

j∈Fi
λjvj‖ < εi, for all i ∈ N.

(2) (vj)j∈Fi is Sδ-admissible and supp vj ⊂ supp ui, for all j ∈ Fi and
i ∈ N.
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In the above, (εi) is a summable sequence of positive scalars. Since (λj)j∈∪iFi

is bounded and (vi) is a cδ+β
0 -spreading model, our assumptions on L0 readily

imply that (ui) is a block basis of ξ-averages supported by P which is a
cβ
0 -spreading model. This contradicts the choice of P . Therefore our claim

holds.
Next, let M ∈ [P ], γ < β and write β = γ+δ. Note that ξ+β = (ξ+γ)+δ.

We now claim that there exists L ∈ [M ] such that no block basis of (ξ + γ)-
averages supported by L is a cδ

0-spreading model. If that were not the case
then, thanks to Lemma 4.6, there would exist L0 ∈ [M ] such that every block
basis of (ξ + γ)-averages supported by L0 is a cδ

0-spreading model.
Since γ < β, the induction hypothesis combined with Lemma 4.6 implies

the existence of some L1 ∈ [L0] such that every block basis of ξ-averages
supported by L1 is a cγ

0 -spreading model. We deduce from Lemma 6.10 that
some block basis of ξ-averages supported by L0 (and thus also by P ) is a cγ+δ

0 -
spreading model. Since β = γ + δ, we contradict the choice of P . Therefore,
this claim holds as well.

Summarizing, we showed that for every γ < ξ + β and all M ∈ [P ] there
exists L ∈ [M ] such that no block basis of γ-averages supported by L is a
cδ
0-spreading model, where γ + δ = ξ + β. But this means P ∈ [N ] is (ξ + β)-

large, contradicting the definition of ξ. The proof of the proposition is now
complete. ¤

In the next part of this section we give the proof of Theorem 6.7. We shall
need a few technical lemmas.

Lemma 6.11. Suppose that N ∈ [N] is α-nice (see Definition 6.6). Then for
every P ∈ [N ], every β < α, every p ∈ N and all ε > 0, there exists M ∈ [P ]
such that every α-average supported by M is (β, p, ε)-large.

Proof. Define D = {L ∈ [P ] : αL
1 is (β, p, ε) − large}. Lemma 4.3 yields D

is closed in the topology of pointwise convergence. Because N is α-nice, we
deduce that [L] ∩ D 6= ∅, for all L ∈ [P ]. We infer now, from Theorem 4.5,
that [M ] ⊂ D, for some M ∈ [P ]. Clearly, M is as desired. ¤

Lemma 6.12. Suppose that N1 ⊃ N2 ⊃ . . . are infinite subsets of N and
α1 < α2 < . . . are countable ordinals such that Ni is αi-nice for all i ∈ N. Let
N ∈ [N] be such that N \Ni is finite, for all i ∈ N. Then, N is α-nice, where
α = limi αi.

Proof. Let M ∈ [N ], β < α, p ∈ N and ε > 0. It suffices to find an α-average u
supported by M which is (β, p, ε)-large. Choose a sequence of positive scalars
(δi) with

∑
i δi < ε/6.

Let k ∈ N be such that β < αk. Since Nk is αk-nice, we may apply Lemma
6.11, successively, to obtain infinite subsets P1 ⊃ P2 ⊃ . . . of M ∩ Nk such
that, for all i ∈ N, every αk-average supported by Pi is (β, p, δi)-large. Next
choose integers p1 < p2 < . . . such that pi ∈ Pi, for all i ∈ N, and set P = (pi).

We now employ Proposition 5.9 to find Q ∈ [P ] with the property that
every α-average supported by Q admits an (ε/2, αk, βk)-decomposition (see
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Definition 5.2), where αk + βk = α. Let u be an α-average supported by Q.
Write u =

∑n
i=1 λiui, where u1 < · · · < un are normalized blocks, (λi)n

i=1 are
positive scalars for which there exists I ⊂ {1, . . . , n} satisfying

ui is an αk − average for all i ∈ I, while
∥∥ ∑

i∈{1,...,n}\I
λiui

∥∥
`1

< ε/2.

If ui =
∑

s ai
sfs, for i ≤ n, then, clearly,

∑
i∈{1,...,n}\I λi

∑
s ai

s < ε/2.
We are going to show that u is (β, p, ε)-large. To this end, let J be the

union of less than, or equal to, p consecutive members of Sβ and let t ∈ K.
Write I = {i1 < . . . , < im}. Observe that uij

is an αk-average supported by
Pj and thus by the choice of Pj ,

∣∣∑

s∈J

aij
s fs(t)

∣∣ ≤ δj +
∑

s/∈J

aij
s |fs(t)|, for all j ≤ m.

Therefore, letting Ic = {1, . . . , n} \ I,

∣∣
n∑

i=1

λi

∑

s∈J

ai
sfs(t)

∣∣ ≤
∣∣∑

i∈Ic

λi

∑

s∈J

ai
sfs(t)

∣∣ +
∣∣∑

i∈I

λi

∑

s∈J

ai
sfs(t)

∣∣

≤
∑

i∈Ic

λi

∑
s

ai
s +

∑

i∈I

λi

∣∣∑

s∈J

ai
sfs(t)

∣∣

≤ ε/2 +
m∑

j=1

λij

(
δj +

∑

s/∈J

aij
s |fs(t)|

)

≤ ε/2 + 3
|I|∑

j=1

δj +
n∑

i=1

λi

∑

s/∈J

ai
s|fs(t)|

≤ ε +
n∑

i=1

λi

∑

s/∈J

ai
s|fs(t)|.

The proof of the lemma is now complete. ¤

Lemma 6.13. Let u1 < · · · < un be a normalized finite block basis of (fi).
Write ui =

∑
s ai

sfs, and set ki = max supp ui for all i ≤ n. Let α < ω1

and denote by (αj + 1)∞j=1 the sequence of ordinals associated to α. Let G be
a hereditary and spreading family, and (δi)n

i=1 be a sequence of non-negative
scalars. Suppose that J ∈ G[Sα] satisfies the following property: If 2 ≤ i ≤ n
is so that J ∩ supp ui is contained in the union of less than, or equal to, ki−1

consecutive members of Sαj , for some j ≤ ki−1 then,

∣∣∑

s∈J

ai
sfs(t)

∣∣ ≤ δi +
∑

s/∈J

|ai
s||fs(t)|, for all t ∈ K.



WEAKLY NULL SEQUENCES IN THE BANACH SPACE C(K) 123

Then for every scalar sequence (bi)n
i=1 and all t ∈ K, we have the estimate

∣∣
n∑

i=1

bi

∑

s∈J

ai
sfs(t)

∣∣ ≤ max
{∣∣∑

i∈I

biui(t)
∣∣ : (ui)i∈I is G+ − admissible

}
(6.6)

+
( n∑

i=1

δi

)
max
i≤n

|bi|+
n∑

i=1

|bi|
∑

s/∈J

|ai
s||fs(t)|.

Proof. We may assume that J ∩ ∪n
i=1supp ui 6= ∅, or else the assertion of

the lemma is trivial. We may thus write J ∩ ∪n
i=1supp ui ∪p

l=1 Jl, where
J1 < · · · < Jp are non-empty members of Sα with {min Jl : l ≤ p} ∈ G.

Define Il = {i ≤ n : r(ui) ∩ Jl 6= ∅} (where r(ui) denotes the range of
ui) and il = min Il, for all l ≤ p. Put I = {il : l ≤ p} and let Ic be the
complement of I in {1, . . . , n}. Then (ui)i∈I is G+-admissible.

Indeed, set Li = {l ≤ p : il = i}, for all i ∈ I. Observe that Li is an interval
and that Li < Li′ for all i < i′ in I. Hence, min Jmin Li

≤ max supp ui, for all
i ∈ I. Since G is hereditary and spreading, we infer that (ki)i∈I ∈ G. It follows
now, by the spreading property of G, that (ui)i∈I\{min I} is G-admissible.

Next assume that i ∈ Ic ∩∪l≤pIl. Then there is a unique l ≤ p with i ∈ Il.
Otherwise, r(ui) ∩ Jl 6= ∅ for at least two distinct l’s, and so i ∈ I.

It follows now that J ∩ supp ui = Jl ∩ supp ui, for some l ≤ p. Note that
il < i and that Jl ∩ r(uil

) 6= ∅. Therefore min Jl ≤ kil
. We deduce from this

that Jl ∈ Sαj+1 for some j ≤ kil
and, subsequently, that Jl is contained in

the union of less than or equal to kil
consecutive members of Sαj , for some

j ≤ kil
. The same holds for J ∩ supp ui and as il < i, we infer from our

hypothesis, that

∣∣∑

s∈J

ai
sfs(t)

∣∣ ≤ δi +
∑

s/∈J

|ai
s||fs(t)|, for all i ∈ Ic and t ∈ K.

Now let (bi)n
i=1 be any scalar sequence and let t ∈ K. Then

n∑

i=1

bi

∑

s∈J

ai
sfs(t)

∑

i∈I

bi

∑

s∈J

ai
sfs(t) +

∑

i∈Ic

bi

∑

s∈J

ai
sfs(t).

Our preceding discussions yield

∣∣∑

i∈Ic

bi

∑

s∈J

ai
sfs(t)

∣∣ ≤
∑

i∈Ic

|bi|
∣∣∑

s∈J

ai
sfs(t)

∣∣(6.7)

≤
∑

i∈Ic

|bi|
(
δi +

∑

s/∈J

|ai
s||fs(t)|

)

≤ (max
i≤n

|bi|)
∑

i∈Ic

δi +
∑

i∈Ic

|bi|
∑

s/∈J

|ai
s||fs(t)|
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and
∣∣∑

i∈I

bi

∑

s∈J

ai
sfs(t)

∣∣∣∣∑

i∈I

bi

(
ui(t)−

∑

s/∈J

ai
sfs(t)

)∣∣(6.8)

≤ ∣∣∑

i∈I

biui(t)
∣∣ +

∑

i∈I

|bi|
∑

s/∈J

|ai
s||fs(t)|.

Combining (6.7) with (6.8) we obtain (6.6), since (ui)i∈I is G+-admissible. ¤

Lemma 6.14. Suppose that N ∈ [N] is α-nice and that there exist Γ ∈ [N ]
and γ < ω1 such that no block basis of α-averages supported by Γ is a cγ

0 -
spreading model. Then there exist M ∈ [N ] and 1 ≤ β ≤ γ such that M is
(α + β)-nice.

Proof. Define

β = min{ψ < ω1 : ∃Ψ ∈ [N ] such that no block basis of

α− averages supported by Ψ is a cψ
0 − spreading model}.

Our assumptions yield 1 ≤ β ≤ γ. Choose M ∈ [N ] such that no block basis
of α-averages supported by M is a cβ

0 -spreading model. We are going to show
that M is (α + β)-nice. Let M0 ∈ [M ] and τ < α + β. Let p ∈ N and ε > 0.
We shall exhibit an (α + β)-average supported by M0 which is (τ, p, ε)-large.
Choose a decreasing sequence of positive scalars (δi) such that

∑
i δi < ε/6.

We first consider the case τ < α. Because N is α-nice, we may apply
Lemma 6.11, successively, to obtain infinite subsets P1 ⊃ P2 ⊃ . . . of M0

such that, for all i ∈ N, every α-average supported by Pi is (τ, p, δi)-large.
Choose integers p1 < p2 < . . . such that pi ∈ Pi, for all i ∈ N, and set
P0 = (pi). Proposition 5.9 now yields an (α + β)-average u supported by P0

and admitting an (ε/2, α, β)-decomposition (see Definition 5.2). In particular,
there exist normalized blocks u1 < · · · < un, positive scalars (λi)n

i=1 and
I ⊂ {1, . . . , n} such that u =

∑n
i=1 λiui, ui is an α-average for all i ∈ I and

‖∑
i∈{1,...,n}\I λiui‖`1 < ε/2. Let J be the union of less than, or equal to, p

consecutive members of Sτ , and let t ∈ K. By repeating the argument in the
last part of the proof of Lemma 6.12 we conclude that u is (τ, p, ε)-large. This
proves the assertion when τ < α.

Next suppose α ≤ τ < α + β and choose ζ < β with τ = α + ζ. Recall
that the definition of β implies that every infinite subset of M0 supports a
block basis of α-averages which is a cζ

0-spreading model. Hence, thanks to
Lemma 4.6, there will be no loss of generality in assuming that for some
positive constant C, every block basis of α-averages supported by M0 is a
cζ
0-spreading model with constant C. We shall further assume, because of

Lemma 5.8, that for every F ∈ Sτ [M0] we have F \ {min F} ∈ Sζ [Sα].
Let (αj +1) be the sequence of ordinals associated to α. We shall construct

m1 < m2 < . . . in M0 with the following property: If n ∈ N and j ≤ mn,
then every α-average supported by {mi : i > n} is (αj , mn, δn)-large. This
construction is done inductively as follows: Choose m1 ∈ M0. Apply Lemma
5.6 to find L1 ∈ [M1] with m1 < min L1 and such that Sαj [L1] ⊂ Sαm1

for all
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j ≤ m1. We then employ Lemma 6.11, as N is α-nice, to obtain M1 ∈ [L1]
such that every α-average supported by M1 is (αm1 ,m1, δ1)-large. It follows
that every α-average supported by M1 is (αj ,m1, δ1)-large, for all j ≤ m1.
Set m2 = min M1.

Suppose n ≥ 2 and that we have selected integers m1 < · · · < mn in M0,
and infinite subsets M1 ⊃ · · · ⊃ Mn−1 of M0 with mi+1 = min Mi and such
that every α-average supported by Mi is (αj ,mi, δi)-large for all j ≤ mi and
i < n.

We next choose, by Lemma 5.6, Ln ∈ [Mn−1] with mn < min Ln and such
that Sαj [Ln] ⊂ Sαmn

, for all j ≤ mn. Because N is α-nice, Lemma 6.11
allows us to select Mn ∈ [Ln] such that every α-average supported by Mn is
(αj ,mn, δn)-large for all j ≤ mn. Set mn+1 = minMn. This completes the
inductive step. Evidently, m1 < m2 < . . . satisfy the required property.

We set P = (mn). The preceding construction yields the following fact that
will be used later in the course of the proof: Suppose v is an α-average sup-
ported by P and min supp v = mn, for some n ≥ 2, then v is (αj ,mn−1, δn−1)-
large, for all j ≤ mn−1.

Recall that no block basis of α-averages supported by P is a cβ
0 -spreading

model. Let 0 < δ < ε/(p(C + 1) + 3) and apply Theorem 5.1 to find an
(α + β)-average u supported by P , normalized blocks u1 < · · · < un, positive
scalars (λi)n

i=1 and I ⊂ {1, . . . , n} such that u =
∑n

i=1 λiui, ui is an α-average
for all i ∈ I, ‖∑

i∈{1,...,n}\I λiui‖`1 < δ and maxi∈I λi < δ. We show u is
(τ, p, ε)-large which will finish the proof of the lemma. Set

G = {F ∈ [N]<∞ : ∃F1 < · · · < Fp in S+
ζ , F ⊂ ∪p

i=1Fi}.
Then G is a hereditary and spreading family.

Let J ⊂ M0 be the union of less than, or equal to, p consecutive members
of Sτ , and let t ∈ K. Our assumptions on M0 yield J ∈ G[Sα]. Let {i1 < · · · <
im} be an enumeration of I and put mdk

= max supp uik
, for all k ≤ m. It has

been already remarked that uik
is (αj ,mdk−1 , δdk−1)-large, for all 2 ≤ k ≤ m

and j ≤ mdk−1 . It follows that the hypotheses of Lemma 6.13 are fulfilled for
the block basis ui1 < · · · < uim and the given J ⊂ M0, with “δ1”= 0 and
“δk”= δdk−1 for 2 ≤ k ≤ m. Writing ui =

∑
s ai

sfs, for all i ≤ n, we infer
from (6.6) that

∣∣∑

i∈I

λi

∑

s∈J

ai
sfs(t)

∣∣ ≤ max
{∣∣∑

i∈E

λiui(t)
∣∣ : E ⊂ I, (ui)i∈E is

G+ − admissible
}

+
( ∞∑

i=1

δi

)
max
i∈I

λi +
∑

i∈I

λi

∑

s/∈J

ai
s|fs(t)|.

Note that when (ui)i∈E is G+-admissible, we have
∥∥∑

i∈E

λiui

∥∥ ≤ (
p(C + 1) + 1

)
max
i∈E

λi <
(
p(C + 1) + 1

)
δ.
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Hence,
∣∣∑

i∈I

λi

∑

s∈J

ai
sfs(t)

∣∣ <
(
p(C + 1) + 2

)
δ +

∑

i∈I

λi

∑

s/∈J

ai
s|fs(t)|.

Next, put Ic = {1, . . . , n} \ I. Then,
∑

i∈Ic

λi

∑
s

ai
s < δ, as

∥∥∑

i∈Ic

λiui

∥∥
`1

< δ.

Combining the preceding estimates we conclude

∣∣
n∑

i=1

λi

∑

s∈J

ai
sfs(t)

∣∣ ≤
∑

i∈Ic

λi

∑
s

ai
s +

∣∣∑

i∈I

λi

∑

s∈J

ai
sfs(t)

∣∣

< δ +
(
p(C + 1) + 2

)
δ +

∑

i∈I

λi

∑

s/∈J

ai
s|fs(t)|

< ε +
n∑

i=1

λi

∑

s/∈J

ai
s|fs(t)|.

Therefore, u is (τ, p, ε)-large. This completes the proof. ¤

We are now ready for the

Proof of Theorem 6.7. We claim that every infinite subset of N contains a
further infinite subset which is α-nice. If this claim holds, then evidently, N
is itself α-nice. So suppose on the contrary, that the claim is false and choose
N0 ∈ [N ] having no infinite subset which is α-nice. We now claim that there
exist 1 ≤ β1 < α and N1 ∈ [N0] which is β1-nice. Indeed, define

β1 = min{ζ < ω1 : ∃M ∈ [N0] such that no block basis of

0− averages supported by M is a cζ
0 − spreading model}.

Since N is α-large, α belongs to the set and so 1 ≤ β1 ≤ α. Choose N1 ∈ [N0]
such that no block basis of 0-averages supported by N1 is a cβ1

0 -spreading
model. We show N1 is β1-nice. Because N0 is assumed to contain no infinite
subset which is α-nice, we shall also obtain β1 < α.

Let M ∈ [N1], β < β1, p ∈ N and ε > 0. We shall find a β1-average
supported by M which is (β, p, ε)-large. Since β < β1, there exist M1 ∈ [M ]
and a constant C > 0 such that the block basis (fm)m∈M1 is a cβ

0 -spreading
model with constant C > 0. Let 0 < δ < ε/(pC). Since no block basis of
0-averages supported by M1 is a cβ1

0 -spreading model, Theorem 5.1 yields a
β1-average u, supported by M1, positive scalars (λi)i∈F (where F = supp u)
and I ⊂ F with I ∈ Sβ1 , such that

u =
∑

i∈F

λifi, max
i∈I

λi < δ, and
∑

i∈F\I
λi < δ.
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Let t ∈ K and let J be the union of less than, or equal to, p consecutive
members of Sβ . It follows that

∣∣ ∑

i∈J∩F

λifi(t)
∣∣ ≤

∥∥ ∑

i∈J∩F

λifi

∥∥

≤ pC max
i∈F

λi < pCδ < ε.

Thus, u is a β1-average, (β, p, ε)-large, and so N1 is β1-nice, as claimed.
We shall now construct, by transfinite induction on 1 ≤ τ < ω1, families

{Nτ}1≤τ<ω1 ⊂ [N0] and {βτ}1≤τ<ω1 ⊂ [1, α) with the following properties:
(1) Nτ2 \Nτ1 is finite, for all 1 ≤ τ1 < τ2 < ω1.
(2) Nτ is βτ -nice, for all 1 ≤ τ < ω1.
(3) βτ1 < βτ2 , for all 1 ≤ τ1 < τ2 < ω1.

Of course, (3) is absurd since α < ω1. Hence, our assumption that N0 con-
tained no infinite subset which is α-nice, was false. The proof of the theorem
will be completed, once we give the construction of the above described fam-
ilies, satisfying conditions (1)-(3). N1 and β1 have been already constructed.
Suppose that 1 < τ0 < ω1 and that {Nτ}1≤τ<τ0 ⊂ [N0], {βτ}1≤τ<τ0 ⊂ [1, α)
have been constructed fulfilling properties (1)-(3), above, with ω1 being re-
placed by τ0.

Assume first that τ0 is a successor ordinal, say τ0 = τ1 + 1. We know by
the inductive construction, that Nτ1 is βτ1 -nice. By assumption, N is α-large.
Since βτ1 < α, there exists Γ ∈ [Nτ1 ] such that no block basis of βτ1 -averages
supported by Γ is a c

ητ1
0 -spreading model, where βτ1 + ητ1 = α. Lemma 6.14

now implies the existence of Nτ0 ∈ [Nτ1 ] and 1 ≤ ζτ1 ≤ ητ1 such that Nτ0 is
(βτ1 + ζτ1)-nice. Set βτ0 = βτ1 + ζτ1 . Necessarily, βτ0 < α, by the choice of
N0. It is easy to see that the families {Nτ}1≤τ<τ0+1 and {βτ}1≤τ<τ0+1 satisfy
conditions (1)-(3), above, with ω1 being replaced by τ0 + 1.

Next assume that τ0 is a limit ordinal and choose a strictly increasing
sequence of ordinals τ1 < τ2 < . . . such that τ0 = limn τn. By the inductive
construction we have that βτ1 < βτ2 < . . . and thus we may define the limit
ordinal βτ0 = limn βτn . In addition to this, Nτn \Nτm is finite for all integers
m < n. We deduce from the above, that ∩k

i=1Nτi is βτk
-nice, for all k ∈ N.

Finally, choose Nτ0 ∈ [N0] such that Nτ0 \ ∩k
i=1Nτi is finite, for all k ∈ N.

We infer from Lemma 6.12, that Nτ0 is βτ0 -nice. It is easily verified now,
that the families {Nτ}1≤τ<τ0+1 and {βτ}1≤τ<τ0+1 satisfy conditions (1)-(3),
above, with ω1 being replaced by τ0 + 1. This completes the inductive step
and the proof of the theorem. ¤

Proof of Corollary 6.3. Assume without loss of generality, that (fn) has no
subsequence equivalent to the unit vector basis of c0. By the Kunen-Martin
boundedness principle (see [19], [28]), we may choose an ordinal 1 ≤ γ < ω1

such that no subsequence of (fn) is a cγ
0 -spreading model. Set Km = {t ∈

K :
∑

n |fn(t)| ≤ m}, for all m ∈ N. Clearly, (Km) is an increasing sequence
of closed subsets of K and K = ∪mKm. We claim that for every m ∈ N,
every N ∈ [N], and all ε > 0, there exists a γ-average u of (fn) supported
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by N and such that |u|(t) < ε, for all t ∈ Km (if u =
∑

i aifi, we define
|u|(x) =

∑
i |ai||fi(x)|, for all x ∈ K).

To see this, let 0 < δ < ε/m. Since no subsequence of (fn) is a cγ
0 -spreading

model, Theorem 5.1 allows us choose a γ-average u of (fn), supported by N
and such that there exist non-negative scalars (λi)

p
i=1 and I ⊂ {1, . . . , p}

satisfying the following: (1) u =
∑p

i=1 λifi and maxi∈I λi < δ. (2) (fi)i∈I is
Sγ-admissible (i.e. I ∈ Sγ) and

∑
i∈{1,...,p}\I λi < δ. It is easy to check now

that for every t ∈ Km we have |u|(t) < ε and thus our claim holds.
Now let (εn) be a summable sequence of positive scalars and N ∈ [N].

Successive applications of the previous claim yield a block basis v1 < v2 < . . .
of γ-averages of (fn), supported by N and satisfying |vn|(t) < εn for every
t ∈ Kn and all n ∈ N. It follows that for all t ∈ K the set {n ∈ N : |vn(t)| ≥
εn} is a subset of {1, . . . , qt}, where qt is the least m ∈ N such that t ∈ Km.
We deduce from Theorem 6.1, that there exist β < ω1 and a block basis of
β-averages of (vn), equivalent to the unit vector basis of c0.

In order to get a block basis of averages of (fi) equivalent to the unit vector
basis of c0, one needs a somewhat more demanding argument which goes as
follows. Choose a countable limit ordinal α with γ < α and let (αj + 1)∞j=1

be the sequence of ordinals associated to α. Let N ∈ [N] and choose n ∈ N
with n ≥ 2, such that γ < αn. Let m ∈ N. Since no subsequence of (fi) is a
cαn
0 -spreading model, our preceding argument allows us choose an αn-average

v of (fi), supported by {i ∈ N : n < i}, and such that |v|(t) < 1/(2n), for all
t ∈ Km. Set u =

(
(1/n)fn + v

)
/‖(1/n)fn + v‖. Clearly, u is an α-average of

(fi) supported by N and satisfying |u|(t) < 3/n, for all t ∈ Km. Note that
n = min supp u.

Summarizing, given N ∈ [N] we can select a block basis u1 < u2 < . . .
of α-averages of (fi) supported by N and satisfying |un|(t) < 3/mn, for all
t ∈ Kn and n ∈ N. In the above, we have let mn = min supp un, for all n ∈ N.
It follows that for all n ∈ N, if t ∈ Kn and |ui|(t) ≥ 3/mi, then i < n. Given
L ∈ [N], set ln = min supp αL

n , for all n ∈ N. We now define

D = {L ∈ [N] : ∀n ∈ N, ∀ t ∈ Kn, if |αL
i |(t) ≥ 3/li, then i < n}.

D is closed in the topology of pointwise convergence, thanks to Lemma 4.3.
Our preceding discussion and Lemma 4.3, show that every N ∈ [N] contains
some L ∈ D as a subset. We infer from Theorem 4.5, that [N ] ⊂ D for some
N ∈ [N].

Next, let T0 be the collection of those finite subsets E of N that can be
written in the form E = ∪m

i=1supp αL
i , for some L ∈ [N ] (depending on

E) for which there exists some t ∈ K (depending on E and L) such that
|αL

i |(t) ≥ 3/li, for all i ≤ m.
Let T be the collection of all initial segments of elements of T0. We claim

that T is compact in the topology of pointwise convergence. Indeed, were this
false, there would exist M ∈ [N ], M = (mi), such that {m1, . . . , mn} ∈ T , for
all n ∈ N. Let n ∈ N. It follows that ∪n

i=1supp αM
i ∈ T . Hence, there exist

Ln ∈ [N ], kn ∈ N and tn ∈ K such that ∪n
i=1supp αM

i is an initial segment of
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∪kn
i=1supp αLn

i and |αLn
i |(tn) ≥ 3/di, for all i ≤ kn, where di = min supp αLn

i ,
for all i ∈ N. We now deduce from Lemma 4.3, that n ≤ kn and that
αM

i = αLn
i , for all i ≤ n. Therefore, |αM

i |(tn) ≥ 3/mi, for all i ≤ n, where
mi = min supp αM

i , for all i ∈ N. The compactness of K now implies that
there is some t ∈ K satisfying |αM

i |(t) ≥ 3/mi, for all i ∈ N. This is a
contradiction, as M ∈ D. Thus, our claim holds and so T is indeed compact.

We next apply Theorem 4.2 of [34] to obtain P ∈ [N ] such that T [P ]
is a hereditary and compact family. The result in [24] now yields Q ∈ [P ]
and a countable ordinal η > α, such that T [Q] ⊂ Sη. It follows that for
every L ∈ [Q] and all n ∈ N such that there exists some t ∈ K satisfying
|αL

i |(t) ≥ 3/li, for all i ≤ n, we have ∪n
i=1supp αL

i ∈ Sη.
We now claim that ξQ ≤ η (see Definition 6.4). If this is not the case, we

may choose R ∈ [Q], R = (ri), which is ζ-large, for some countable ordinal ζ
with η < ζ. Let ε > 0. We shall assume, as we clearly may, that

∑
i(1/ri) < ε.

Since α < η, we may choose an ordinal β with α + β = ζ. By passing to an
infinite subset of R, if necessary, we may assume without loss of generality,
thanks to Proposition 5.9, that every ζ-average of (fi) supported by R admits
an (ε, α, β)-decomposition.

Because R is ζ-large, it is also ζ-nice, by Theorem 6.7. We may thus select
a ζ-average u of (fi), supported by R, which is (η, 1, ε)-large. We infer from
Proposition 5.9 that there exist normalized blocks u1 < · · · < un, positive
scalars (λi)n

i=1 and I ⊂ {1, . . . , n} such that u =
∑n

i=1 λiui and ui is an
α-average for all i ∈ I, while ‖∑

i/∈I λiui‖`1 < ε.
Now let t ∈ K and define H = {i ∈ I : |ui|(t) ≥ 3/qi}, where qi =

min supp ui, for all i ∈ I. Let {i1 < . . . , < ik} be an enumeration of H.
Lemma 4.3 yields some L ∈ [R] such that uij = αL

j , for all j ≤ k. Set J =
∪i∈Hsupp ui. Since L ∈ [Q], it follows that J ∈ Sη. Writing ui =

∑
s ai

sfs,
for all i ≤ n, we conclude, as u is (η, 1, ε)-large, that

∣∣∑

i∈H

λi

∑
s

ai
sfs(t)

∣∣ ≤ ε +
∑

i/∈H

λi

∑
s

ai
s|fs(t)|.

We now have the estimates

|u(t)| =
∣∣∑

i∈H

λi

∑
s

ai
sfs(t) +

∑

i/∈H

λi

∑
s

ai
sfs(t)

∣∣

≤
∣∣∑

i∈H

λi

∑
s

ai
sfs(t)

∣∣ +
∣∣∑

i/∈H

λi

∑
s

ai
sfs(t)

∣∣

≤ ε + 2
∑

i/∈H

λi

∑
s

ai
s|fs(t)|

≤ ε + 2
∑

i∈I\H
λi

∑
s

ai
s|fs(t)|+ 2

∑

i/∈I

λi

∑
s

ai
s|fs(t)|

≤ ε + 6
∑

i∈I\H
|ui|(t) + 2

∥∥∑

i/∈I

λiui

∥∥
`1
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< ε + 18
∑

i∈I\H
(1/qi) + 2ε

< 21ε.

Since ‖u‖ = 1, we reach a contradiction for ε small enough. Therefore,
ξQ ≤ η. Proposition 6.5 now yields a block basis of ξ-averages of (fi), for
some ξ ≤ η, equivalent to the unit vector basis of c0. ¤
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Vyp 2 (1966), 150–156.

[34] E. Odell, Applications of Ramsey theorems to Banach space theory, Notes in Banach
spaces, (H.E. Lacey, ed.), Univ. Texas Press (1980), 379–404.

[35] E. Odell, On Schreier unconditional sequences, Contemp. Math. 144 (1993), 197–201.
[36] E. Odell, N. Tomczak-Jaegermann and R. Wagner, Proximity to `1 and distortion in

asymptotic `1 spaces, J. Funct. Anal. 150 (1997), 101–145.
[37] A. Pelczynski, Linear extensions, linear averagings, and their applications to lin-

ear topological classification of spaces of continuuous functions, Dissertationes Math.
Rozpraway Mat. 58 (1968).

[38] A. Pelczynski and Z. Semadeni, Spaces of continuous functions III. Spaces C(Ω) for
Ω without perfect subsets, Studia Math. 18 (1959), 211–222.

[39] J. Rainwater, Weak convergence of bounded sequences, Proc. Amer. Math. Soc. 14
(1963), 999.

[40] J. Schreier, Ein Gegenbeispiel zur theorie der schwachen konvergenz, Studia Math.
2, (1930), 58–62.

[41] B. Wahl, Thesis, The University of Texas (1993).

Department of Mathematics, Aristotle University of Thessaloniki, Thessa-
loniki 54124, Greece.

E-mail address: ioagaspa@auth.gr

Department of Mathematics, The University of Texas at Austin, Austin, Texas
78712, U.S.A.

E-mail address: odell@math.utexas.edu

Department of Mathematics, Hanover College, P.O. Box 890, Hanover, Indiana
47243, U.S.A.

E-mail address: wahl@hanover.edu



P1: RNK/GQE P2: RNK/GQE QC: RNK/GQE T1: RNK

CUUK690-Castillo & Johnson September 15, 2006 14:49

xii



YET ANOTHER PROOF OF SOBCZYK’S THEOREM

FÉLIX CABELLO SÁNCHEZ

As everybody knows Sobczyk theorem states that c0, the space of null se-
quences with the maximum norm, is 2-complemented in any separable Banach
space containing it. Equivalently, if Y is a subspace of a separable Banach
space X, then every operator T : Y → c0 has an extension T̃ : X → c0 with
‖T̃‖ ≤ 2‖T‖.

Since the publication of [14] many proofs of Sobczyk theorem appeared.
The survey [4] contains every proof whose authors (or some of them) knew
when the paper was completed.

After that at least three papers extending Sobczyk theorem to the vector
valued setting appeared, namely [12, 10, 5]. In my opinion, Rosenthal’s proof
is very close in spirit to the original arguments of Sobczyk (see [4, 2.7]). The
proof given by Johnson and Oikhberg reminds me of the proof of Werner
[4, 2.9]. The proof by Castillo and Moreno has something to do with the
argument in [4, 2.10].

Before going further, let us say, following Rosenthal, that E has the sepa-
rable extension property (SEP) if every operator T : Y → E from a subspace
of a separable Banach space X can be extended to an operator T̃ : X → E.
If this can be achieved with ‖T̃‖ ≤ λ‖T‖ we say that E has the λ-SEP. It
is a deep result of Zippin [15, 16] that c0 is the only separable space with
the SEP, but there are nonseparable spaces with the SEP: the most obvious
ones are injective spaces such as `∞. It follows from results by Aronszajn and
Panitchpakdi [1] that C(K) has the 1-SEP if and only if K is an F -space,
that is, a compact space where disjoint cozero sets are completely separated
(see also [8, 11, 13]). Thus, for instance, `∞/c0 = C(βN\N) has the 1-SEP.
The ‘isomorphic part’ also follows from recent work by Castillo, Moreno and
Suárez [6]: the quotient of a space with the SEP by a subspace with the SEP
has the SEP. Finally, extensions of two spaces with the SEP have the SEP
(see [3]). This includes the Johnson-Lindenstrauss space JL∞ or the space
contructed by Benyamini in [2].

Each of the papers [12, 10, 5] just mentioned contains a proof of the fact
that if (En) is a sequence of Banach spaces having the λ-SEP then c0(En) has
the Λ-SEP, where Λ = Λ(λ) (but to be true, each paper considers a different
property equivalent to the SEP and proves much more than this).

In this short note I present a new proof of this result based on a kind of
open mapping theorem for the strong operator topology. Some preparation

Supported in part by DGICYT project MTM2004—02635.
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is necesary, however, to uncover the core of the argument. First of all, note
that it suffices to prove the corresponding result when all the En are the same
space, say E. For if En has the λ-SEP for all n, then E = `∞(En) has it
and if c0(E) has the Λ-SEP then so do all its 1-complemented subspaces, in
particular c0(En). Thus our result is as follows:

Theorem 1. It E has the SEP then so does c0(E).

Proof

Notice we have not quantified the SEP in the statement. This is unneces-
sary because of the following typical result —which answers a question curi-
ously posed in [12]. The proof is due to J.M.F. Castillo.

Proposition 1. If E has the SEP then it has the λ-SEP for some λ.

Proof. A set of real numbers is bounded if it contains bounded sequences
only, hence it suffices to prove that if Xn is a sequence of separable Banach
spaces with subspaces Yn and Tn : Yn → E are operators with ‖Tn‖ ≤ 1,
then there are extensions T̃n : Xn → E such that ‖T̃n‖ ≤ λ, for some finite λ.
Fortunately direct sums do exist in the category of Banach spaces: consider
the sum operator T : `1(Yn) → E given by T ((yn)) =

∑
n Tnyn and extend it

to `1(Xn). ¤

We pass to the proof of Theorem 1. Let us begin with the observation that
an operator T : Y → c0(E) is given by a sequence Tn : Y → E such that
Tn(y) → 0 for all y ∈ Y . This just means that the sequence (Tn) converges
to zero in the strong operator topology we briefly describe. Let A and B be
Banach spaces and L(A,B) the corresponding space of operators. The closed
ball of radius r in that space will be denoted L(A,B)r. The strong operator
topology (SOT) in L(A, B) is the smallest linear topology for which the sets

U = {T ∈ L(A,B) : ‖Tx‖ ≤ 1} (x ∈ A)

are neighborhoods of the origin. The SOT is never metrizable (unless A is
finite dimensional: in this case the SOT agrees with the usual norm topology).
However, it is metrizable on bounded sets provided A is separable. Indeed, if
(xn) is bounded and spans a dense subspace of A, then the norm

T 7−→
∞∑

n=1

‖Txn‖
2n

induces the (relative) SOT on bounded sets of L(A,B). It is clear that a
sequence Tn : A → B is convergent to zero in the SOT if and only if Tnx → 0
for all x ∈ A (this already implies that (Tn) is uniformly bounded, by the
uniform boundedness principle). Hence we can restate Theorem 1 as follows:
if E has the SEP and Y is a subspace of a separable space X, then every
SOT-null sequence Tn : Y → E extends to a SOT-null sequence T̃n : X → E.
Note that c0(E) has the λ-SEP iff and only if this can be done with ‖T̃n‖ ≤ λ
provided ‖Tn‖ ≤ 1.
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The following simple lemma gives a simple criterion for the existence of
such extensions.

Lemma 1. Let R : S → T be a continuous mapping between topological spaces
such that R(s) = t. Let S′ (resp. T ′) be a metrizable subset of S (resp. T )
containing s (resp. t). The following are equivalent:

(a) Every sequence (tn) converging to t in T ′ is the image under R or
some sequence (sn) converging to s in S′.

(b) R is relatively open at s: if U is a neighborhood of s in S, then
R(U ∩ S′) contains a neighborhood of t in T ′.

(c) R admits a section (relatively) continuous at t: there is a mapping
% : T ′ → S′ continuous at t and such that %(t) = s and R ◦ % = 1T ′ .

Proof. Let us see that (a) implies (b). If (b) fails there is a neighborhood U
of s relative to S′ such that t is not interior to R(U) ∩ T ′. Hence there is
a sequence tn → t with tn outside R(U) ∩ T ′ for all n. It is clear that (tn)
cannot be the image of any sequence converging to s in S′.

Now we prove that (b) implies (c). This part of the proof borrows from [7,
Proof of Lemma 2.2]. Let (Un) be a decreasing base for the topology of S′ at
s, with U1 = S′. Since R is continuous at s (b) implies that Vn = R(Un)∩T ′ is
also a decreasing base of neighborhoods of t in T ′. For each n, let %n : Vn → Un

any map such that R ◦ %n = 1Vn , with %n(t) = s. Now, for y 6= t in T ′, put
n(y) = max{n : y ∈ Vn}. Finally, define % : T ′ → S′ taking

%(y) = %n(y)(y)

(and %(t) = s). It is clear that R ◦ % = 1T ′ and also that % is continuous at t.
That (c) implies (a) is obvious: if tn → t in T ′, then sn = %(tn) is a

sequence converging to s whose image under R is the starting sequence. ¤

Of course this applies to restriction operators (they are always SOT-
continuous):

Lemma 2. Let Y be a subspace of a separable Banach space X and let E
be another Banach space. If R : L(X,E) → L(Y,E) denotes the restriction
map, then the following are equivalent:

(d) Every sequence of operators Tn : Y → E converging to zero in the
SOT with ‖Tn‖ ≤ 1 for all n is the restriction of some SOT null
sequence T̃n : X → E with ‖T̃n‖ ≤ κ.

(e) Every operator T : Y → c0(E) has an extension T̃ : X → c0(E) with
‖T̃‖ ≤ κ‖T‖.

(f) If U is a neighborhood of the origin in the SOT of L(X, E), then
R(U ∩L(X, E)κ) contains a neighborhood of the origin in the relative
SOT of L(Y, E)1. ¤

We are now ready to prove Theorem 1. We shall show that if E has the
λ-SEP, then c0(E) has the (3λ2 + ε)-SEP for all ε > 0. It suffices to verify
that (f) holds true for κ = 3λ2 + ε. The proof is accomplished in two steps.
Once U has been fixed we choose an intermediate X̃ (depending on U) such
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that Y ⊂ X̃ ⊂ X with X̃/Y finite dimensional. This induces a decomposition
of R as the composition

L(X,E) R1−−−−→ L(X̃, E) R2−−−−→ L(Y, E),

where Ri are the corresponding restriction operators. That R1(U) is large
enough will follow from the choice of X̃. That R2(R1(U)) is large enough
will follow from very easy finite dimensional considerations, thanks to the
implication (e) ⇒ (f) in Lemma 2.

First step. Let U be a neighborhood of the origin in the SOT of L(X, E).
Without loss of generality we may assume that, for some x1, . . ., xk ∈ X, one
has

U = {T ∈ L(X, E) : ‖Txi‖ ≤ 1 for 1 ≤ i ≤ k}
Let X̃ denote the least subspace of X containing x1, . . ., xk and Y . By the
very definition of λ-SEP we see that for each r > 0 the set R1(U ∩L(X, E)λr)
contains Ũ ∩ L(X̃, E)r, where

Ũ = {T ∈ L(X̃, E) : ‖Txi‖ ≤ 1 for 1 ≤ i ≤ k}.
This was the first step. I emphasize that we have not proved that operators
X̃ → c0(E) extend to X since X̃ depends on U . ¤

Second step. Finally, we prove that every operator T : Y → c0(E) extends to
an operator T̃ : X̃ → c0(E) with ‖T̃‖ ≤ (3 + ε)λ‖T‖. Let Z denote X̃/Y

and π : X̃ → Z the natural quotient map. Since Z is finite dimensional there
is a finite dimensional F ⊂ X̃ such that for every z ∈ Z there is f ∈ F ,
with ‖f‖ ≤ (1 + ε)‖z‖ such that π(f) = z. Writing G = Y ∩ F , we have a
commutative diagram

0 −−−−→ G −−−−→ F
π−−−−→ Z −−−−→ 0

ıG

y ıF

y
∥∥∥

0 −−−−→ Y −−−−→ X̃
π−−−−→ Z −−−−→ 0

with exact rows. Notice that (the restriction) T ◦ ıG can be easily extended
to an operator T̃ : F → c0(E) with ‖T̃‖ ≤ λ‖T‖: indeed, as G is finite
dimensional, the corresponding sequence Tn ◦ ıG : G → E converges to zero
in norm! So, just extend in each coordinate, with ‖T̃n‖ ≤ λ‖Tn ◦ ıG‖. The
rest is straightforward once one realizes that we have a push-out diagram
(we refer the reader to [9] or [3] for explanations). Whatever this means the
relevant information is that, due to the ‘form’ of the above diagram, X̃ is well
isomorphic to a certain quotient of Y ⊕ F from where T extends easily. In
any case some control of the constants is needed and so we verify these facts
by hand.

So consider the direct sum space Y ⊕F (with the sum norm) and the map
S : Y ⊕ F → X̃ sending (y, f) into y + f . Clearly ‖S‖ ≤ 1. On the other
hand, given x ∈ X̃ we can write x = (x − f) + f , where f is any element
of F such that π(f) = π(x), with ‖f‖ ≤ (1 + ε)‖x‖. It follows that x − f
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belongs to Y and S(x − f, f) = x, in particular S is onto, and we see that
‖(x− f, f)‖ ≤ (3 + ε)‖x‖. Let ∆ = kerS, that is:

∆ = {(y, f) ∈ Y × F : y + f = 0} = {(g,−g) : g ∈ G}.
The push-out space associated to the pair of operators (actually inclusions)
G → Y and G → F is just PO = (Y ⊕F )/∆. We have seen that it is (3 + ε)-
isomorphic to X̃ via the sum map. Consider the map L : Y ⊕ F → c0(E)
given by L(y, f) = T (y) + T̃ (f). It is clear that ‖L‖ ≤ ‖T̃‖ ≤ λ‖T‖ and
also that L vanishes on ∆. Hence it defines a operator L̃ : PO → c0(E) and
composition with S−1 : X̃ → PO gives an extension of T to X̃ of norm at
most (3 + ε)λ‖T‖. ¤

Concluding remarks

Theorem 1 suggests some questions.
• Must D ⊗ε E have the SEP if both D and E have it? By Theorem 1

this is so when D = c0 since c0⊗ε E = c0(E), but I do not know even
if `∞ ⊗ε `∞ has the SEP!

• Let Y be a subspace of a separable space X such that every operator
Y → E extends to X. Does every operator Y → c0(E) extend to X?
By the main result in [5] the answer is ‘yes’ if X/Y has the BAP.

• Let Y be a subspace of a separable space X such that every operator
Y → Ei extends to X (i = 1, 2). Does every operator Y → E1 ⊗ε E2

extend to X?
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THE CATEGORY OF EXACT SEQUENCES
OF BANACH SPACES

JESÚS M. F. CASTILLO AND YOLANDA MORENO

To Atenea.

Consider nature’s magnificent foresight
spreading seeds of madness everywhere.

If mortals would refrain from no matter which contact
with wisdom, even the old age would not exist.

Life is not different from a dreaming game
whose greatest gifts come to us through craziness.

Consider nature’s magnificent foresight
in making the heart be always right.

The purpose of this paper is to lay the foundations for the construction
of the category of exact sequences of Banach spaces; the construction for
quasi-Banach spaces is analogous and thus we omit it. The construction of
a category associated to a theory, in addition to its intrinsic value, provides
the right context to study, among others, isomorphic and universal objects. In
our particular case, let us describe a couple of phenomena often encountered
when working with exact sequences of Banach spaces for which the categorical
approach provides rigorous explanations.

If one “multiplies” an exact sequence 0 → Y → X → Z → 0 by the left
(resp. right) by a given space E, the resulting exact sequence 0 → E ⊕ Y →
E ⊕X → Z → 0 (resp. 0 → Y → X ⊕ E → Z ⊕ E → 0) is “the same”. And
this holds despite the fact that the original and the “multiplied” sequences are
not equivalent under any known definition. The categorical approach provides
the simplest explanation: the two sequences are isomorphic objects in the
category. Another aspect we will consider is the following: given a family of
exact sequences 0 → Yn → Xn → Zn → 0 it is rather standard to use their l∞-
amalgam: 0 → l∞(Yn) → l∞(Xn) → l∞(Zn) → 0; but also their c0- or even
lp-amalgam. For instance, the c0-amalgam is used in [12] to obtain a separably
injective space not isomorphic to a complemented subspace of any C(K)-
space; while the l2-amalgam is at the basis of the Enflo-Lindenstrauss-Pisier
solution to the 3-space problem for Hilbert spaces [14]. One could expect, as
we will show it occurs, that amalgams correspond to products in the category.

1991 Mathematics Subject Classification. Primary: 46M15,46M18,46B07,46B20.
Supported in part by DGICYT project MTM2004-02635.
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The organization of this paper is as follows: Section 2 contains the construc-
tion of the category Z; Section 3 describes the isomorphisms of the category;
Sections 4 and 5 describe the universal constructions and their associated di-
agrams. The last two sections contain applications of these tools to classical
Banach space theory: in section 6 there is a review of PeÃlczyński c-amalgam
[24] and Stegall’s application to obtain a counterexample about the Dunford-
Pettis property [26]; while in Section 7 (Theorem 7.1) we give a method to
embedd every separable Banach space E into a separable L∞-space L∞(E)
in such a way that every operator from E into an isometric L1-predual can
be extended to L∞(E) and, moreover, the quotient L∞(E)/E has the BAP.
This example combines the Bourgain-Pisier construction [3] with Zippin’s
construction [29].

1. Background

We assume from the reader some acquaintance with categories, pull-back
and push-out constructions [16, 22], exact sequences of Banach and quasi-
Banach spaces [7] and their representations by means of quasi-linear and z-
linear maps [17, 18, 7, 4, 6, 11].

From now on Ban denotes the category of Banach spaces and linear contin-
uous operators. An exact sequence 0 → Y → X → Z → 0 in Ban is a diagram
in which the kernel of each arrow coincides with the image of the preceding.
Two exact sequences 0 → Y → X → Z → 0 and 0 → Y → X1 → Z → 0
are said to be equivalent if there exists an operator T : X → X1 making
commutative the diagram

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0

‖
yT ‖

0 −−−−→ Y −−−−→ X1 −−−−→ Z −−−−→ 0.

An exact sequence is said to split if it is equivalent to the trivial sequence
0 → Y → Y ⊕ Z → Z → 0. There is a correspondence (see [17, 18, 7])
between exact sequences 0 → Y → X → Z → 0 of Banach spaces and the
so-called z-linear maps, which are homogeneous maps F : Z y Y (we use this
notation to stress the fact that these are not linear maps) with the property
that there exists some constant C > 0 such that for all finite sets x1, . . . , xn ∈
Z one has ‖F (

∑N
n=1 xn) − ∑N

n=1 F (xn)‖ ≤ C
∑N

n=1 ‖xn‖. The infimum of
those constants C is called the z-linearity constant of F and denoted Z(F ).
Precisely, given F : Z y Y one can construct the quasi-Banach space Y ⊕F

Z = (Y × Z, ‖ · ‖F ) where ‖(y, z)‖F = ‖y − Fz‖+ ‖z‖; then form its Banach
envelope co(Y ⊕F Z), to finally obtain an exact sequence 0 → Y → co(Y ⊕F

Z) → Z → 0. Conversely, given an exact sequence 0 → Y → X → Z → 0 ,
if b denotes a homogeneous bounded selection for the quotient map and ` a
linear selection then F = b − ` is a z-linear map whose associated sequence
0 → Y → co(Y ⊕b−` Z) → Z → 0 is equivalent to the starting one.

Two z-linear maps F,G : Z y Y are said to be equivalent, and we write
F ≡ G, if the induced exact sequences are equivalent; which happens if and
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only if the difference F − G can be written as B + L, where B : Z → Y is
a homogeneous bounded map and L : Z → Y a linear map. A z-linear map
F : Z y Y is said to be trivial if F ≡ 0. We will use the notation

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0 ≡ F

to mean that the exact sequence and the z-linear map correspond one to the
other.

1.1. Pull-back and push-out. In a category C, the push-out of two arrows
S : Y → M and j : Y → X is an object PO and two arrows uS : X → PO
and uj : M → PO such that uSj = ujS, and with the universal property
that given two operators α : M → E and β : X → E such that αS = βT
there exists a unique arrow γ : PO → E such that γuj = α and γuS = β.
In Ban, their push-out is the quotient space PO = (M ⊕1 X)/∆ where
∆ = {(Sy,−jy) ∈ M ⊕1 X}. The operators: uS : X → PO and uj : M → PO
are the restrictions to M and X of the quotient map M⊕1X → PO. It has the
universal property that given two operators α : M → E and β : X → E such
that αS = βj there exists a unique operator γ : PO → E such that γuj = α,
γuS = β, and ‖γ‖ ≤ max{‖α‖, ‖β‖}. If, moreover, j is an embedding, there
exists a commutative diagram

0 −−−−→ Y
j−−−−→ X

q−−−−→ Z −−−−→ 0 ≡ F
yS

yuS ‖
0 −−−−→ M −−−−→

uj

PO −−−−→ Z −−−−→ 0 ≡ SF.

Observe that the z-linear map associated with the lower push-out sequence is
SF . It is a standard result in algebra [16, 22] that the lower push-out sequence
splits if and only if the operator S can be extended to an operator X → M .
Thus, given another operator S′ : Y → M one has that SF ≡ S′F if and only
if S − S′ can be extended to X.

The dual notion is that of pull-back. In Ban, given operators q : X → Z
and T : W → Z the pull-back space of {q, T} is PB = {(x,w) : qx = Tw} ⊂
X ⊕∞ W endowed with the relative product topology. If, moreover, q is a
quotient, then there exists a commutative diagram

0 −−−−→ Y
j−−−−→ X

q−−−−→ Z −−−−→ 0 ≡ F

‖
x

xT

0 −−−−→ Y −−−−→
i

PB −−−−→ W −−−−→ 0 ≡ FT

in which the operators PB → X and PB → W are the restrictions of the
canonical projections of X ⊕∞ W into, respectively, X and W , and i(y) =
(jy, 0). Observe that the z-linear map associated with the lower pull-back
sequence is FT . Since, again by folklore result in algebra [16, 22], the lower
pull-back sequence splits if and only if the operator T can be lifted to an
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operator W → X, it turns out that if T ′ : W → Z is another operator, one
has that FT ≡ FT ′ if and only if T − T ′ can be lifted to X.

2. The category Z of z-linear maps

Let ≡ denote the classical equivalence relation for either exact sequences
or z-linear maps.
Definition. The category Z of z-linear maps between Banach spaces has as
objects ≡-equivalence classes of z-linear maps. Given a pair of objects F , G,
the set of morphisms HomZ(F, G) is formed by equivalence classes of couples of
operators (α, γ) such that αF ≡ Gγ, with respect to the equivalence relation

(α′, γ′) ³ (α, γ) ⇐⇒ (α− α′)F ≡ 0 ⇐⇒ G(γ − γ′) ≡ 0.

The composition is defined as (α, γ)(α′, γ′) = (αα′, γγ′), and the identity
morphism is therefore (id, id).

2.1. Equivalence of categories. The category Z and its counterpart, the
category of exact sequences of Banach spaces S (see the appendix), are, as
one might expect, equivalent in any reasonable sense, and thus we shall iden-
tify them. “Equivalent categories”, following [22], means that there exist two
covariant functors S : Z → S and F : S → Z such that for each pair of
objects ♥ of S and ♠ of Z there is a bijection

HomS(♥,S(♠)) ←→ HomQ(F(♥),♠);

(namely, these are adjoint functors, see [16]). In our case, F and S establish
the biunivoque correspondence between classes of extensions and classes of z-
linear maps: F assigns to the ≡-class of 0 → Y → X

q→ Z → 0 the ≡-class of
the z-linear map b−l, where b and l are, respectively, a bounded homogeneous
and a linear selection for q. Reciprocally, S assigns to the ≡-class of a z-linear
map F the class of the extension 0 → Y → Y ⊕F Z → Z → 0.

2.2. The categories ZZ and ZY associated to Z. The basic homological
tools can be naturally interpreted inside Z. In particular, a push-out diagram

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0 ≡ F

α

y
y ‖

0 −−−−→ Y ′ −−−−→ X ′ −−−−→ Z −−−−→ 0 ≡ G,

corresponds to a morphism (α, id), which we shall denote F
α−→ G; and a

pull-back diagram
0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0 ≡ F

‖
x

xγ

0 −−−−→ Y −−−−→ X ′ −−−−→ Z ′ −−−−→ 0 ≡ G,

corresponds to a morphism (id, γ) which we shall denote F
γ←− G. Since

those are specially interesting morphisms it shall be helpful to consider the
associated categories ZZ and ZY in which those are the only morphisms: Let
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Z be a Banach space; the category ZZ shall have as objects ≡-classes of z-
linear maps F : Z y ♥; and given a pair of objects F y G, a morphism
F −→ G shall be the ³-class formed by all operators α such that αF ≡ G.
Analogously, given a Banach space Y , the category ZY shall have as objects
≡-classes of z-linear maps with range in Y ; while given a pair of objects F ,
G, a morphism G ←− F from F to G is the ³-class of all operators γ such
that Gγ ≡ F . It is easy to check that the category Z is additive, while ZZ and
ZY are not.

3. Isomorphisms of Z

Exact sequences of Banach spaces is one of those mathematical objects
for which the notion of equality is not well defined. Some attempts have been
made in the literature to determine when two exact sequences are ”equal”. On
one hand there stands the classical notion of equivalent sequences; moreover
Kalton and Peck [18] also consider the notion of ”projectively equivalent”
sequences. On the other hand, metric considerations suggest to the authors of
[8] to work with ”isometricaly equivalent” sequences. The papers [9] introduces
and studies the notion of ”isomorphically equivalent” sequences, which turns
out to be quite useful (see [4, 10]), as follows: Two exact sequences 0 → Y →
X → Z → 0 and 0 → Y1 → X1 → Z1 → 0 of Banach spaces are said to be
isomorphically equivalent if there exist isomorphisms α : Y → Y1, β : X → X1

and γ : Z → Z1 making commutative the diagram

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0

α

y
yβ

yγ

0 −−−−→ Y1 −−−−→ X1 −−−−→ Z1 −−−−→ 0.

Moreover, it is clear that this notion contains all the previous ones as partic-
ular cases. In terms of z-linear maps, F and G are isomorphically equivalent
if and only if there exist isomorphisms (in Ban) α and γ such that αF ≡ Gγ.
So, we see that isomorphically equivalent z-linear maps are a particular case
of isomorphic objects in Z. Further examples of isomorphic objects can be
obtained as follows: Given an exact sequence 0 → Y

j→ X
q→ Z → 0 ≡ F and

a space E we shall write 0 → E⊕Y → E⊕X → Z → 0 ≡ E⊕F to denote the
obvious ”multiplied” sequence with embedding (e, y) → (e, jy). Analogously,
we write 0 → Y → X ⊕ E → Z ⊕ E → 0 ≡ F ⊕ E to represent the sequence
with quotient map (x, e) → (qx, e). The sequences F,E ⊕ F and F ⊕ E shall
be called multiples. One has:

Proposition 3.1. Two objects in Z are isomorphic if and only if they have
isomorphically equivalent multiples.

Proof. Let F : Z y Y be a z-linear map and E a Banach space. It is obvious
that the sequences E ⊕ F and F ⊕ E are isomorphic objects (although, in
general, they are not isomorphically equivalent since, say, Z and Z ⊕E need
not be isomorphic).
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Conversely let 0 → Y → X → Z → 0 ≡ F and 0 → Y ′ → X ′ → Z ′ →
0 ≡ F ′ be isomorphic objects in Z. Let (α, γ) : F → G be an isomorphism,
which means that there is another morphism (α′, γ′) : G → F such that
(α′, γ′)(α, γ) ³ (id, id) ³ (α, γ)(α′, γ′). Thus, F ≡ α′αF . We use now the
first diagonal principle developed in [10] applied to F and αF to obtain that
PO ⊕ F and X ⊕ αF are isomorphically equivalent (here PO is of course
the middle push-out space in the sequence αF ). Therefore PO ⊕ F ⊕ X ′

and X ⊕ αF ⊕ X ′ are isomorphically equivalent. Since (α, γ) : F → F ′ is a
morphism, αF ≡ F ′γ and thus X ⊕ αF and X ⊕ F ′γ are still equivalent.
Applying the second diagonal principle [10] to F ′ and F ′γ we obtain that
F ′ ⊕ PB and F ′γ ⊕X ′ are isomorphically equivalent (here, of course, PB is
the middle space in the pull-back sequence F ′γ). Their multiples X⊕F ′⊕PB
and X ⊕ F ′γ ⊕X ′ are isomorphically equivalent as well.

Summing up, PO ⊕ F ⊕ X ′ and X ⊕ αF ⊕ X ′ ≡ X ⊕ F ′γ ⊕ X ′ are iso-
morphically equivalent; and this last object is isomorphically equivalent to
X ⊕ F ′ ⊕ PB. ¤

4. Universal constructions

In a category C, the product of objects (Ai)i is an object ΠAi plus a family
of morphisms πj : ΠAi → Aj such that for each object B they induce a
bijection HomC(B,

∏
Ai) −→

∏
i HomC(B, Ai) in the form T → (πi◦T )i. The

coproduct is the (categorically) dual notion: an object
⊕

Ai plus a family of
morphisms ıj : Aj →

⊕
Ai such that for each object B they induce a bijection

HomC(
⊕

Ai, B) −→ ∏
i HomC(Ai, B) in the form T → (T ıi)i.

Banach spaces obviously admit finite products; they also exist in Z since,
as one might guess, the product in Z of a finite family Fi : Zi y Yi of objects
of Z is the class generated by the z-linear map ΠFi : ΠZi y ΠYi that takes
at (zi) ∈ ΠZi the value (Fizi), together with the canonical projections. We
do not know if ZY admits finite products, or if ZZ admits finite coproducts.

Regarding infinite products, the phenomenon which happens in Banach
spaces (as well as in many other categories) is that, given an infinite family
(Ai), there exists an object P and a collection of morphisms πi : P → Ai such
that the natural induced correspondence HomC(C, P) −→ ∏

i HomC(C,Ai) is
a bijection only onto a region D(C) ⊂ ∏

i HomC(C,Ai). We shall say that
the couple (P, (πi)) is a restricted product or, more precisely, a D-product of
(Ai). The same considerations can be made about the coproduct. A type of
categories in which the notion of restricted product or coproduct is necessary
are those termed augmented categories; namely, categories in which there
exists an additional structure on the sets HomC(A, B) (we hasten to remark
that this is just a vague notion; see [23]). Banach spaces is the perfect example
for us of augmented category.

A restricted product can be as “good” as a standard product, provided one
additional condition is satisfied: that the map D(·) : C → Set assigning to
each object C the region D(C) ⊂ ∏

i HomC(C, Ai) defines a functor. In that
case, the functor D(·) is representable. Recall that a contravariant functor
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F : C −→ Set is said to be representable if there exists an object M de C
such that F and HomC( · ,M) are naturally equivalent. A covariant functor
F : C −→ Set is said to be representable if there is some object M of C such
that F and HomC(M, · ) are naturally equivalent. The object M is called in
both cases the representative of F. Since a way of thinking is to understand
that universal properties are nothing else but the affirmation that a certain
functor is representable, what we have got is that when D is a representable
functor the D-product defines a universal property, exactly as the standard
product.

The simplest example of the necessity of this approach is what happens in
the category of Banach spaces, where ”standard” products of infinite families
do not exist while it is the natural notion of l∞-amalgam which plays that
role. And the fact is that it is indeed a restricted product in the previous
sense: given a family (Ai) of Banach spaces the space l∞(Ai) is the represen-
tative, together with the canonical projections, of the contravariant functor
l∞ [L( · , Ai)] : Ban → Set that assigns to each object X of Ban the set
l∞ [L(X, Ai)] of uniformly bounded families of operators X → Ai. Less trivial
is the c0-amalgam: still a restricted product since c0(Ai) is the representative
of the functor cSOT

0 [L( · , Ai)] : Ban → Set that assigns to each object X the
set cSOT

0 [L(X,Ai)] of pointwise convergent to 0 families of operators X → Ai.
The restricted coproduct in Banach spaces is the l1-coproduct: given a family
(Ai) of Banach spaces the space l1(Ai) is the representative, together with the
canonical injections, of the covariant functor l∞ [L(Ai, ·)] : Ban → Set that
assigns to each object X of Ban the set l∞ [L(Ai, X)] of uniformly bounded
families of operators Ai → X.

4.1. What amalgams of z-linear maps conceal. The existence of re-
stricted products (resp. coproducts) in Z analogous to those of Ban does
not appear to be impossible. We start observing that S admits some con-
structions corresponding to the amalgams of Ban: given an adequate family
of sequence 0 → Yi → Xi → Zi → 0 it is customary to construct the amal-
gams 0 → lp(Yi) → lp(Xi) → lp(Zi) → 0 for 1 ≤ p ≤ +∞ and p = 0.
Are those objects the corresponding l∞, lp, c0-products/coproducts in S? Do
those objects depend, and in which sense, on the exact sequences chosen as
representatives?

Intuition suggests that given a collection 0 → Yi → Xi → Zi → 0 ≡ Fi, the
l∞-product extension should be the l∞-amalgam 0 → l∞(Yi) → l∞(Xi) →
l∞(Zi) → 0 in such a way that the l∞-product of the z-linear maps Fi would
be the z-linear map associated to that extension. An elementary observation
is that the family of extensions must satisfy some “uniformity” assumption so
that the l∞-amalgam turn out to be an exact sequence in Ban. This “unifor-
mity” information can be found in the associated family (Fi) of z-linear maps
as follows: if we form the canonical extensions

0 −−−−→ Yi −−−−→ Yi ⊕Fi Zi −−−−→ Zi −−−−→ 0 ≡ Fi,
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we find that the constant of concavity Ci for the quasi-norm ‖ · ‖Fi can be
a problem to make the amalgam l∞(Yi ⊕Fi Zi) a quasi-Banach space. Since
we have replaced the quasi-Banach twisted sums Yi ⊕Fi

Zi by their Banach
envelopes co(Yi ⊕Fi Zi) we just have to worry about the Banach-Mazur dis-
tances d(Yi⊕Fi Zi, co(Yi⊕Fi Zi)). It is not hard to calculate that that distance
is Z(Fi), so the condition to amalgamate families of z-linear maps (Fi) is that
supZ(Fi) < +∞. This suggests that to amalgamate a family of objects (Fi)
of Z requires to have a Z(·)-bounded family (Fi) of representatives.

Keeping these remarks in mind, it is easy to show that the l∞-amalgam
of the sequences (Fi) has as associated z-linear map “essentialy” the product
map

∏
Fi: fix a normalized Hamel basis (eα)α of l∞(Zi) and then construct

the linear map L∏
Fi

: l∞(Zi) →
∏

Yi that coincides with ΠiFi at the elements
of the Hamel basis. Since the family (Fi) is Z(·)-bounded it is easy to deduce
that the map G = ΠiFi − LΠiFi

is z-linear and has its range contained in
l∞(Yi). Finally, there is a commutative diagram

0 −−−−→ l∞(Yi) −−−−→ l∞(Yi ⊕Fi Zi) −−−−→ l∞(Zi) −−−−→ 0

‖ T

x ‖
0 −−−−→ l∞(Yi) −−−−→ l∞(Yi)⊕G l∞(Zi) −−−−→ l∞(Zi) −−−−→ 0,

in which T is the operator sending ((yi), (zi)) to (yi, zi)i. The same type of
construction can be made for other amalgams. The question now is:

Are amalgams of z-linear maps restricted products (coproducts) in Z ?

The question is not entirely innocent because if we accept that the product
(say) of trivial objects should be trivial, we are forced to discard the previous
constructions. The reason is that it is easy to give examples in which l∞(Fn)
is not trivial although (Fn) is a Z(·)-bounded family of trivial objects: choose
Bn : Zn → Yn bounded maps increasingly far from linear maps while Z(Bn) ≤
1 for all n ∈ N. The l∞-amalgam of (trivial) extensions l∞(Bn) is quite clearly
not trivial. This makes it impossible to continue with the idea of making
products of z-linear maps in terms of their equivalence classes.

4.2. Restricted products of z-linear maps. Let us replace the category Z
by a new one Z whose objects are z-linear maps (not equivalence classes), and
whose morphisms F ⇒ G are couples of operators (α, γ) such that αF ≡ Gγ.
Let l∞(Z(Xi, Yi)) denote the space formed by all uniformly Z(·)-bounded
collections of z-linear maps. We introduce the equivalence relation:

(Fi) ./ (Gi) ⇐⇒ ∀i, Fi −Gi = Bi + Li, with sup
i
‖Bi‖ < +∞,

here each Bi : Xi → Yi denotes a bounded homogeneous map and Li : Xi →
Yi a linear map. We shall say that a collection of morphisms (αi, γi) : Fi ⇒ Gi

of Z is uniformly representable if (αi), (γi) are uniformly bounded families of
operators such that

(αiFi) ./ (Giγi).
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We set now a new category Z./ whose objects are ./-equivalence classes
of uniformly Z(·)-bounded families of z-linear maps, and whose morphisms
are uniformly representable families of morphisms (αi, γi) : Fi ⇒ Gi in Z.
Consider the diagonal functor ∆ : Z → Z./ defined by ∆(F ) = (F ). The rep-
resentative, if it exists, of the functor

Z ∆−−−−→ Z./ HomZ./ (·,(Fi))−−−−−−−−−−→ Set
shall be called the l∞-product of the family (Fi) of z-linear maps. One has.

Proposition 4.1. The functor HomZ./ (∆(·), (Fi)) : Z −→ Set is repre-
sentable and its representative is the amalgam l∞(Fi) together with the canon-
ical projections πj : l∞(Yi) → Yj and ηj : l∞(Zi) → Zj.

This notion of l∞-product in combination with the l∞-product in Ban
allows the construction of a bounded or l∞-cohomology for Banach spaces.
The considerably more difficult case of a c0-comohomology is considered in
[11]. The first step, namely, the existence of a c0-product for z-linear maps
can be obtained as follows. Let F : Z y Y be a z-linear map. We consider
the subset HomZ./ (∆F, (Fi))0 of families of morphisms (αi, γi) : F ⇒ Fi such
that:

(1) (αi) y (γi) are pointwise convergent to 0.
(2) There is a ‖ · ‖-bounded family of homogeneous maps Bi : Z → Yi

pointwise convergent to 0 such that αiF − Fiγi = Bi + Li, where
Li : Z → Yi are linear.

The representative, if it exists, of the functor Z ∆−→ Z./ HomZ./ (·,(Fi))0−→ Set
shall be called the c0-product of the family (Fi). One has

Proposition 4.2. Let (Fi : Zi y Yi) be a Z(·)-bounded family of z-linear
maps. The functor HomZ./ (∆(·), (Fi))0 is representable and its representative
is c0(Fi) together with the canonical projections.

This method of restricted products is quite flexible and can be used to
obtain other products. Working in an entirely dual form it can be shown, with
just a few technical difficulties, that l1(Fi), the z-linear map that corresponds
to the l1-amalgam of sequences- yields their natural coproduct.

4.3. Products in ZZ and coproducts in ZY . Let us consider now the
situation in the associated categories ZZ and ZY .

Products in Z, products and pull-back in Ban, and products in this asso-
ciated category are connected as follows: Let 0 → Yi → Xi

qi→ Z → 0 ≡ Fi be
a family of objects in ZZ . Their l∞-product can be obtained from the corre-
sponding l∞-product in Z just making pull-back with the diagonal operator
D : Z → l∞(Z) as it is shown in the diagram

0 −−−−→ l∞(Yi) −−−−→ l∞(Xi) −−−−→ l∞(Z) −−−−→ 0 ≡ l∞(Fi)

‖
x

xD

0 −−−−→ l∞(Yi) −−−−→ PB∞ −−−−→ Z −−−−→ 0 ≡ l∞(Fi)D.
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Moreover, the space PB∞ in sequence 0 → l∞(Yi) → PB∞ → Z → 0
is nothing different from the restricted l∞-pull-back in Ban of the quotients
Xi → Z. Indeed, there is no reason why pull-back and push-out should be
defined for just two arrows. In fact, since pull-backs and push-outs are just
products in an associated category (see [16]), having at our disposal restricted
products allows us to define arbitrary pull-back and push-outs in the same re-
stricted sense. All this means that the category of Banach spaces which admits
l∞-products, also admits l∞-pull-backs; and since it admits l1-coproducts, it
also admits l1-push-outs.

Dually, co-products in Z, in ZY and co-products and push-out in Ban are
connected as follows: Let 0 → Y

ji→ Xi → Zi → 0 ≡ Fi be a family of
objects in ZY . Their l1-coproduct in ZY is obtained from the corresponding
l1-coproduct in Z making push-out with the sum-operator Σ : l1(Y ) → Y as
it is shown in the diagram:

0 −−−−→ l1(Y ) −−−−→ l1(Xi) −−−−→ l1(Zi) −−−−→ 0 ≡ l1(Fi)

Σ

y
y ‖

0 −−−−→ Y −−−−→ PO∞ −−−−→ l1(Zi) −−−−→ 0 ≡ Σl1(Fi).

The space PO∞ is the restricted push-out of the family of embeddings
Y → Xi.

Other restricted products and coproducts need a careful case-by-case ex-
amination. For instance, although the existence of the l∞-product in Z guar-
antees the existence of the l∞-product in ZZ , the same cannot be said of the
c0-products, since no diagonal operator D : Z → c0(Z) exists. The interested
reader is addressed to [11].

4.4. Pull-back in ZY . The problem of the existence of pull-back is genuinely
interesting in ZY since no product is known in this case. If one has a diagram
F

γi← Fi in ZY , namely,

0 −−−−→ Y −−−−→ X
q−−−−→ Z −−−−→ 0 ≡ F

‖
xβi

xγi

0 −−−−→ Y −−−−→ Xi
qi−−−−→ Zi −−−−→ 0 ≡ Fi

then it is not difficult to verify the existence of an exact sequence

0 −−−−→ Y
ς−−−−→ PB(βi)

η−−−−→ PB(γi) −−−−→ 0 ≡ FB.

The sequence FB describes the pull-back in ZY (this is a bit trying to prove
since the universal property of the pull-back spaces PB(γi) in Ban cannot be
directly used). The following 3D diagram connects products and pull-backs in
Ban, products in ZZ and pull-backs in ZY
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4.5. Push-out in ZZ . There is an entirely dual situation starting with a
diagram F

αi→ Fi in ZZ , namely,

0 −−−−→ Y
j−−−−→ X −−−−→ Z −−−−→ 0 ≡ F

αi

y βi

y ‖
0 −−−−→ Yi −−−−→ Xi −−−−→ Zi −−−−→ 0 ≡ Fi.

It is not difficult to verify the existence of an exact sequence

0 −−−−→ PO(αi)
ς−−−−→ PO(βi)

η−−−−→ Z −−−−→ 0 ≡ FO.

The sequence FO describes the push-out in ZZ (this is, once more, bit trying
to prove). The following 3D diagram connects coproducts and push-out in
Ban, coproducts in ZY and push-out in ZZ in a diagram
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5. Limits and colimits

Products are a particular instance of limits, and coproducts are particular
instances of co-limits. Let us recall the definition of co-limit in a category.
Let I be a partially ordered set. An inductive system 〈Ai, φij〉, with indices
in I, of objects of a category C is a family of objects (Ai) and morphisms
φij : Ai → Aj , i ≤ j such that φik = φjk◦φij for each ordered triple i ≤ j ≤ k.
The co-ĺımit of the system 〈Ai, φij〉 in C is an object lim→Ai endowed with
a collection of morphisms ψj : Aj → lim→Ai such that for all i < j one has
ψjφij = ψi; and such that it is universal with respect to that property, that is,
if there is another object G and another collection of morphisms ψ′j : Aj → G
such that for each i < j one has ψ′jφij = ψ′i, then there is a unique morphism
Φ : lim→Ai → G verifying that for each i ∈ I, Φψi = ψ′i. Obviously, the
co-limit of an inductive system is unique in the category, up to isomorphisms.
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5.1. Inductive limits of Banach spaces. Tradition says that co-limits with
respect to a countable totally ordered set in Ban are called inductive limits
(or simply limits). Banach spaces admit very restricted limits, as we show
next. Through this and the following section we will work inside the category
Ban1 of Banach spaces and operators having norm at most 1.

So, let 〈En, in〉 be an inductive system in Ban1. Let us consider the vector
space

X = {(xn)n ∈ l∞(En) : ∃µ ∈ N : in(xn) = xn+1, ∀n > µ},

endowed with the seminorm ‖(xn)n‖ = lim ‖xn‖. If K = ker ‖ ·‖ the inductive
limit X of 〈En, in〉 is the completion of the quotient X/K together with the
family of isometries In : En → X defined as In(x) = [(0, 0, . . . , x, x, . . . )]. The
inductive limit can be described as X = ∪In(En). It is important to observe
that the object X scan only be universal with respect to the property “∀n ∈
N, In+1in = In” for uniformly bounded families of operators fn : En → X.
Thus, if for all n ∈ N it occurs that fn+1in = fn then there is an operator
T : X → X defined by T ((xn) + K) = fNxN , where N is the least index
for which ijxj = xj+1 for all j ≥ N . That operator verifies TIn = fn and
is unique. If each fn is an into isometry then also T is an into isometry as
well: ‖T ((xn) + K)‖ = ‖fNxN‖ = ‖xN‖ = lim ‖xn‖ = ‖(xn) + K)‖. In this
case, the limit of the system will be called lim En and it can be identified with
∪nEn.

5.2. Inductive limits of exact sequences. As we have already said at the
introduction, the categories Z of z-linear maps and S of short exact sequences
(see the Appendix) are “equivalent”. This does not mean however that all
constructions are equally easy to obtain in the two categories. We construct
now the restricted inductive limits first in S and then in Z.

Given an inductive system (∗) [0 → Yn → Xn → Zn → 0, (αn, βn, γn)] in
which the operators αn, βn, γn are into isometries, it is not hard to verify that
the sequence

0 −−−−→ limYn −−−−→ lim Xn −−−−→ limZn −−−−→ 0

is exact and acts as its restricted inductive limit.
If one moreover has Fn : Zn y Yn so that Fn+1γn = γnFn then the

inductive system [Fn, (αn, γn)] admits a z-linear map F : lim Zn y limYn in-
ducing the limit exact sequence. Standard folklore results reduce the problem
to define F : ∪JnZn y ∪InYn; in each point z ∈ ∪nJnZn it takes the value
F (z) = INFN (zN ) for N = min{n ∈ N : z ∈ JnZn} and JN (zN ) = z. We
check that F is z-linear: given zi ∈ ∪JnZn, take Ni such that zi = INi(zNi).
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Let M = max{Ni}.

‖F (
∑

i

zi) −
∑

i

Fzi‖ = ‖IMFM (γM (
∑

zNi)−
∑

INiFNi(zNi)‖ =

= ‖IMFM (γM (
∑

zNi)−
∑

IMαM−1 · · · αNiFNi(zNi)‖
≤ Z(FM )

∑

i

‖zi‖.

And F verifies that for all n ∈ N, FJn(zn) = InFn(zn). To see that F
defines the limit sequence we just have to define the operator:

T ((yn, zn) + K0) = ((yn) + K1, (zn) + K2),

(where K0 = ker(lim ‖ · ‖Fn), K1 = ker(lim ‖ · ‖Yn) and K2 = ker(lim ‖ · ‖Zn)
and observe that it makes commutative the diagram

0 −−−−→ limYn −−−−→ lim Yn ⊕F0 limZn −−−−→ lim Zn −−−−→ 0.

‖ T

x ‖
0 −−−−→ limYn −−−−→ lim [Yn ⊕Fn Zn] −−−−→ lim Zn −−−−→ 0.

Remark. This limit map is the limit of the sequence Fn in the smaller cate-
gory Z1 (like Z but only into isometries are allowed as operators). One should
not however to expect that F behaves even as a restricted inductive limit in
Z. The problem of the existence of limits in Z thus remains open.

6. The c-product of PeÃlczyński and Lusky; and the Stegall
product

Let us discuss now other products appearing in the literature such as l1 or
c-products. On one hand, it is plain that there is no c-product: this notion
needs an ambient space. If, however, one has a sequence Xn ⊂ X of subspaces
of a given Banach space X then their c-product should be

c(Xn) = {(xn) : xn ∈ Xn, ∃ limxn}.
There exists a natural exact sequence

0 −−−−→ c0(Xn) −−−−→ c(Xn) lim ·−−−−→ X −−−−→ 0.

When the spaces Xn are finite-dimensional, this sequence was first considered
by PeÃlczyński in [24]. Lusky [21] and Johnson-Oikhberg [15] show that this
sequence splits if and only if X has the BAP (see also [11]). It is not difficult
to prove that this sequence always locally splits (i.e. its dual sequence splits).

If we set l01(Xn) = {(xn) : xn ∈ Xn,
∑ ‖xn‖ < +∞,

∑
xn = 0}, then we

can consider the sequence associated to their ”l1-product”

0 −−−−→ l01(Xn) −−−−→ l1(Xn)
∑

−−−−→ X −−−−→ 0.
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Let us show that when X has the BAP this sequence locally splits. Indeed,
let (Bn) be a sequence of finite rank operators pointwise convergent to the
identities; assuming that Bn(X) ⊂ Xn, the dual sequence

0 −−−−→ X∗ −−−−→ l∞(X∗
n) −−−−→ l01(Xn)∗ −−−−→ 0

splits since a linear continuous projection can be easily obtained taking a
free ultrafilter U on N and setting: P ((x∗n)) = w∗ − limU B∗

nx∗n. In particular,
X∗ is complemented in l∞(X∗

n). Stegall [26] was the first to use a similar
construction, see also [13], to provide the first example l1(ln2 ) of a Banach
space with the Dunford-Pettis property whose dual has not the Dunford-
Pettis property: the key of his argumentation is to show that its dual l∞(ln2 )
contains complemented copies of l2, something we have already proved.

7. Construction of exotic L∞-spaces

Recall that a Banach space X is said to be a L∞,λ space if every finite
dimensional subspace of X is contained in a finite dimensional subspace λ-
isomorphic to some ln∞. A Banach space that is a L∞,λ space for all λ > 1
is called a Lindenstrauss space. As it is well-known, a Banach space X is a
Lindenstrauss space if and only of X∗ is isometric to some L1-space. Our
purpose in this section is to prove the following result.

Theorem 7.1. Given a separable Banach space E there exists an exact se-
quence

0 −−−−→ E −−−−→ L∞(E) −−−−→ Q −−−−→ 0

in which
(1) L∞(E) is a separable L∞-space
(2) Every operator from E into a Lindenstrauss space can be extended to

an operator on L∞(E).
(3) The space Q has the BAP.

This construction is intermediate between the Bourgain-Pisier construction
in [3], in which every separable Banach space is embedded into some sepa-
rable L∞,λ space in such a way that the quotient space has the Schur and
Radon-Nikodym properties; and Zippin’s construction in [29], in which every
separable Banach space E is embedded into a separable Banach space Z(E)
with an FDD such that Z(E)/E has an FDD and moreover every C(K)-valued
operator defined on E can be extended to Z(E). Using the result of Lusky
[21] asserting that if X has BAP and c∞ = c0(Fn) for a dense sequence of
finite dimensional spaces (see below) then X⊕c∞ has basis then the sequence
0 → E → L∞(E)⊕ c∞ → Q⊕ c∞ → 0 improves Zippin’s construction.

Proof. Let ε > 0 and consider a sequence (εn) such that
∏

(1 + εn) ≤ 1 +
ε. Relabelling without mercy, let Fn → l

m(n)
∞ be a dense (in the Banach-

Mazur distance) sequence of subspaces of ln∞-spaces. Let c1 = l1(Fn) be their
coproduct. Let I0 be a countable set of finite rank operators such that every
norm-one finite-rank operator c1 → E has an element of I0 at distance at most
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ε0. Let φ0 : l1(I0, c1) → E be the coproduct operator φ0((sj)) =
∑

j∈I0
j(sj).

We form the push-out diagram

0 −−−−→ l1(I0, c1) −−−−→ l1(I0, l1(l
m(n)
∞ )) −−−−→ S1 −−−−→ 0

φ0

y
y ‖

0 −−−−→ E −−−−→
i1

P1 −−−−→ S1 −−−−→ 0

to obtain an isometric enlargement i1 : E → P1 such that every norm one
operator Fn → E can be extended to an operator l

m(n)
∞ → P1 with norm at

most 1 + ε0.
For the inductive step, assume that In−1, φn−1 and Pn have already been

constructed. We set now In a countable set of finite rank operators to be
added to In−1 in such that every norm-one finite-rank operator c1 → Pn has
an element of ∪n

j=1Ij at distance at most εn. We form the operator φn((sj)) =∑
k≤n

∑
j∈Ik

j(sj) and the push-out diagram

0 −−−−→ l1(∪n
j=1Ij , c1) −−−−→ l1(∪n

j=1Ij , l1(l
m(n)
∞ )) −−−−→ Sn −−−−→ 0

φn

y
y ‖

0 −−−−→ Pn −−−−→
in+1

Pn+1 −−−−→ Sn −−−−→ 0

to obtain an isometric enlargement in+1 : Pn → Pn+1 such that every norm
one operator Fk → Pn can be extended to an operator l

m(k)
∞ → Pn+1 with

norm at most
∏n

j=1 1 + εj .
Let lim Pn be the inductive limit of the sequence

0 −−−−→ E
i1−−−−→ P1

i2−−−−→ P2 −−−−→ · · ·
It is clear that every norm-one operator Fn → limPn admits an extension
to l

m(n)
∞ with norm at most

∏
(1 + εn) ≤ 1 + ε; from which it immediately

follows, by the arguments in [19] (see also [12]), that lim Pn is an L∞-space.
The sequence we are looking for is

0 −−−−→ E −−−−→ limPn
q−−−−→ Q −−−−→ 0

We pass to show (2). In what follows, let L∞,λ denote a unspecified L∞,λ-
space. Let us show that every norm one operator τ : E → L∞,λ can be
extended to P1 with norm at most (1+ε0)λ. To see this, consider the restriction
of τφ0 to each Fn. It can be assumed that its range lies in a λ-isomorphic copy
of a finite dimensional ln∞ space, and therefore can be extended to l

m(n)
∞ with

norm at most (1+ε0)λ. The coproduct property yields thus an extension of τφ0

to l1(I0, l1(l
m(n)
∞ )) with norm at most (1 + ε0)λ, while the push-out property

yields therefore an extension of τ to P1 with norm at most (1 + ε0)λ. An
analogous reasoning shows that every operator Pn → L∞,λ can be extended
to Pn+1 with norm at most (1 + εn)λ. In particular, the sequence 0 → Pn →
Pn+1 → Pn+1/Pn → 0 splits if and only if Pn is an L∞-space.
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To obtain an extension of τ to lim Pn we need to proceed inductively, which
is why it is necessary to restrict the range to be a Lindenstrauss space, namely
an L∞,λ-space for all λ > 1. So, let L be a unspecified Lindenstrauss space
and τ : E → L be a norm one operator. Choosing a sequence (λn) such that∏

(1+εn)λn < ∞, and obtaining then successive extensions τ1 of τ to P1 with
norm (1 + ε0)λ1; then τ2 of τ1 to P2 with norm (1 + ε1)(1 + ε0)λ2λ1, and so
on, one obtains in the end an extension T : lim Pn → L of τ with norm at
most

∏
(1 + εn)λn (which can be made as close to 1 as one wishes).

It remains to prove that Q has the BAP. We start with two observations: the
first one is that Q = (lim Pn)/E; the second is that the inductive construction
allows us to assume without loss of generality that the space S1 is finite
dimensional, and thus that also each Pn/E is finite dimensional. In this form,
lim(Pn/E) has the BAP if and only if its associated c-product sequence 0 →
c0(Pn/E) → c(Pn/E) → lim(Pn/E) → 0 splits, which is what we are going
to prove.

Let us define the space c[Pn; E] = {(pn) : pn ∈ Pn : ∃ lim pn ∈ E}.
Recalling that qn : Pn → Pn/E denotes the natural quotient, there is a push-
ut diagram

0 −−−−→ c[Pn;E] −−−−→ c(Pn)
lim qn(·)−−−−−→ lim(Pn/E) −−−−→ 0

(qn(·))
y

y ‖
0 −−−−→ c0(Pn/E) −−−−→ c(Pn/E) −−−−→

lim ·
lim(Pn/E) −−−−→ 0.

Let us add a new line to obtain a commutative diagram (warning: the left
column is not exact!):

0 −−−−→ c0(Pn) i−−−−→ c(Pn) −−−−→ limPn −−−−→ 0

j

y ‖
yq

0 −−−−→ c[Pn;E]
j−−−−→ c(Pn)

lim qn(·)−−−−−→ lim(Pn/E) −−−−→ 0

(qn(·))
y

y ‖
0 −−−−→ c0(Pn/E) −−−−→ c(Pn/E) −−−−→

lim ·
lim(Pn/E) −−−−→ 0.

The new upper sequence splits: it is a c-product sequence and limPn is a
separable L∞ space, so it has basis. If π : c(Pn) → c0(Pn) is a projection
through i

lim qn(·)jπ : c(Pn) −→ c0(Pn/E)

is an extension for lim qn(·) through j, and the lower sequence splits.
¤
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Comment. Consider the family of embeddings E
in·i1−→ Pn and form their

push-out PO. The coproduct yields an exact sequence

0 −−−−→ E −−−−→ PO −−−−→ l1(Pn/E) −−−−→ 0,

such that every norm one operator E → L∞,λ can be extended to an operator
PO → L∞ with norm at most λ. This sequence is close to the Bourgain-Pisier
construction since the push-out diagram

E = E
y

y
0 −−−−→ Pn −−−−→ Pn+1 −−−−→ Sn −−−−→ 0

qn

y
y ‖

0 −−−−→ Pn/E −−−−→ Pn+/E −−−−→ Sn −−−−→ 0
y

y
0 = 0,

and the fact that Sn enjoys the Schur and RN properties plus a 3-space ar-
gument (see [7]) show that Pn/E and Pn+1/E enjoy or not the Schur and
RN properties simultaneously. Since P1/E = S1 has both the Schur and RN
properties, it follows that l1(Pn/E) has the Schur and RN properties. Unfor-
tunately, PO cannot be an L∞-space since it has l1 as a quotient.

8. Appendix. The category of exact sequences

When working with short exact sequences of Banach spaces, one does not
want to distinguish between equivalent sequences. This motivates the necessity
of constructing “the” category S having as objects equivalence classes of short
exact sequences. The choice of morphisms comes now determined: if it would
seem natural to act as in the case of complexes (see [22, 16]) and choose as
morphisms of S triples of operators (α, β, γ) making commutative a diagram

(1)

0 −−−−→ Y
i−−−−→ X

q−−−−→ Z −−−−→ 0yα

yβ

yγ

0 −−−−→ Y ′ −−−−→
i′

X ′ −−−−→
q′

Z ′ −−−−→ 0,

those morphisms are not well-defined between equivalence classes. We then
make use of the notion of homotopy. Although the notion makes sense for
arbitrary complexes, we will use it just to work with short exact sequences.
Two triples of operators (α, β, γ) and (α′, β′, γ′) making a commutative di-
agram like (1) are said to be homotopic if and only if there exist operators
S : X → Y ′ and T : Z → X ′ such that: i) Si = α − α′; ii) q′T = γ − γ′;
and iii) i′S + Tq = β − β′. In the case of exact sequences, it is easy to check
that (α, β, γ) and (α′, β′, γ′) are homotopic if and only if just i) and ii) hold.
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On the other hand, the existence of a diagram like (1) is equivalent, modu-
lus homotopy, to the fact that the pull-back and push-out extensions in the
diagram

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0
yα

yα̂ ‖
0 −−−−→ Y ′ −−−−→ PO −−−−→ Z −−−−→ 0

‖ ‖
0 −−−−→ Y ′ −−−−→ PB −−−−→ Z −−−−→ 0

‖
yγ̂

yγ

0 −−−−→ Y ′ −−−−→ X ′ −−−−→ Z ′ −−−−→ 0
are equivalent. Thus, i) and ii) hold if and only if either i) or ii) holds. It
is now clear which should be the definition of the morphisms of S: given
two (equivalence classes of ) exact sequences E and E′, a morphism E ⇒ E′

shall be the equivalence class of the operators (α, γ) for which there is a third
operator (the arrow without name below) making commutative the diagram

0 −−−−→ Y −−−−→ X −−−−→ Z −−−−→ 0 ∈ E
yα

y
yγ

0 −−−−→ Y ′ −−−−→ X ′ −−−−→ Z ′ −−−−→ 0 ∈ E′,

with respect to the equivalence relation

(α, γ) ³ (α′, γ′) ⇐⇒ α− α′ extends to X ⇐⇒ γ − γ′ lifts to X ′.

We shall write HomS(E, E′) to denote the set of all morphisms of S from
E to E′. To simplify notation we shall write (α, γ) to denote an element
of HomS(E, E′), although it has to be understood that it represents the ³
−equivalence class of the couple (α, γ). The composition of morphisms comes
defined in a natural way: (α, γ) ◦ (α′, γ′) = (α ◦ α′, γ ◦ γ′) and the identity
morphism shall be (id, id).
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EXTENSION PROBLEMS FOR C(K)−SPACES AND
TWISTED SUMS

N. J. KALTON

1. Introduction

This article can be regarded as an update on the handbook article by Zippin
[27]. In this article Zippin drew attention to problems surrounding extensions
of linear operators with values in C(K)-spaces. The literature on this subject
may be said to start with the work of Nachbin, Goodner and Kelley on the
case when K is extremally disconnected around 1950. Thus the subject is
over fifty years old, but it still seems that comparatively little is known in
the general case. We are particularly interested in extending operators on
separable Banach spaces when we can assume the range is C(K) for K a
compact metric space. In this article we will sketch some recent progress on
these problems.

2. Linear extension problems

It is, by now, a very classical result that a Banach space X is 1-injective
if and only if X is isometric to a space C(K) where K is extremally discon-
nected; this is due to Nachbin, Goodner and Kelley [22], [11] and [17]. For
a general compact Hausdorff space K the space C(K) is usually not injective
(and, in particular, never if K is metrizable). However it is a rather inter-
esting question to determine conditions when linear operators into arbitrary
C(K)−spaces can be extended. This problem was first considered in depth by
Lindenstrauss in 1964 [18].

Let us introduce some notation. Suppose X is a Banach space and E is a
closed subspace. Then, for λ ≥ 1, we will say that the pair (E, X) has the
(λ, C)-extension property if whenever T0 : E → C(K) is a bounded operator
then there is an extension T : X → C(K) with ‖T‖ ≤ λ‖T0‖. We say that X
has the (λ, C)-extension property if (E,X) has the (λ, C)-extension property
for every closed subspace E. We will use the term C-extension property to

1991 Mathematics Subject Classification. Primary: 46B03, 46B20.
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denote the (λ, C)-extension property for some λ ≥ 1.

X C(K)

E

-T

6

¡
¡

¡¡µT0

Usually we will want to suppose that X is separable and in this case it ob-
viously suffices to take K metrizable; indeed since every C(K) for K metriz-
able is a contractively complemented subspace of C[0, 1] we may even take
K = [0, 1]. Notice that c0 is separably injective by Sobczyk’s theorem [23].
This implies that if one chooses K to be the one-point compactification of N
so that C(K) = c ≈ c0 then one always has extensions when X is separable.
A deep result of Zippin [25] shows that c0 is the unique separably injective
separable Banach space.

The spaces C(K) are L∞−spaces, which means that locally they behave
like `∞ and so are injective in a local sense. In 1964, Lindenstrauss [18] showed
that if we restrict the operator T0 to be compact then indeed an extension
always exists and we can choose λ = 1 + ε for any ε > 0. However the
extension of bounded operators is more delicate. Indeed consider the Cantor
set ∆ = {0, 1}N and ϕ : ∆ → [0, 1] be the canonical surjection

ϕ((tn)∞n=1) =
∞∑

n=1

tn
2n

.

Then C[0, 1] can be isometrically embedded into C(∆) via the embedding
f → f ◦ ϕ. For this embedding, C[0, 1] is uncomplemented in C(∆) (much
more is true, cf. [3] p. 21). Thus the identity map on C[0, 1] cannot be ex-
tended to C(∆) i.e. C(∆) fails the C-extension property. The existence of this
counterexample already implies that `1 fails the C-extension property. Indeed
let Q : `1 → C(∆) be a quotient map and let E = Q−1C[0, 1]. Then the map
Q : E → C[0, 1] cannot be extended to an operator T : E → C[0, 1]. Indeed if
such an extension exists then T = SQ where S : C(∆) → C(∆) is a bounded
operator, which is a projection of C(∆) onto C[0, 1]. Thus any space that con-
tains `1 fails the C-extension property. However in 1971, Lindenstrauss and
PeÃlczyński [19] gave a positive result:

Theorem 2.1. The space c0 has the (1 + ε, C)-extension property for every
ε > 0.

For a discussion of which spaces can replace C(K)-spaces in this theorem
see [8]. Twenty years later Zippin [26] gave a stronger result for `p when
p > 1.

Theorem 2.2. For p > 1 the spaces `p have the (1, C)-extension property.

The characterization of spaces with the C-extension property remains mys-
terious. It is for example not known if Lp for 1 < p < ∞ has the C-extension
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property but it is known that if p 6= 2 then Lp fails the (1, C)−extension prop-
erty [12]. Recently the author [15] has characterized separable Banach spaces
with the (1+ ε, C)-extension property in terms of properties of types. We will
not discuss this in detail, but we note the following application:

Theorem 2.3. Let X be a separable Orlicz sequence space not containing `1.
Then X has the C-extension property.

Note that we do not claim the (1, C) or (1 + ε, C)-extension property; this
is a renorming theorem, so that X can be renormed to have the (1 + ε, C)-
extension property.

3. Extensions by C(K)-spaces

An extension of a Banach space X by a space Y is a short exact sequence:

0 −→ Y −→ Z −→ X −→ 0.

More informally we refer to Z as an extension of X by Y if Z is a Banach
space with a subspace isometric to Y so that Z/Y is isometric to X. Such an
extension splits if it reduces to a direct sum, i.e. Y is complemented in Z. We
write Ext (X, C) = {0} if every extension of X by a C(K)−space splits.

Now suppose T0 : Y → C(K) is a bounded linear operator. Then we can
construct an extension of X by C(K) by the pushout construction. Then T0

has a bounded extension T : Z → C(K) if and only if this extension splits:

0 Y Z X 0

0 C(K) Z ′ X 0

- -

?

T0

-

¡
¡

¡¡ª

T

? ?

-

- - - -

This means that Ext (X, C) = {0} if and only if whenever Y is a Banach
space and E is a subspace of Y with Y/E ≈ X then (E, Y ) has the C-
extension property. For the special case when Y = `1 one obtains a complete
classification of subspaces of `1 with the C-extension property (first noted by
Johnson and Zippin [12]):

Theorem 3.1. Let E be a subspace of `1; then (E, `1) has the C-extension
property if and only if Ext (`1/E, C) = {0}.

Johnson and Zippin [12] went on to prove:

Theorem 3.2. Let E be a subspace of `1 which is weak∗-closed as a subspace
of c∗0; then (E, `1) has the C-extension property.

Recently the author [15] refined their arguments to show that in fact under
these hypotheses (E, `1) has the (1 + ε, C)-extension property for every ε > 0.
(The original argument yielded only 3 + ε in general.)

In terms of extensions this means:

Corollary 3.3. If X is the dual of a subspace of c0 then Ext (X, C) = {0}.
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This suggests a natural problem:

Problem 1. Let X be a separable Banach space. Is it true that Ext (X, C) =
{0} if and only if X is isomorphic to the dual of a subspace of c0?

This is equivalent (via the automorphism results of Lindenstrauss and
Rosenthal [20]) to asking if whenever (E, `1) has the C-extension property
if and only if there is an automorphism U : `1 → `1 such that U(E) is weak∗-
closed. There is some evidence for a positive answer to Problem 1. The author
proved the following results in [14]:

Theorem 3.4. Let X be a separable Banach space such that Ext (X, C) = {0}.
Then
(i) X has the Schur property.
(ii) If X has a (UFDD) then X is isomorphic to the dual of a subspace of c0.

The method of proof revolved around taking one non-trivial extension of
C(K) namely the example created in §2, and performing a pullback construc-
tion for an arbitrary operator T : X → c0:

0 C[0, 1] Z X 0

0 C[0, 1] C(∆) c0 0

-

?

-

?

- pppppppppppª
T̃

?

T

-

- - - -

The existence of T̃ : X → C(∆) which lifts T is equivalent to the splitting
of the pullback sequence. Thus if Ext (X, C) = {0} one can always lift T and
this allows us to make deductions about the structure of X.

For a characterization of spaces X such that Ext (X, C) = {0} see [7]. We
also remark that if K is a fixed countable compact metric space one may
expect that Ext (X, C(K)) = {0} more often. The first non-trivial case is
K = ωω which is discussed in [5].

4. Universal extensions and automorphisms

In a recent paper Castillo and Moreno [6] related extension properties with
the Lindenstrauss-Rosenthal automorphism theorems [20]. In their paper,
Lindenstrauss and Rosenthal showed that if E and F are two isomorphic
subspaces of c0 of infinite codimension then there is an automorphism U :
c0 → c0 so that U(E) = F. In somewhat less exact language, one can say that
there is at most one embedding, up to automorphism, of a separable Banach
space into c0. This is related to Sobczyk’s theorem. They also investigated
embeddings of separable spaces into `∞ and proved dual results for `1 (which
we have already mentioned).

Now by Miljutin’s theorem [21] all C(K)-spaces are isomorphic for K un-
countable and compact metric. The classical Banach-Mazur theorem states
that every separable Banach space embeds into C[0, 1] isometrically. The
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problem of obtaining automorphism results in C(K)-spaces is clearly related
to the extension problem; we will now make this relationship precise.

Let us say that a separable Banach space has the separable universal C-
extension property if (X, Y ) has the C-extension property whenever Y is a
separable Banach space containing X. In effect one may always suppose that
Y = C[0, 1]. The following result is a more precise version of a theorem of
Castillo-Moreno [6] (see [16]):

Theorem 4.1. Let X be a separable Banach space. The following conditions
on X are equivalent:
(i) X has the separable universal C-extension property.
(ii) If X1 and X2 are two subspaces of C[0, 1] with X ≈ X1 ≈ X2 then there
is an automorphism U : C[0, 1] → C[0, 1] with U(X1) = X2.

Given this it becomes rather interesting to determine which spaces have
the separable universal C-extension property. It is a trivial consequence of
Sobczyk’s theorem [23] that c0 has this property; in fact it has the separa-
ble universal (2, C)-extension property with the obvious meaning. It is then
a consequence of Theorem 2.1 that every subspace of c0 has the separable
universal (2 + ε, C)-extension property. To see this we observe that if X is a
subspace of c0 which is also a subspace of a separable Banach space Y then
we can form a separable superspace Z so that X ⊂ c0 ⊂ Z and X ⊂ Y ⊂ Z;
just let Z be the quotient of c0 ⊕1 Y by the subspace {(x,−x) : x ∈ X} and
identify X with the subspace of Z spanned by the cosets of {(x, 0) : x ∈ X}.

The obvious place to start looking for more spaces is to consider space
with the separable universal (1, C)-extension property. However, in 1964, Lin-
denstrauss [18] showed that these spaces are exactly the finite-dimensional
polyhedral spaces. There are no infinite-dimensional examples. The next ob-
vious try is to consider the separable universal (1 + ε, C)-extension property
for every ε > 0. This was first done by Speegle [24], whose main result is
that such a space cannot have a uniformly smooth norm. Speegle also asked
whether `1 has this property.

In fact we have recently shown that the answer to Speegle’s question is
positive:

Theorem 4.2. Let X be almost isometric to the dual of a subspace of c0.
Then X has the separable universal (1 + ε, C)-extension property for every
ε > 0.

This extends Theorem 3.2 because a weak∗-closed subspace of `1 is the dual
of a quotient of c0, and Alspach [1] showed that a quotient of c0 is almost
isometric to a subspace of c0. Let us notice here a connection with Problem
1. It is a result of Bourgain [4] that `1 contains an uncomplemented copy X
of `1. Now (X, `1) has the C-extension property and so Ext (`1/X, C) = {0}.

Problem 2. Suppose X is a subspace of `1 which is isomorphic to `1; is `1/X
the dual of a subspace of c0?
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Unfortunately, Bourgain’s construction in local in nature and so if one
creates the example in a natural way the space `1/X is simply an `1−sum of
finite-dimensional spaces. This Problem asks for a global construction.

Theorem 4.2 is not the complete answer to the characterization of spaces
with the (1 + ε, C)-extension property for every ε > 0. We also have:

Theorem 4.3. Let X be a subspace of L1(0, 1) whose unit ball is compact for
the topology of convergence in measure. Then X has the separable universal
(1 + ε, C)-extension property for every ε > 0.

In [10] an example is given of a subspace of L1 where the unit ball is
compact for convergence in measure and yet X is not almost isometric to the
dual of a subspace of c0. Another example constructed in [15] is a Nakano
space `pn where limn→∞ pn = 1.

We now have a fairly rich class of spaces for which the equivalent conditions
of Theorem 4.1 hold; this class includes all weak∗-closed subspaces of `1 and
all subspaces of c0. It is not hard to see we can expand the class by taking
direct sums (e.g. c0 ⊕ `1) and with slightly more work, extensions. Thus any
extension of c0 by `1 satisfies Theorem 4.1. The fact that there are non-trivial
extensions of c0 by `1 is proved in [5].

5. Homogeneous Zippin selectors

Suppose E is a subspace of a Banach space X. Then Zippin [26, 27] in-
troduced a criterion for (E,X) to have the (λ, C)-extension property. We say
that a map Φ : BE∗ → X∗ is a Zippin selector of Φ is weak∗-continuous and
Φ(e∗)|E = e∗ for every e∗ ∈ BE∗ . Then [26] (E, X) has the (λ,C) extension
property if and only if there is a Zippin selector Φ : BE∗ → λBX∗ .

In certain special cases one can find a homogeneous selector, i.e. one can
choose Φ so that Φ(αe∗) = αΦ(e∗) for every e∗ ∈ E∗. Indeed suppose X = `p

where 1 < p < ∞ and E is any closed subspace. Define Φ(e∗) to be the
unique norm-preserving extension of e∗ to `p. Then Φ is homogeneous and
weak∗-continuous. To see this suppose (e∗n) is a sequence in BE∗ so that e∗n
converges weak∗ to e∗. To show that (Φ(e∗n))∞n=1 converges weak∗ to Φ(e∗)
it suffices to show this for some subsequence. We therefore select en ∈ BE

so that e∗n(en) = ‖e∗n‖ and suppose, by passing to a subsequence that (en)
weakly converges to some e ∈ E. Then using the special properties of `p it
is quite clear that Φ(e∗n) converges weak∗ to some x∗ so that ‖x∗‖ = ‖e‖p−1

and x∗(e) = ‖e‖p. Now x∗|E = e∗ and, if e∗ = 0 we have e = 0 and x∗ = 0; if
! not ‖e∗‖ ≥ e∗(e)/‖e‖ = ‖e‖p−1 = ‖x∗‖ so that Φ(e∗) = x∗.

If we have a homogeneous Zippin selector for (E,X) we can extend Φ to
be defined on homogeneous on E∗ and continuous for the bounded weak∗-
topology (equivalently weak∗-continuous on bounded sets). We define

‖Φ‖ = sup{‖Φ(e∗)‖ : ‖e∗‖ ≤ 1}.
Now consider the embedding of `1 into C(B`∞). It is shown in [16] that there

is a homogeneous Zippin selector ‖Φ‖ selector for (`1, C(B`∞)) with ‖Φ‖ = 1.
It follows that:
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Theorem 5.1. Suppose X is a separable Banach space containing `1. Then
for any ε > 0 there is a homogeneous Zippin selector Φ so that ‖Φ‖ < 1 + ε.

To see this, use Theorem 4.2. There is a linear operator T : X → C(B`∞)
with ‖T‖ < 1 + ε and Tx = x for x ∈ `1. Define Ψ : `∗1 → X∗ by Ψ = T ∗ ◦ Φ.

In the general the (λ, C)-extension property on a pair (E,X) does not imply
the existence of a homogeneous Zippin selector Φ with ‖Φ‖ = λ. In fact if E
is non-separable there are examples where no homogeneous Zippin selector
exists [9]. However Castillo and Suarez [9] recently applied an old result of
Benyamini [2] to obtain:

Theorem 5.2. If E is a separable subspace of a Banach space X so that
(E, X) has the C-extension property then there is a homogeneous Zippin’s
selector Φ : E∗ → X∗.

It turns out that the existence of homogeneous Zippin selectors is important
for c0−products. In fact we can now prove [16]:

Theorem 5.3. If X has the separable universal C-extension property then
c0(X) also has the separable universal C-extension property. The space c0(`1)
has the separable universal (2 + ε, C)-extension property.

The space c0(`1) is the space with the most complicated structure that we
know satisfies Theorem 4.1. We now turn to the question raised by Castillo
and Moreno [6]: does a separable Hilbert space satisfy this Theorem? Indeed
Speegle’s theorem [24] shows that `2 fails the separable universal (1 + ε, C)-
extension property but, as the example of c0 shows, this cannot resolve the
question in general. Let us start by considering the canonical inclusion `2 ⊂
C(B`∗2 ). Theorem 5.2 implies:

Theorem 5.4. Suppose 1 < p < ∞. Then there is a homogeneous Zippin
selector for (`p, C(B`∗p)).

This does not seem to immediately help us decide whether `p has the
separable universal C-extension property. However if `p is embedded in some
X so that (`p, X) has the C-extension property then the argument of Theorem
5.1 shows that (`p, X) has a homogeneous Zippin selector Φ. This allows to
make a renorming of X by setting, for example:

|x| = sup{|〈x, Φ(e∗)〉| : e∗ ∈ B`∗p}
and then

‖x‖1 = ( 1
2‖x‖p + 1

2 |x|p)1/p.

Thus ‖ · ‖1 is an equivalent norm on X which agrees with the original norm
on `p. However it has an additional property. There exists a constant c > 0
so that

lim
n→∞

‖x + un‖p
1 ≥ ‖x‖p

1 + cp lim
n→∞

‖un‖p
1

whenever x ∈ X, (un)∞n=1 is a weakly null sequence in `p and all the limits
exist. This condition as it turns out is also sufficient for the C-extension
property:
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Theorem 5.5. Suppose 1 < p < ∞. Suppose `p ⊂ X where X is a separable
Banach space. In order that (`p, X) has the C-extension property it is neces-
sary and sufficient that there is an equivalent norm ‖ · ‖1 on X `p so that for
some c > 0,

lim
n→∞

‖x + un‖p
1 ≥ ‖x‖p

1 + cp lim
n→∞

‖un‖p
1

whenever x ∈ X, (un)∞n=1 is a weakly null sequence in `p and all the limits
exist.

Thus our problem is reduced to a renorming question. Let us note here
that we do not require that the new norm ‖ · ‖1 coincides with the original
norm on `p. To see what this means let us suppose we have 1 < p < ∞ and H
is an Hilbertian subspace of Lp. Then if p ≥ 2, H is complemented by a result
of Kadets and PeÃlczyński [13] and so (H, Lp) has the C-extension property.
On the other hand, if 1 < p < 2 then the hypothesis of Theorem 5.5 holds for
the original norm on Lp. To see this, observe first that for a suitable constant
a > 0 we have an inequality

|1 + t|p ≥ 1 + pt + a min(|t|p, |t|2) −∞ < t < ∞.

Then suppose ‖f‖p = 1 and (gn)∞n=1 is a weakly null sequence with ‖gn‖p ≤ 1.
Let sgn t = t/|t| if t 6= 0 and let sgn 0 = 0.
∫
|f + gn|pdt

≥ 1 + p

∫
|f |p−1(sgn f)gn dt + a

∫

|gn|<|f |
|f |p−2|gn|2dt + a

∫

|gn|≥|f |
|gn|pdt

≥ 1 + p

∫
|f |p−1(sgn f)gn dt + a

(∫

|gn|<|f |
|gn|pdt

)2/p

+ a

(∫

|gn|≥|f |
|gn|pdt

)2/p

≥ 1 + p

∫
|f |p−1(sgn f)gn dt +

a

2
‖gn‖2p.

Note that

lim
n→∞

∫
|f |p−1(sgn f)gn dt = 0.

From this it follows easily that the norm on Lp has the property that for some
c > 0 we have

lim
n→∞

‖f + gn‖2p ≥ ‖f‖2p + cp lim
n→∞

‖gn‖2p
whenever f ∈ Lp, (gn)∞n=1 is a weakly null sequence in Lp and all the limits
exist. In fact it easy to see via renorming that any Banach space with a 2-
concave unconditional basis satisfies a similar condition. These considerations
are, however, a form of overkill. We do not require a condition on every weakly
null sequence; instead we need the conditions for weakly null sequences in the
given Hilbertian subspace.

Surprisingly when one attempts a more delicate analysis one finds that the
(UMD)-property of Burkholder begins to play a role. Recall that a Banach
space X has the (UMD)-property if for some (respectively, every) 1 < p < ∞
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there is a constant C = C(p) so that for any finite X-valued martingale
(Mn)N

n=0 one has an estimate

(E‖
N∑

j=1

εjdMj‖p)1/p ≤ CE‖MN‖p)1/p εj = ±1, j = 1, 2, . . . , N

where dMj = Mj −Mj−1.
The connection is expressed in the following theorem:

Theorem 5.6. Suppose 1 < p < ∞ and `p ⊂ X where X is a Banach space
with (UMD). Then X can be given an equivalent norm so that

lim
n→∞

( 1
2‖x + un‖p + 1

2‖x− un‖p) ≥ ‖x‖p + cp lim
n→∞

‖un‖p

whenever x ∈ X, (un)∞n=1 is a weakly null sequence in `p and all the limits
exist.

This is not quite what we need but one quickly gets:

Theorem 5.7. Suppose 1 < p < ∞ and `p ⊂ X where X is a Banach
space with (UMD). If X has an unconditional basis (or even a (UFDD))
then (`p, X) has the C-extension property.

This result applies when X = Lr for some 1 < r < ∞ or is a reflexive
Schatten ideal. We do not know whether the result remains true if one removes
the (UFDD) hypothesis: however the (UMD) hypothesis is necessary:

Theorem 5.8. If 1 < p < ∞ there is a super-reflexive Banach space X with
unconditional basis containing `p so that (`p, X) fails to have the C-extension
property.

This answers the question of Castillo and Moreno negatively. There must
be at least two non-automorphic embeddings of a Hilbert space into C[0, 1].
However the methods are very specific to `p-spaces and it is natural to ask:

Problem 3. Is there any super-reflexive example of a separable Banach space
with the separable universal C-extension property?

Of course we can eliminate any space which contains a complemented copy
of `p for 1 < p < ∞ (such as Lp). The example in Theorem 5.8 proves
that there are super-reflexive spaces failing the C-extension property (thus
answering a question of Zippin [27]). However we may still ask:

Problem 4. Does every separable Banach space with (UMD) have the C-
extension property?

We do not even know the answer for Lp when 1 < p < ∞. See also [27].
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PALAMODOV’S QUESTIONS FROM HOMOLOGICAL
METHODS IN THE THEORY OF LOCALLY CONVEX

SPACES

JOCHEN WENGENROTH

Abstract. In his seminal work from 1971, V. P. Palamodov introduced
methods from category theory and homological algebra to the theory of
locally convex spaces. These methods shed new light on many classical
topics and led to many applications in analysis, e.g. for partial differen-
tial operators. The final section of Palamodov’s article posed eight open
problems. We will try to explain the motivation for these questions as
well as their solutions which show that Palamodov’s problems had been
a bit too optimistic.

1. The emperor’s new clothes?

Usually, homological methods do not solve a problem at once, but they may
tell rather precisely what has to be done for the solution. Once knowing the
solution it is often possible to give a presentation which avoids the abstract
homological methods and which may then look even ingenious. Perhaps, this
is one of the reasons why seemingly many mathematicians dislike homological
tools: it looks as if they were superfluous. Another reason certainly is that
these general tools, which found applications in all parts of mathematics from
algebra and topology to algebraic geometry as well as – and this is the concern
of the present article – to functional analysis, have to be formulated in a very
general abstract language. One might get the feeling that only trivialities
can be true in such a generality, and like in Andersen’s “The emperor’s new
clothes” one waits for a child telling that he is naked. Indeed, in his book
on algebra [11, page 105], Serge Lang posed the exercise: “Take any book on
homological algebra, and prove all the theorems without looking at the proofs
given in that book”.

We want to describe what homolgical methods can do for analytical prob-
lems by considering the list of questions posed by Palamodov [12, section 12]
who was the first to use homological ideas systematically in connection with
problems arising from partial differential equations. In order to make the pre-
sentation readable for analysts we try to avoid as much of the language from
category theory as possible (although the resulting mixture of homological
and functional analytical language is probably not very satisfying).

Before entering into our subject let us look at three fundamental results of
complex analysis in one variable. It is almost a commonplace that Runge’s
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approximation theorem, the Mittag-Leffler theorem about meromorphic func-
tions with prescribed poles, and the surjectivity of the ∂-operator on C∞(Ω)
are “essentially equivalent”. As all true theorems are logical tautologies, this
statement has no precise meaning. We suppose that on the one hand, it means
that is more or less “easy” to deduce one result from either of the others and,
on the other hand, that there is some kind of common source for the proofs
of the results. And indeed, we shall see that there is one particular property
of the space H (Ω) of analytic functions which implies the results. We admit
that such kind of “meta-result” would be a poor consequence of an elaborated
theory. What makes it worthwhile are evaluable conditions for the “particu-
lar property” which can be applied to less classical situations. For instance,
they can be translated into Hörmander’s convexity condtions for supports
and singular supports to characterize surjectivity of linear partial differential
operators (with constant coefficients) on spaces of functions or distributions,
see [6, 7].

2. Localizing and pasting

Perhaps one may say that category theory formalizes one of the most fun-
damental aspect of mathematics: to search for invariances and relations of
objects in some enviroments. To do so one considers a class of objects X
and for each pair of objects a set Mor(X,Y ) of admissible morphisms of X
to Y such that whenever f “deforms” X to Y and g “deforms” Y to Z one
has a morphism gf of X to Z. Except for associativity of this “composi-
tion” the nature of the morphisms does not play any role for category theory,
what counts are additional properties of the sets Mor(X, Y ) for instance being
abelian groups such that the composition distributes with the group opera-
tions.

Many familiar properties of functions between sets, say, can be formulated
in category language (to give just one fancy example: a set X is empty if
and only if |Mor(X, Y )| = 1 for every set Y , in category terms X is called
an initial object) and it is a matter of taste whether one finds it amusing or
stupid to give such translations. Instead of developing category language and
“applying” it to a particular case, we directly turn to the category L C S
which is one of the most useful to deal with problems in analysis.

We consider locally convex spaces (l.c.s. for short) over a fixed field K ∈
{R,C} as objects and the sets L(X,Y ) of continuous linear operators from
X to Y as morphisms. Even if one is primarily interested in Banach spaces
this larger category quickly enters the game since it is indispensable to deal
with weak and weak-∗-topologies. The composition of morphisms is just the
composition of operators, and with respect to pointwise addition, the sets of
morphisms are abelian groups (of course, even vector spaces) with the zero
operator as neutral element.

Virtually every “linear problem” in analysis can be stated as the question
whether a particular operator is surjective and L C S is a good environment
for this question. To get a taste of what is meant by this, remember that for
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Fréchet spaces Y and Z the open mapping theorem tells us that g : Y → Z is
surjective if g is continuous and open onto its dense range. To prove density
one has to solve only very few equations g(y) = z and for the requirement g
being open onto its range one must prove “continuity properties” of g(y).

Still this has nothing to do with homological methods which enter the game
if one does not stick to a given problem whether a particular g : Y → Z is
surjective but instead, one first studies a model for this problem. To visualize
this strategy one does not only consider single operators but diagrams of
operators, the most simple being X

f→ Y
g→ Z (meaning that f and g are

morphisms from X to Y and Y to Z, respectively).
This diagram is called a complex if gf = 0, or equivalently Im(f) ⊆ Kern(g)

where Im and Kern denote the image and kernel of an operator. A large part
of homological algebra is concerned with the quotients Kern(g)/Im(f), and
for the moment we are interested in the case where this quotient is trivial, i.e.
Im(f) = Kern(g). Then the complex is called acyclic (at Y ). In particular,
this notion gives a very short way of stating surjectivity or injectivity of an
operator by saying that Y → Z → 0 or 0 → X → Y , respectively, is an acyclic
complex.

Of course, what happened is a triviality, but the conciseness of the notion
allows an easy formulation of a general principle, how to prove surjectivity of
a given map: Assume the following diagram of linear spaces and maps to be
commutative such that each row and each column is an acyclic complex.

0

Y
g- Z

?

X1
f1- Y1

j1
? g1- Z1

k1
?

X2

i2
? f2- Y2

j2
? g2- Z2

k2
?

0
?

Then Im(k1) ⊆ Im(g1) implies that g is surjective.
The proof is like a pin-ball machine where we put a ball z ∈ Z in the

upper-right corner, it flips through the diagram and comes out as some y ∈ Y
solving g(y) = z (officially, this method is called diagram chase):

Since Im(k1) ⊆ Im(g1) there is y1 ∈ Y1 with g1(y1) = k1(z). As k2 ◦ k1 = 0
we obtain g2 ◦ j2(y1) = k2 ◦ g1(y1) = 0 from commutativity. Acyclicity of the
lower row gives an x2 ∈ X2 with f2(x2) = j2(y1), and by surjectivity of i2 we
find x1 ∈ X1 with i2(x1) = x2. Commutativity then implies j2(y1−f1(x1)) =
j2(y1)− f2(i2(x1)) = 0. Finally, acyclicity of the middle column yields y ∈ Y
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with j1(y) = y1−f1(x1), and hence k1◦g(y) = g1◦j1(y) = g1(y1)−g1◦f1(x1) =
k1(z) which implies g(y) = z since k1 is injective.

Diagrams as above appear naturally if one attemps to prove surjectivity of
an operator by “localizing and pasting”. Assume that Y and Z are spaces
determined by countably many conditions requiring e.g. differentiability, inte-
grability or other growth conditions of elements in Y and Z. We then describe
these conditions by linear spaces Yn such that they become stronger if n in-
creases and we have natural spectral maps %n

n+1 : Yn+1 → Yn (which in many
cases are inclusions or restrictions if Yn+1 describes conditions on larger sets).
If we succeeded in describing all conditions for Y we can identify this space
with {(yn)n∈N ∈

∏
n∈N

Yn : %n
n+1(yn+1) = yn}. If we have a similar description

for Z and an operator g : Y → Z, it usually happens that g also acts on
Yn, i.e. we have operators gn : Yn → Zn commuting with the spectral maps.
Denoting by Xn and X the kernels of gn and g, respectively, we obtain a
commutative diagram

0 0 0

0 - X
? f - Y

? g - Z
?

0 - ∏
n∈N

Xn

i1
? f∗- ∏

n∈N
Yn

j1
? g∗- ∏

n∈N
Zn

k1
?

∏
n∈N

Xn

i2
? f∗- ∏

n∈N
Yn

j2
? g∗- ∏

n∈N
Zn

k2
?

where j1 is the embedding, j2((yn)n∈N) = (yn − %n
n+1yn+1)n∈N makes the

middle column acyclic and i1, i2 and k1, k2 are defined in the same way.
To apply the pin-ball machine successfully we now need two things: First

we have to solve locally, which means Im(k1) ⊆ Im(g∗) where g∗((yn)n∈N) =
(gn(yn))n∈N. This step is usually much easier than the original problem since z
satisfies all conditions simultaneously and we need solutions which only satisfy
finitely many. The second step then requires surjectivity of i2 :

∏
n∈NXn →∏

n∈NXn, (xn)n∈N 7→ (xn − %n
n+1xn+1). If this is so we can “paste” the local

solutions to a global solution. Palamodov described what we did here by a
“functor” acting on the category of “countable spectra” (Xn, %n

n+1) as above
and obtained surjectivity of i2 as a characterization when the “derivative”
Proj1 of this functor vanishes.

We do not want to explain this right now, but to make these remarks
comparable with Palamodov’s work let us just define for X = (Xn, %n

n+1) the
linear space Proj1X =

∏
n∈NXn/Im(i2).

We want to emphasize that one should consider the calculation of Proj1X
as a model or a test for the original problem whether g : Y → Z is surjective.
What both problems have in common is the kernel X = Kern(g) = Kern(i2)
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and the model problem is simpler since the operator i2 as well as the spaces
between which it acts are very simple. We have seen that Proj1X = 0 is
sufficient for the surjecitivity of g whenever we can solve the local problems.
Looking at the transposed diagram above we get that Proj1X = 0 is also
necessary whenever Im(f∗) ⊆ Im(j2) which is always the case if Proj1Y = 0
for Y = (Yn, %n

n+1) holds.
To see a concret situation let us consider the ∂-operator acting on Y =

C∞(Ω) for some open set Ω ⊆ C ∼= R2. If (Ωn)n∈N is an exhaustion of Ω
by open and relatively compact sets Ωn ⊃ Ωn−1 we consider Yn = C∞(Ωn)
and the restrictions %n

n+1. The local problems require solutions of ∂f = g
only in Ωn where f is in C∞(Ω). These problems are easy to solve: We
multiply with a C∞-function having compact support and being equal to one
in Ωn and form the convolution with the Cauchy-kernel 1

πz . The kernels X
and Xn become X = H (Ω), the space of holomorphic functions on Ω, and
Xn = H (Ωn), respectively, and it remains to show Proj1X = 0.

Before considering this, let us look at the Mittag-Leffler theorem about
the existence of meromorphic functions with prescribed principle parts. In
this case we denote by Yn the space of meromorphic functions with finitely
many prescribed poles in Ωn and by Zn some countable dimensional space
describing the principle parts. The local problems are then trivial and we
obtain exactly the same kernels as for the ∂-case.

The elementary algebraic considerations thus tell us that both results, sur-
jectivily of ∂ and the Mittag-Leffler theorem, will follow from Proj1X = 0.
Stated slightly differently, the following problem is a model for these results:

Given fn ∈ H (Ωn) find gn ∈ H (Ωn) with fn = gn−gn+1|Ωn for all n ∈ N.

The first idea to solve this is to sum up gn =
∞∑

k=n

fk and to make these

series convergent on needs Runges approximation theorem to achieve small
summands. Knowing this classical device, the following theorem of Palamodov
[12, §5] is not too surprising. We denote %n

m = %n
n+1 ◦ · · · ◦ %m−1

m for n < m
and %n

n = idXn .

Theorem 1. If Xn are Fréchet-spaces and %n
n+1 : Xn+1 → Xn are linear

and continous then Proj1X = 0 if and only if

∀ n ∈ N, U ∈ U0(Xn) ∃ m ≥ n ∀ k ≥ m %n
m(Xm) ⊆ %n

k (Xk) + U,

i.e. the images %n
k (Xk) remain dense in %n

m(Xm) with respect to the seminorm
having unit ball U .

Runge’s approximation theorem implies the ”Mittag-Leffler condition” of
Theorem 1 and hence Proj1H = 0 for the spectrum H consisting of the
Fréchet space H (Ωn) and the restrictions (one has to choose m ≥ n in such
a way that Ωm contains all “holes” of Ωn).

In the situation described above for the ∂-operator Theorem 1 can be
applied to prove Proj1Y = 0 (one even has %n

n+1(Yn+1) ⊆ %n
k (Yk) for all

k ≥ n + 1) and since Proj1X = 0 is thus necessary for the surjecitivity of ∂
the necessity part of Theorem 1 implies a rough version of Runge’s theorem:
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Every function which is holomorphic on a neighbourhood of some compact
set can be approximated by functions which are holomorphic on much larger
sets.

Theorem 1 is just the beginning of a very successful story about conditions
ensuring Proj1X = 0 and thus giving tools to solve linear problems in anal-
ysis. We do not want to go further in this direction now (instead, we refer
to Domanski’s survey [1] about (PLS)-spaces and to [19, chapter 3] and the
references therein), but we would like to emphasize that the abstract algebraic
considerations were indispensable for the development of these tools.

Question 2

It is high time to remember the title of this article and to come to one of
Palamodov’s question. If Proj1X = 0 holds for a spectrum of Fréchet spaces
and continuous linear spectral maps then the “test operator” i2 :

∏
n∈N

Xn →
∏

n∈N
Xn is a continous surjection between Fréchet spaces and hence open by

the open mapping theorem.
Although stated differently, Palamodov asked whether this is always true

if Xn are replaced by locally convex spaces. If this were true, one would get
from the abstract machinery not only solvability of a linear problem but also
some “continuity estimates” for the solutions.

Since the open mapping theorem holds for very large classes of l.c.s. it is
not surprising that the answer is yes, if Xn satisfy a suitable condition (having
“strict ordered webs”), see [19, theorem 3.3.3]. But since the open mapping
principle may fail, it is neither surprising that the answer in general is no:
Playing with the finest locally convex topology and arguing with Hamel bases
an example is constructed in [19, 3.3.2] destroying Palamodov’s hope.

3. Derived functors

Every mathematical object X lives in a natural environment which should
be described as a category where the morphisms describe the invariances of
the object. Then every reasonable operation on X should also respect its en-
vironment, i.e. it should transform also the morphisms of the category. Thus,
a functor is a rule (or a mapping – although there are some set theoretical
problems which arise from the fact that usually the objects of a category are
too many to form a set) which transforms objects to objects and morphisms
to morphisms and distributes with the composition of morphisms.

A functor between two categories where the sets of morphisms are abelian
groups is said to be additive if it respects these group structures.

Let us consider two examples which are important with respect to Palam-
odov’s work. For the first one we consider the category whose objects are pro-
jective spectra X = (Xn, %n

n+1) of vector spaces, and morphisms f : X → Y
consist of sequences fn : Xn → Yn of linear maps with fn◦%n

n+1 = σn
n+1◦fn+1.

Forming the projective limit ProjX = {(xn)n∈N ∈
∏

n∈N
Xn : %n

n=1xn+1 = xn}
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with Proj(f)((xn)n∈N) = (fnxn)n∈N is then an additive functor from the cat-
egory of projective spectra to the category of vector spaces. As explained in
the second section this functor is used to solve problems by localization and
pasting.

For the second example we fix any category and an object E and transform
objects X to the sets Mor(E,X) of morphisms from E to X and morphisms f :
X → Y to the mapping f∗ : Mor(E,X) → Mor(E, Y ) defined by composition
g 7→ fg.

Using this functor one can, for instance, describe the existence of a solution
operator for a continuous linear operator T ∈ L(Y,Z). T has a continuous
linear right inverse R ∈ L(Z, Y ), which means T ◦ R = idZ , if and only
if idZ belongs to the range of T ∗ : L(Z, Y ) → L(Z,Z) (then T ∗ is even
surjective). Thus, considering the functor L(Z, ·) allows a formulation of the
original question as an acyclicity problem, namely whether

0 → L(Z, X) J∗→ L(Z, Y ) T∗→ L(Z,Z) → 0

is acyclic, where J : X → Y is the embedding of X = Kern(T ) into Y .
As in section 2, homological algebra enters the game if one does not apply

the functor L(Z, ·) to the complex 0 → X
J→ Y

T→ Z → 0 (which is the
ultimate goal) but instead to a “test complex” 0 → X → · · · with simpler
spaces and operators.

There is always “canonical” method to construct a test complex 0 → X →
· · · which uses the notion of injective objects.

An object I in L C S is called injective if it has the following extension
property: Whenever f : X → I is an operator and X is a topological subspace
of some Y there is an extension g : Y → I with g|X = f .

If in our original complex 0 → X
J→ Y

T→ Z → 0 the kernel X were
injective we could extend J−1 : J(X) → X to g : Y → X and would obtain
the desired right inverse by the formula R(T (y)) = y − J(g(y)).

The first example of an injective object is supplied by the Hahn-Banach
theorem: The field K is injective. Knowing this, one also gets the injectivity of
the Banach spaces spaces `∞(M) of bounded functions on sets M . Since more-
over, products of injective objects are easily seen to be injective and finally,
every vector space V with the trivial topology {∅, V } is injective one arrives at
the fundamental result that every l.c.s. X is isomorphic to a subspace of an in-
jective one, hence there is an exact complex (∗) 0 → X → I → Q → 0 where Q
is the quotient I/X. This complex can always be used as a test for the original
problem, and the first derivative F 1(X) = F (Q)/F (I) of an additive functor
F from L C S to the category of abelian groups describes the “success” of the
test, i.e. the acyclicity of the complex (+) 0 → F (X) → F (I) → F (Q) → 0.

As stated, this simple definition (which differs slightly from the usual one
which uses so-called injective resolutions) depends on the injective object I.
However, it is not too hard to prove that that the quotient groups depend on
I in an isomorphic way.
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Although we are mainly interested in the first derivative, let us define the
higher derivatives F k+1(X) = F k(Q).

The following fundamental theorem of Palamodov (see [12] or [19]) shows
that our test indeed gives information about the action of the functor on
general complexes. We give the formulation only for injective functors from
L C S to the abelian groups which are defined to be additive such that (+)
is acyclic at F (X).

Theorem 2. Let F be an injective functor on L C S and 0 → X
J→ Y

T→
Z → 0 an exact complex, this means that it is acyclic and that J and T are
not only continuous but also open onto the range. Then there is an acyclic
complex

0 → F (X) J∗→ F (Y ) T∗→ F (Z) → F 1(X) → F 1(Y ) → F 1(Z) → F 2(X) → · · ·
In particular we get that 0 → F (X) → F (Y ) → F (Z) → 0 is always

acyclic if F 1(X) = 0. If F 1(Y ) = 0 this condition is also necessary.
Let us now see what this theorem means for the functor L(E, ·) which we

want to use to find solution operators. The derivatives of L(E, ·) are usually
denoted by Extk(E, ·):
Corollary 3. 1. For two locally convex spaces E and X we have Ext1(E, X) =
0 if and only if for every exact complex 0 → X

J→ Y
T→ E → 0 there exists a

right inverse for T .
2. Extk+1(E, X) = 0 holds if and only if the “k-th acyclicity class”

{Y ∈ L C S : Extk(E, Y ) = 0} is stable with respect to forming quotients
by subspaces isomorphic to X.

The first part explains the notion Ext1(E, ·) for the derivative of L(E, ·):
An exact complex 0 → X

J→ Y
T→ E → 0 is called an extension of (E,X) and

Ext1(E,X) = 0 means that ”up to isomorphism of complexes” there is only
the trivial one with Y = E ×X.

To apply the corollary in concrete cases one must be able to compute
Ext1(E,X), and typically one of the difficulties is to find a good description
for the quotient Q = I/X.

For nuclear Fréchet spaces X this problem can be solved with the aid of
Theorem 1. In this case there is always a representation X = ProjX with
a projective spectrum X = (Xn, %n

n+1) of Banach spaces Xn isomorphic to
the injective space `∞ = `∞(N) and nuclear spectral maps %n

n+1 such that

Proj1X = 0 holds. Hence, 0 → X → ∏
n∈N

Xn
i2→ ∏

n∈N
Xn → 0 is an exact

complex (with very simple quotient Q) permitted for the definition of the
derived functors.

Applying L(E, ·) yields 0 → L(E,X) → ∏
L(E, Xn) → ∏

L(E, Xn) and
therefore the calculation of Ext1(E, X) is again a question about Proj1.

If E is such that L(E, Xn) have canonical Fréchet topologies (which is the
case if E is a so-called (DF)-space and in particular if E is a normed space
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or the strong dual of a Fréchet space) one can solve the Proj1-question once
more with Palamodov’s Theorem 1. Using nuclearity it is not too hard to
prove the Mittag-Leffler condition in Theorem 1 (see [19, lemma 5.6.1]) and
one can thus conclude Ext1(E,X) ∼= Proj1L(E, Xn) = 0.

The same holds true if X is any Fréchet space and instead E is a nuclear
(DF)-space (instead of the definition of the first derivative one then has to
use Theorem 2). We thus arrive at the following result of Palamodov [12,
theorem 9.1]:

Corollary 4. Let E be (DF)-space and X a Fréchet space such that one of
them is nuclear. Then Extk(E, X) = 0 for all k ∈ N.

As an example, we consider a surjective operator T : Y → Z between
Fréchet spaces and the induced opertator T̃ : C∞(Ω, Y ) → C∞(Ω, Z) be-
tween the corresponding spaces of infinitely differentiable vector valued func-
tion on an open subset of Ω ⊆ Rn. Using Schwartz’s ε-products we have
C∞(Ω, E) = C∞(Ω)εE = L(C∞(Ω)′β , E) where C∞(Ω)′β is a nuclear (DF)-
space. Since Ext1(C∞(Ω)′β , X) = 0 for X = Kern(T ) we conclude that T̃ is
again surjective.

One could attack this result more directly and would probably use certain
approximations and corrections which are behind the Mittag-Leffler condition
in Theorem 1 in a more concrete form. But then analytical aspects (which
yield nuclearity of C∞(Ω)) and topological consideration would be mixed up
which makes the proof much less transparent than the use of Corollary 4.

Corollary 4 and its little application are again only the beginning of a
long story about the functors Extk(E, ·). In particular, there is a complete
characterization of Ext1(E, X) = 0 if E and X are both Fréchet spaces and
one of them is nuclear or a Köthe sequence space (this is due to Vogt [15] and
Frerick [4] and Frerick and the author [5]), and there are very strong results
of Domański and Vogt [3] and of the present author in [18] about Ext1(E,X)
for subspaces and quotients of the space of distributions D ′.

Comparing the applications of those results to distributional complexes in
[3] with a more classical approach of Palamodov [13] using Fourier analysis
shows rather impressivly the power of functional analytic techniques inspired
by homological ideas.

We have now enough information to deal with several of Palamodov’s ques-
tions related to derived functors.

Question 6

We have seen that every nuclear Fréchet space X admits an exact complex
0 → X → `N∞ → `N∞ → 0 which yields F k(X) = 0 for k ≥ 2 and every
injecitve functor F , in particular Extk(E, X) = 0 for k ≥ 2 and every l.c.s.
E. Question 6 asks whether this is true for every Fréchet space X. Using only
classical facts from Banach space theory (which can be found e.g. in [21]) we
will now show that there are even Banach spaces E and X for which this fails.
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Using Khinchin’s inequality, we can find the Hilbert space `2 as a topo-
logical subspace of L1([0, 1]) and thus obtain an exact complex 0 → `2

i→
L1([0, 1])

q→ E → 0. Taking duals we get an exact complex 0 → X → `∞ →
`2 → 0 with X = E′. Since `∞ is injective we have Ext1(E, `∞) = 0 and
assuming Ext2(E,X) = 0 we obtain Ext1(E, `2) = 0 from the second part of
corollary 3. Whence its first part gives a right inverse R : E → L1([0, 1]) for
q above which then yields a left inverse T : L1([0, 1]) → `2 for the embedding
i : `2 → L1([0, 1]), i.e. T ◦ i = id`2 . A theorem of Grothendieck (see e.g.
[21, III.F7]) implies that T is absolutely summing and then id`2 would be
absolutely summing, too. This contradiction shows Ext2(E, X) 6= 0.

Question 7

In connection with corollary 4 Palamodov writes “it is natural to expect
that the following proposition ’dual’ to [corollary 4] is valid: Exti(E,X) =
0, i ≥ 1, if E is metric, X is a complete dual metric space, and one of them
is a nuclear space”. It follows form results of Grothendieck [9, chap. 2, 10.3]
that this is true if X is Banach and E is any nuclear space.

This question is solved under the assumption of the continuum hypothesis
in [20]: For every infinite-dimensional nuclear (DF )-space X we have:

(1) Extk(E, X) = 0 for k ≥ 3 and every l.c.s. E.
(2) Ext1(KN, X) = 0 and Ext2(KN, X) 6= 0.
(3) There is a normed space E with Ext1(E, X) 6= 0.

Although this answers Palamodov’s question as stated, it remains an open
problem whether for instance Ext1(s, s′) = 0 where s is the nuclear Fréchet
space of all rapidly decreasing scalar sequences.

Question 8

The methods used to solve the conjecture above also led to an answer to a
question about the completeness of quotient spaces: If C (X) denotes to vector
space which is obtained as the Hausdorff completion of a l.c.s. X we get an
injective functor from L C S to the category of vector spaces. Then C 1(X) =
0 means that Y/X is complete for every complete l.c.s. Y containing X as a
subspace. Except for the formulation it is a classical result that C 1(X) = 0
holds for every metrizable l.c.s. X [12, proposition 10.2], and Palamodov asked
whether this is still true for the space X = D ′ of distributions or for the space
ϕ of all finite scalar sequences endowed with the finest locally convex topology.
The methods in [20] yield that (under the continuum hypothesis) C 1(X) 6= 0
for each l.c.s. X containing a complemented copy of some infinite dimensional
nuclear (DF )-space (the case X = ϕ was already solved by F.C. Schmerbeck
[14]).

Question 5



PALAMODOV’S QUESTIONS 179

Yet another problem solved by the methods in [20] is concerned with du-

ality, namely whether for an exact complex 0 → E
j→ F

q→ G → 0 in L C S

the complex of the strong duals 0 → G′β
qt

→ F ′β
jt

→ E′
β → 0 is exact (the

Hahn-Banach theorem implies that it is acyclic). Instead of repeating Palam-
odov’s construction (which is not as smooth as the one leading to Extk and
Projk) we define D1(E) = 0 and D+(E) = 0 if for every exact complex

0 → E
j→ F

q→ G → 0 the dual maps qt or jt, respectively, are open onto
their range. Based on results of Grothendieck Palamodov [12, §8] proved that
for a Fréchet space E we have D1(E) = 0 if and only if E is quasinormable,
i.e.

∀ U ∈ U0(E) ∃ V ∈ U0(E) ∀ ε > 0 ∃ B ⊆ E bounded V ⊆ εU + B

whereas D+(E) = 0 if and only if E′
β is barrelled. Moreover D1(E) = 0

implies D+(E) = 0.
Motivated by these results (and perhaps a theorem of Schwartz which im-

plies D+(E) = 0 for each complete quasinormable space where all bounded
sets are relatively compact – according to Grothendieck such spaces are called
Schwartz spaces), Palamodov asked whether D1(E) = 0 and D+(E) = 0 for
every quasinormable l.c.s. The answer to these questions is again negative
[19, p. 125], and under the continuum hypothesis we even have D1(E) 6= 0
for every infinite-dimensional nuclear (DF)-space E.

Question 1

We finish this section with the Palamodov’s first question which refers to
the possibility whether one can construct a “dual” theory of derived functors
where one investigates the action of a functor on a complex 0 → X → Y →
Z → 0 not by keeping X and replacing Y and Z by simpler spaces but
by keeping Z and replacing X and Y . The notion which would allow such
a construction is that of a projective object P which means that whenever
T : P → Z is an operator into a quotient Z of some l.c.s. Y with quotient
map q : Y → Z then there is a “lifting” S : P → Y with q ◦ S = T . In the
category of Banach spaces the space `1 of absolutely summable sequences is
projective (if en are the unit vectors and yn is a bounded sequence in Y with
q(yn) = T (en) one can just define S by S(en) = yn). Palamodov suspected
that there are very few projective objects in L C S and this conjecture was
confirmed by V.A. Gĕıler [8] who showed that projective objects in L C S
necessarily carry the finest locally convex topology.

On the other hand, Domański, Krone, and Vogt [2] gave a kind of sub-
stitute for the non-existent projetive resolutions in the category of (nuclear)
Fréchet spaces. This approach gives a somehow positive answer to Palam-
odov’s question and allows to carry out similar constructions as in categories
having many projective objects.
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4. Inductive limits

Inductive spectra are in a sense dual to projective ones. We have a se-
quence of l.c.s. Xn and continuous linear mappings in,n+1 : Xn → Xn+1

which are assumed to be injective (thus we have Xn ⊆ Xn+1). Then X =
ind Xn =

⋃
n∈N

Xn is a vector space which we endow with the finest locally

convex topology such that all inclusions Xn ↪→ X are continuous. A semi-
norm p on X is thus continuous with respect to that topology if and only
if all its restrictions p|Xn are continuous on Xn. X is always a quotient of
the locally convex direct sum

⊕
n∈N

Xn = ind
∏

k≤n

Xk×
∏

k>n

{0} where the quo-

tient map is just the sum σ((xn)n∈N) =
∑

n∈N
xn. This observation yields an

acyclic complex (∗) 0 → ⊕
Xn

d→ ⊕
Xn

σ→ X → 0 where d is defined by
(xn)n∈N 7→ (xn − xn−1)n∈N with x0 = 0.

Palamodov defined an inductive spectrum (Xn)n∈N to be (weakly) acyclic
if the complex above is exact (exact if all spaces are endowed with their weak
topologies), i.e. d is a (weak) isomorphism onto its range.

This notion is suitable to decide which subspaces L of X are limit subspaces
(or well-located) which means that the relative topology coincides with the
inductive limit topology of ind L ∩ Xn (or if they have at least the same
continuous linear functionals). In fact a diagram chase as described in section
2 yields:

If (Xn)n∈N is (weakly) acyclic then L is a limit subspace (well-
located) if and only if (Xn/L ∩Xn)n∈N is (weakly) acyclic.

This means again that the complex (∗) for the spectrum (Xn/L ∩Xn)n∈N
is a test for the exactness of 0 → ind L ∩Xn → X → X/L → 0.

The typical example of an acyclic inductive limit is X = D(Ω) the space
of C∞-functions on an open set Ω ⊆ RN with compact support. Then a
continuous linear operator T : D ′(Ω) → D ′(Ω) on the space of distributions is
surjective if and only if the kernel of the transposed operator is a well-located
subspace of D(Ω). To apply this one needs evaluable conditions to ensure
(weak) acyclicity and there is indeed a very general result [17], [19, theorem
6.1]:

Theorem 5. 1. An inductive spectrum (Xn)n∈N is acyclic if for every n ∈ N
there is m ≥ n such that for every k ≥ m the topologies of Xm and Xk

coincide on some 0-neighbourhood of Xn.
2. If all Xn are metrizable this condition is also necessary for acyclicity.

Question 3 and 4

Palamodov’s questions about acyclic spectra ask for necessary conditions.
Inspired by his result that inductive limits of acyclic spectra of Fréchet spaces
are complete and regular (i.e. every bounded subset of indXn is contained
and bounded in some “step” Xn) he asked whether this is true for complete
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l.c.s. Xn instead of Fréchet spaces. We do not know the answer in general.
However, if we define X = indXn to have local closed neighbourhoods if

∀ n ∈ N ∃ m ≥ n ∀ U ∈ U0(Xm) ∃ V ∈ U0(Xn) V
X ∩Xn ⊆ U

(this notion had been introduced by D. Vogt [16], and it is satisfied by all
spectra verifying the condition in Theorem 5) we have [19, theorem 6.10]:

Theorem 6. The inductive limit of an acyclic spectrum of complete separated
l.c.s. with local closed neighbourhoods is complete and regular.

Let us finally mention that there is no hope for a positive answer if one
only assumes weak acyclicity instead of acyclicity. In fact, using Palamodov’s
characterization [12, theorem 6.3] one can check that G. Köthe’s example [10,
§31.6] of a non-regular and non-complete inductive limit of Banach spaces is
indeed weakly acyclic.
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Anal. i Priložen 6 (1972), 79-80.

[9] A. Grothendieck: Produits Tensoriels Topologiques et Espaces Nucléaires, Mem. Amer.
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ORDINAL REPRESENTABILITY IN BANACH SPACES

M. J. CAMPIÓN, J. C. CANDEAL, A. S. GRANERO, AND E. INDURÁIN

Abstract. The objective of this note is to investigate the role of or-
dinal representability in the theory of Banach spaces. Necessary and
sufficient conditions have been achieved for the norm or weak topologies
of a Banach space to have the continuous (respectively, semicontinuous)
representability property.

1. Introduction
In the mathematical theory of ordered structures, a topology τ defined on

a nonempty set X is said to satisfy the continuous representability property
(CRP) if every continuous total preorder - defined on X admits a numeri-
cal representation by means of a continuous real-valued isotony. (Topologies
satisfying CRP have been also called “useful topologies” in the literature, see
Herden [1991]).

Examples of topologies satisfying CRP are the connected and separable
(see Eilenberg [1941]) and the second countable ones (see Debreu [1954]).
Also, on metrizable spaces, the topology (metric) satisfies CRP if and only
if it is separable. (See Candeal et al. [1998]). On non-metrizable spaces the
analogous property is no longer true: For instance, the Hilbert space `2(R)
endowed with the weak topology ω is non-separable but satisfies CRP, as we
shall prove later.

The structure of topologies satisfying CRP was fully stated in Herden and
Pallack [2000]. However, the conditions that characterize CRP topologies are
difficult to check, so that this suggests to analyze directly the satisfaction of
CRP in some important cathegories of topological spaces.

Continuing a way initiated in Candeal et al. [1999], in the present paper
we pay attention to the main topologies in Banach spaces, so that given a
Banach space X, we shall study the ordinal representability of the norm and
weak topologies on X and the norm, weak and weak-star topologies on its
dual X∗. Hopefully, if X or X∗ satisfy good properties related to its ordinal
substructures, they should also have some extra good additional properties

1991 Mathematics Subject Classification. (2000) Primary: 46 B 40. Secondary: 06 A
06, 46 B 25, 54 F 05.

Key words and phrases. Banach spaces, weak topologies, total preorders, continuous
and semicontinuous isotonies.
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related with their own Banach space structures, so that we can think about
the possibility of characterizing classical properties of Banach spaces (e.g.
separability) by means of properties related with order.

It is known (see Monteiro [1987]) that the weak-star topology of a dual Ba-
nach space satisfies CRP. In the present paper we will complete the panorama
by proving also that the weak topology of a Banach space also satisfies CRP.
These facts are important not only from the point of view of Functional Anal-
ysis, but also because they carry powerful consequences in applications. For
instance, in Economic Theory, when dealing with problems of General Equi-
librium related to “large economies”, several models that strongly depend on
the structure of a Banach space are encountered.

In those models, “preferences” (usually understood as continuous total pre-
orders) are defined, and continuous “utility functions”, or in other words,
numerical representations by means of continuous real-valued isotonies, are
required to prove the existence of an equilibrium. In that framework it is
usual to deal with nonseparable Banach spaces (see e.g. Mas-Colell [1986])
where weak and weak-star topologies are more adequate because the metric
(norm) topology does not satisfy CRP.

Another classical property in the topological theory of ordered structures
is the semicontinuous representability property (SRP). A topology τ defined
on a nonempty set X is said to satisfy SRP if every upper (respectively lower)
semicontinuous total preorder - defined on X admits a numerical represen-
tation by means of an upper (respectively lower) semicontinuous real-valued
isotony. Topologies satisfying SRP have been also called “completely useful
topologies”. SRP implies CRP but the converse is not true in general. (See
Bosi and Herden [2002]).

It is known that some topological conditions, as the satisfaction of the sec-
ond axiom of countability (see Isler [1997]), are sufficient for a given topology
to satisfy SRP. The main structure of topologies accomplishing SRP has also
been established in Bosi and Herden [2002], but as in the case of CRP, the
conditions that characterize SRP topologies are not easy to check.

In what concerns Banach spaces, matching some well-known results it is
straightforward to see that the norm topology of a Banach space satisfies SRP
if and only if it satisfies CRP. Thus, it remains to characterize the satisfaction
of SRP by the weak topology of a Banach space X and the weak-star topology
of a dual Banach space X∗.

In the present paper we fill these gaps, showing that the weak topology of
a Banach space X satisfies SRP if and only if it is separable and, finally, the
weak-star topology of a dual Banach space X∗ satisfies SRP if and only if the
predual X is separable in norm.

2. Previous concepts and results
Let X be a nonempty set. Let - be a total preorder (i.e.: a reflexive,

transitive and complete binary relation) on X. (If - is also antisymmetric, it
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is said to be a total order). We denote x ≺ y instead of ¬(y - x). Also x ∼ y
will stand for (x - y) ∧ (y - x) for every x, y ∈ X.

The total preorder - is said to be representable if there exists a real-valued
order-preserving isotony f : X −→ R. Thus x - y ⇐⇒ f(x) ≤ f(y) (x, y ∈
X). This fact is characterized (see e.g. Bridges and Mehta [1995], p. 23) by
equivalent conditions of “order-separability” that the preorder - must satisfy.
Thus, the total preorder - is said to be order-separable in the sense of Debreu
if there exists a countable subset D ⊆ X such that for every x, y ∈ X with
x ≺ y there exists an element d ∈ D such that x - d - y. Such subset D is
said to be order-dense in (X, -).

If X is endowed with a topology τ , the total preorder - is said to be
continuously representable if there exists an isotony f that is continuous with
respect to the topology τ on X and the usual topology on the real line R. The
total preorder - is said to be τ -continuous if the sets U(x) = {y ∈ X , x ≺ y}
and L(x) = {y ∈ X , y ≺ x} are τ -open, for every x ∈ X.

In this case, the topology τ is said to be natural or compatible with the
preorder -. (See Bridges and Mehta [1995], p. 19). The coarsest natural
topology is the order topology θ whose subbasis is the collection {L(x) : x ∈
X} ∪ {U(x) : x ∈ X}.

The topology τ on X is said to have the continuous representability property
(CRP) if every continuous total preorder - defined on X admits a numerical
representation by means of a continuous real-valued isotony.

A powerful tool to obtain continuous representations of an order-separable
totally preordered set (X, -) endowed with a natural topology τ is the so-
called Debreu’s open gap lemma. (See Debreu [1954], or Ch. 3 in Bridges
and Mehta [1995]). To this extent, let T be a subset of the real line R. A
lacuna L corresponding to T is a nondegenerate interval of R that has both a
lower bound and upper bound in T and that has no points in common with
T . A maximal lacuna is said to be a Debreu gap. Debreu’s open gap lemma
states that if S is a subset of the extended real line R, then there exists a
strictly increasing function g : S −→ R such that all the Debreu gaps of g(S)
are open. Using Debreu’s open gap lemma, the classical process to get a
continuous real-valued isotony goes as follows: First, one can easily construct
a (non necessarily continuous!) isotony f representing (X, -) when - is order-
separable (see e.g. Birkhoff [1967], Theorem 24 on p. 200, or else Bridges and
Mehta [1995], Theorem 1.4.8 on p. 14). Once we have an isotony f , Debreu’s
open gap is applied to find a strictly increasing function g : f(X) −→ R such
that all the Debreu gaps of g(f(X)) are open. Consequently, the composition
F = g ◦ f : X −→ R is also an isotony representing (X, -), but now F is
continuous with respect to any given natural topology τ on X.

A topological space (X, τ) is said to be separably connected if for every
a, b ∈ X there exists a connected and separable subset C(a, b) ⊆ X such that
a, b ∈ C(a, b). Separably connected implies connected, but the converse is not
true in general. (See Candeal et al. [1998]).
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Let A = [0,Ω) where Ω denotes the first uncountable ordinal. Between
each ordinal α ∈ A and its follower α + 1 we insert a copy of the interval
(0, 1) ⊂ R. The space L that we got in this way is called the long line. (See
Steen and Seebach [1970], pp. 71-72). L is ordered in the obvious way. Denote
by -L the usual total order on L. Let Y = L × {0, 1}. Endow Y with the
total preorder -Y defined as follows:

i) (a, 0) ≺Y (b, 1) for every a, b ∈ L such that either a 6= 0 or b 6= 0,
ii) (0, 0) ∼Y (0, 1),
iii) (a, 0) -Y (b, 0) ⇐⇒ b -L a for every a, b ∈ L,
iv) (a, 1) -Y (b, 1) ⇐⇒ a -L b for every a, b ∈ L.
(Y, -Y ) is called the double long line.
Separably connected topological spaces have a property of continuous or-

dinal representability in the double long line, as the next lemma states.

LEMMA 2.1. : Let (X, τ) be a separably connected topological space. Let -
be a τ -continuous total preorder on X. Let θY denote the order topology on
the double long line Y . There exists a continuous map F : (X, τ) −→ (Y, θY )
such that

x - y ⇐⇒ F (x) -Y F (y) (x, y ∈ X).

PROOF: We can suppose without loss of generality that - is actually a total
order, because since - is τ -continuous, the quotient space (X/ ∼) = {[x] :
x ∈ X}, where [x] = {y ∈ X : y ∼ x} is also separably connected with respect
to the quotient topology induced by τ on (X/ ∼). Also, again because - is
τ -continuous, it is enough to find a continuous isotony F : (X, θX) → (Y, θY )
where θX stands for the order topology on X. Since θX is coarser than τ ,
(X, θX) is also separably connected. Indeed, it is path-connected by Remark
2 (iv) in Candeal et al. [1998]. Two cases may occur now: If (X, -) is
representable, there exists a continuous real-valued isotony. But it is clear
that the real line with its usual topology and order can be also continuously
embedded in the double long line (Y, θY ). If otherwise (X, -) fails to be
representable, Remark 3.2 (iii) in Beardon et al. [2002] states that it can be
also continuously embedded in (Y, θY ) through an isotony. (See also Theorem
5 in Monteiro [1987], of which this result is a generalization). This finishes
the proof. ¥

Given a topological space (X, τ) a total preorder - is said to be τ -lower
semicontinuous if the sets U(x) = {y ∈ X , x ≺ y} are τ -open, for every
x ∈ X. In a similar way, - is said to be τ -upper semicontinuous if the sets
L(x) = {y ∈ X , y ≺ x} are τ -open, for every x ∈ X. The topology τ is
said to satisfy the semicontinuous representability property (SRP) if every
τ -upper (respectively τ -lower) semicontinuous total preorder - defined on
X admits a numerical representation by means of a τ -upper (respectively
τ -lower) semicontinuous real-valued isotony.
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If - is a τ -upper (respectively τ -lower) semicontinuous total preorder on
X, and it is also representable (or, equivalently, order-separable in the sense
of Debreu), using again Debreu’s open gap lemma we can get a τ -upper
(respectively τ -lower) semicontinuous real-valued isotony that represents -.
The process goes as follows: First, we construct an isotony f representing
(X, -). Then Debreu’s open gap is applied to find a strictly increasing func-
tion g : f(X) −→ R such that all the Debreu gaps of g(f(X)) are open.
Consequently, the composition F = g ◦ f : X −→ R is also an isotony repre-
senting (X, -), but now F is τ -upper (respectively τ -lower) semicontinuous.

Let us see now the relationship between CRP and SRP.

LEMMA 2.2. : SRP implies CRP, but the converse is not true.
PROOF: (See also Proposition 4.4 also Bosi and Herden [2002]). Suppose
that (X, τ) is a topological space such that τ satisfies SRP. Let - be a τ -
continuous total preorder on X. Since - is continuous, it is in particular τ -
upper semicontinuous, so that, by SRP, there exists an upper semicontinuous
isotony f representing (X, -). Debreu’s open gap is applied immediately to
find a strictly increasing function g : f(X) −→ R such that all the Debreu
gaps of g(f(X)) are open, so that the composition F = g ◦f : X −→ R is also
an isotony representing (X, -), but now F is τ -continuous because, being -
τ -continuous, the topology τ is, by definition, a natural topology. Therefore
τ satisfies CRP.

Some example that proves that the converse does not hold in the general
case will be given in next sections. For instance, we will prove that the weak
topology of a Banach space X always satisfies CRP, but it satisfies SRP if
and only if X is separable. For instance, (`∞, ω) satisfies CRP but not SRP,
where ω stands for the weak topology. ¥

Now we show another important topological consequence of SRP, that shall
be used in the sequel.

LEMMA 2.3. : Let (X, τ) be a topological space such that τ satisfies SRP.
Then (X, τ) is hereditarily separable and hereditarily Lindelöf.
PROOF: (See also Lemma 4.1 and Proposition 4.2 in Bosi and Herden [2002].
For basic definitions and results involving topological concepts, we refer to
Dugundji [1966]).

Remember that, being Ω the first uncountable ordinal, an uncountable
subset (xα)α<Ω of a topological space (X, τ) is said to be right-separated
(respectively, left-separated) if for every ordinal α < Ω we have that xα does
not belong to the τ -closure B̄α of the set Bα = {xβ : α < β < Ω} (respectively,
if for every ordinal α < Ω we have that xα does not belong to the τ -closure
C̄α of the set Cα = {xβ : β < α}.

It is well-known (see e.g. Theorem 3.1. in Roitman [1984]) that:
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A topological space (X, τ) is hereditarily separable (respectively, heredi-
tarily Lindelöf) if and only if it has not an uncountable left-separated family
(respectively, if and only if it has not an uncountable right-separated family).

Suppose now that (X, τ) has a right-separated family (xα)α<Ω. Given
α < Ω, let Oα = X \B̄α. Let U0 = ∅ ; Uα =

⋃
γ<α Oγ (0 < α < Ω). Observe

that given 0 ≤ α < β it holds that Uα ( Uβ . Now consider the preorder - on
X defined as follows:

x - y ⇐⇒ (y ∈ Uα ⇒ x ∈ Uα , for every α < Ω).

By construction, the preordered set (X, -) contains a subset isotonic to
([0,Ω), <), hence non-representable. (See Beardon et al. [2002]). Thus, in
particular, there is no upper-semicontinuous isotony representing -.

Notice, in addition, that - is τ - upper semicontinuous: Indeed, given x ∈ X
we have that

L(x) = {y ∈ X : y ≺ x} =
⋃

α<Ω , x/∈Uα

Uα,

which is a τ -open subset of X.
Therefore (X, τ) does not satisfy SRP.

Finally, suppose that (X, τ) has a left-separated family (xα)α<Ω. Given
α < Ω, let Oα = X \ C̄α. Let V0 = X ; Vα =

⋃
α<γ Oγ (0 < α < Ω).

Observe that given 0 ≤ α < β it holds that Vβ ( Vα. Now consider the
preorder - on X defined as follows:

x - y ⇐⇒ (x ∈ Vα ⇒ y ∈ Vα , for every α < Ω).

For every x ∈ X we have that

U(x) = {y ∈ X : x ≺ y} =
⋃

α<Ω , x/∈Vα

Vα,

which is a τ -open subset of X. Henceforth, - is τ -lower semicontinuous.
By construction, the preordered set (X, -) contains a subset isotonic to

([0,Ω), <). Hence - is a non-representable total preorder. Thus, in particular,
there is no lower-semicontinuous isotony representing -.

Consequently, (X, τ) does not satisfy SRP.

This finishes the proof. ¥
We conclude with another key result that involves the Lindelöf property.

LEMMA 2.4. : Let (X, τ) be a Lindelöf and separably connected topological
space. Then τ satisfies CRP.
PROOF: Let - be a τ -continuous total preorder on X. By Lemma 2.1,
there exists a continuous isotony F : (X, τ) −→ (Y, θY ) that maps X to
the double long line Y . Observe that F being continuous, the image F (X)
must be a connected subset of Y . Moreover, by Lindelöf property, F (X)
must be order-bounded in Y , that is, there exist elements a, b ∈ Y such that
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a ≺Y x ≺Y b for every x ∈ X. Indeed, if F (X) is not order-bounded, for every
ordinal number α ∈ (0, Ω), denote Sα = {z ∈ Y : (α, 0) ≺Y z ≺Y (α, 1)}.
It is clear that {F−1(Sα) : α ∈ (0,Ω)} is an open covering of X without
a countable subcovering, in contradiction with the assumption of X being
Lindelöf. Finally, observe that every order-bounded subset of the double long
line is continuously isotonic to a subset of the real line. (See Monteiro [1987]
or Beardon et al. [2002]).

This finishes the proof. ¥
3. The continuous representability property (CRP) in Banach

spaces
In what follows, let X be a Banach space. (For basic definitions and results

involving Functional Analysis concepts, we refer to Aliprantis and Border
[1999]).

In Candeal et al. [1998] it has been proved that for a metric space (X, d),
where d denotes the distance function and metric topology on X, the following
statements are equivalent:
i) (X, d) satisfies CRP, ii) (X, d) is separable, iii) (X, d) is second countable.

Also, we know that a second countable topology always satisfies SRP. (This
is known as Rader’s theorem, despite its original proof in Rader [1963] had a
flaw, as proved in Mehta [1997]. A correct proof of Rader’s theorem appears
in Isler [1997]). The following result follows now as a consequence of all these
facts.

THEOREM 3.1. : Let (X, || · ||) be a Banach space endowed with the norm
topology. The following statements are equivalent:

i) (X, || · ||) satisfies SRP,
ii) (X, ω) is hereditarily separable and hereditarily Lindelöf (where ω

stands for the weak topology on X),
iii) (X, || · ||) is separable.

PROOF:
i) ⇒ ii)
Let - a total preorder on X. Suppose that - is upper semicontinuous

with respect to the weak topology ω. Then - is also upper semicontinuous
with respect to the norm topology, which is finer than ω. Since the norm
topology satisfies SRP, in particular the preorder - is representable by a real-
valued order-preserving isotony f . Moreover, by Debreu’s open gap lemma
there exists a strictly increasing function g : f(X) −→ R such that all the
Debreu gaps of g(f(X)) are open. Finally, observe that since - is upper
semicontinuous with respect to ω, the composition F = g ◦ f : X −→ R is
ω-upper semicontinuous, and it is a real-valued isotony that represents -.

The proof for the lower-semicontinuous case is entirely analogous. Thus we
conclude that (X, ω) also satisfies SRP, so that we by Lemma 3, (X, ω) is is
hereditarily separable and hereditarily Lindelöf.

ii) ⇒ iii) ⇒ i)
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By hypothesis, (X,ω) is separable, and this is equivalent to say that (X,||·||)
is separable (see e.g. Corson [1961] or Jain et al. [1997], p. 196.) Now, since
in a metric space separability is equivalent to second countability, it follows
that (X, || · ||) satisfies SRP by Rader’s theorem.

This finishes the proof. (Observe that more equivalences, as “(X, || · ||) is
second countable” or “(X, || · ||) satisfies CRP” among others, could have been
added to the statement). ¥

Now let X be a Banach space and X∗ its dual. Endow X∗ with the
weak-star topology ω∗. Since by Alaoglu’s theorem the closed unit ball U of
(X∗, || · ||) is compact with respect to the weak-star topology ω∗, and this also
happens for nU (n ∈ N), it follows that X∗ is σ-compact (i.e.: countable union
of compact subsets) with respect to the weak-star topology. But σ-compact
implies Lindelöf, so that applying Lemma 2.4 we arrive to the following fact,
that was already known in the literature. (See Example 4 in Monteiro [1987]):

THEOREM 3.2. : Let X be a Banach space. Then (X∗, ω∗) satisfies CRP.
REMARK 3.3.: Suppose now that X is a ref lexive Banach space. Then the
weak and weak-star topologies agree on X∗. This fact, jointly with Theorem
3.1 and Theorem 3.2, allows us to put an example of a Banach space that
satisfies CRP but not SRP, as announced before. For that purposes, it is
enough to consider a reflexive and non-separable Banach space X, and take
the weak topology on X∗. For instance, we can consider the non-separable
Hilbert space X = `2(R). ¤

To conclude this section, it remains to study the behaviour of the weak
topology ω of a Banach space X, with respect to the satisfaction of the con-
tinuous representability property (CRP).

To do so, we introduce some necessary definition and lemmas.
DEFINITION: Let X be a nonempty set endowed with a topology τ . The
topological space (X, τ) is said to satisfy the countable chain condition (CCC)
if every family of pairwise disjoint τ -open subsets is countable.
LEMMA 3.4. : Let < E,F > be real linear spaces in duality. Then (E, ω(E,F ))
satisfies the countable chain condition CCC, where ω(E, F ) stands for the
weak topology that F induces on E.
PROOF: (See also Corson [1961] p. 8). Notice that, in the topology ω(E, F ),
the space E is homeomorphic in a natural way to a dense subset of a product of
copies of the real numbers. The real line R is separable in its usual Euclidean
topology, and a product of separable spaces satisfies CCC in the product
topology. (See Engelking [1989], Corollary 2.3.18). Finally, a dense subset
of a topological space that satisfies CCC also satisfies CCC in the induced
topology. (See Szpilrajn-Marczewski [1941], or Lemma 4 in Corson [1961]).
¥
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LEMMA 3.5. : Let (X, τ) be a separably connected topological space that sat-
isfies the countable chain condition CCC. Then it also satisfies the continuous
representability property CRP.
PROOF: By Lemma 2.1, if - is a τ -continuous total preorder on X, there
exists a continuous map F : (X, τ) −→ (Y, θY ) such that x - y ⇐⇒ F (x) -Y

F (y) (x, y ∈ X) where (Y, -Y ) denotes the double long line. By continuity
of F , the subset F (X) ⊆ Y is connected. As in Lemma 2.4, it is enough
now to prove that F (X) is order-bounded in Y , that is, there exist elements
a, b ∈ Y such that a ≺Y x ≺Y b for every x ∈ X: Suppose, by contradiction,
that F (X) is not order-bounded. For a given ordinal number α < Ω let
α + 1 be its follower, and call Aα = {z ∈ Y : (α + 1, 0) ≺Y z ≺Y (α, 0)},
Bα = {z ∈ Y : (α, 1) ≺Y z ≺Y (α + 1, 1)}. It is clear that the family
{F−1(Aα)}⋃{F−1(Bα)} (α < Ω) is an uncountable family of nonempty
and pairwise disjoint open subsets of X, which contradicts the fact of (X, τ)
satisfying the countable chain condition CCC. This finishes the proof. ¥

Now we are ready to present the final result of this section.
THEOREM 3.6. : Let < E, F > be real linear spaces in duality. Then
(E, ω(E,F )) satisfies CRP.
PROOF: Any compatible topology in a topological vector space is separa-
bly connected because it is path-connected. Now, by Lemma 3.4 we have
that (E, ω(E, F )) satisfies the countable chain condition CCC. And finally,
according to Lemma 3.5, (E,ω(E, F )) must satisfy CRP.

Observe, in particular, that if X is a Banach space and X∗ is its topological
dual, then starting from the duality < X, X∗ > we arrive to the fact:

“(X,ω) satisfies CRP”.
Also, starting from the duality < X∗, X > we arrive to the (already known)

fact:
“(X∗, ω∗) satisfies CRP”.
(See also Theorem 3.2 above). ¥

4. The semicontinuous representability property (SRP) in Ba-
nach spaces

Through the results given in Theorem 3.1 of the previous section, it follows
that given a Banach space X, it holds that (X, ||·||) satisfies SRP ⇐⇒ (X, ω)
satisfies SRP ⇐⇒ (X, || · ||) is a separable Banach space. It remains now to
characterize the satisfaction of SRP by the weak-star topology ω∗ of the dual
Banach space X∗. To do so, we introduce a previous lemma.

LEMMA 4.1. : Let X be a non-separable Banach space. Then (X∗, ω∗) is not
hereditarily Lindelöf.
PROOF: Assume, by contradiction, that (X∗, ω∗) is hereditarily Lindelöf. For
any element f 6= 0 ∈ X∗ choose some element xf ∈ X such that f(xf ) > 0.
Let Uf = {g ∈ X∗ : g(xf ) > 0} and F = {Uf : f 6= 0 ∈ X∗}. The family F is
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a covering of X∗\{0} by ω∗-open subsets. Since X∗\{0} is assumed to be ω∗-
Lindelöf, there exists a countable subfamily {Ufn : fn 6= 0 ∈ X∗ , n ∈ N} ⊂ F
which also covers X∗ \ {0}. And this implies that if xn = xfn

the sequence
(xn)n∈N separates points in X∗ or, in other words, given g 6= 0 ∈ X∗ we can
find k ∈ N such that g(xk) 6= 0. Now let D be the norm closure in X of the set
of all linear combinations of the elements of the sequence (xn)n∈N. It is clear
that D is norm-separable, so that, being X non-separable, the annihilator
D0 = {h ∈ X∗ : h(d) = 0 for every d ∈ D} is not trivial. But this is
obviously a contradiction. ¥
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Now we are ready to prove the following Theorem 4.2, so characterizing
SRP for the weak-star topology of a dual Banach space.

THEOREM 4.2. : Let X be a Banach space. The following statements are
equivalent:

i) (X, || · ||) is separable,
ii) (X∗, ω∗) satisfies SRP,
iii) (X∗, ω∗) is hereditarily Lindelöf.

PROOF:
i) ⇒ ii)
Since (X, || · ||) is separable, the closed unit ball U of (X∗, || · ||) is com-

pact and metrizable, with respect to the weak-star topology ω∗. This also
happens for nU (n ∈ N). If - is a total preorder on X∗, and it is upper
semicontinuous with respect to ω∗, the restriction of - to nU (n ∈ N) is also
upper semicontinuous with respect to the restriction of ω∗ to nU , which is a
second countable topology. Now, by Rader’s theorem, the restriction of - to
nU is, in particular, representable by means of a real-valued isotony, hence,
it is order-separable (in the sense of Debreu). Since X∗ =

⋃
n∈N (nU), it is

straightforward to prove that - is actually order-separable on the whole X∗.
Thus, there exists a real-valued order-preserving isotony f : X∗ −→ R that
represents -. Moreover, by Debreu’s open gap lemma there exists a strictly
increasing function g : f(X∗) −→ R such that all the Debreu gaps of g(f(X∗))
are open. Finally, observe that since - is upper semicontinuous with respect
to ω∗, the composition F = g ◦ f : X∗ −→ R is upper semicontinuous, and it
is also a real-valued isotony that represents -.

The proof for the lower-semicontinuous case is entirely analogous. Thus we
conclude that (X∗, ω∗) also satisfies SRP.

ii) ⇒ iii) ⇒ i)
This follows from Lemma 2.3 and Lemma 4.1.
This finishes the proof. ¥

REMARK 4.3.: A Hausdorff topological space (X, τ) is said to be an L-space
(see Roitman [1984]) if it is hereditarily Lindelöf but fails to be hereditarily
separable. Thus, as an immediate corollary of Theorem 4.2, we obtain the
following fact:

In the cathegory of dual Banach spaces endowed with the weak-star topol-
ogy there is no L-space.

Similarly, a Hausdorff topological space (X, τ) is said to be an S-space
whenever it is hereditarily separable but not hereditarily Lindelöf. Now ob-
serve that, as a consequence of Theorem 3.1, we also have:

i) In the cathegory of Banach spaces endowed with the weak topology there
is no S-space.

ii) In the cathegory of Banach spaces endowed with the norm topology
there are neither S-spaces nor L-spaces. ¤



194 M. J. CAMPIÓN, J. C. CANDEAL, A. S. GRANERO, AND E. INDURÁIN

5. Final remarks

1) If we assume the continuum hipothesis (CH) , then in Theorem 3.1
we cannot add “(X,ω) is hereditarily Lindelöf” to the equivalent con-
ditions of the statement. Also, under CH we cannot add “(X∗, ω∗) is
hereditarily separable” to the equivalent conditions of the statement
of Theorem 4.2. The reason is the following: Let K be a Kunen com-
pact (See p. 1128 in Negrepontis [1984]) such that the Banach space
X = C(K) is non-separable in norm. Then (C(K), ω) is hereditarily
Lindelöf but not hereditarily separable because C(K) is not separable
in norm, hence it is not ω-separable, either. In addition (C(K)∗, ω∗) is
hereditarily separable, but not hereditarily Lindelöf, by Lemma 4.1.
In other words, (C(K), ω) is a L-space, whereas (C(K)∗, ω∗) is an
S-space. (See Negrepontis [1984], Granero [1997] or Granero et al.
[2003] for further information).

2) On certain Banach spaces it is still possible to add “(X∗, ω∗) is heredi-
tarily separable” to the equivalent conditions of the statement of The-
orem 4.2. In some families of Banach spaces it happens that if the
closed unit ball U of (X∗, || · ||) is ω∗-separable then (X∗, || · ||) is also
separable, which carries the separability of (X, || · ||). Examples of
such families have been given in Dancer and Sims [1979].

3) Once we know that some topology does not satisfy CRP, as it is the
case of the norm topology of a non-separable Banach space, we can
still ask ourselves about which continuous total preorders (of course,
not everyone!) admit a continuous real-valued isotony. The same
question appears for topologies that do not satisfy SRP, but on which
we want to characterize the semicontinuous total preorders that do
admit a semicontinuous real-valued isotony. This kind of studies is
still open. However, there are some partial results in Candeal et al.
[1999].

To put only one example, it is straightforward to prove that in a
Banach space (X, || · ||) endowed with the norm topology, a contin-
uous total preorder - such that the sets A(x) = {y ∈ X , x - y}
and B(x) = {y ∈ X , y - x} are all convex , admits a continu-
ous representation by means of a real-valued isotony. Observe that a
norm-continuous total preorder - satisfying that condition is also ω-
continuous, because the closed convex sets in (X, || · ||) and (X, ω)
coincide. Thus since (X,ω) satisfies CRP, we have in particular
that there exists a representation of - through a real-valued isotony
f : X −→ R. Again by Debreu’s open gap lemma, there exists a
strictly increasing function g : f(X) −→ R such that all the Debreu
gaps of g(f(X)) are open. And, since - is norm continuous, the com-
position F = g ◦ f : X −→ R is actually a continuous real-valued
isotony that represents -.

4) We can ask ourselves why the properties CRP and SRP have been
defined considering total preorders instead of just total orders. One
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important reason is that, despite it is easy to define continuous total
preorders in the general case, in some topologies there is no continu-
ous total order. This indeed happens in some Banach space (X, || · ||)
endowed with the norm topology, even if X is of finite dimension
greater or equal than two. (See e.g. Theorem 4 in Candeal and In-
duráin [1993]). The study and characterization of topological spaces
(X, τ) for which every continuous (respectively, semicontinuous) total
order admits a continuous (respectively, semicontinuous) representa-
tion through a real-valued isotony is also an open problem. ¤
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existence of a utility function and the structure of non-representable preference rela-
tions.”. Journal of Mathematical Economics 37, 17-38. (2002).

[3] Birkhoff, G.: “Lattice theory. (Third edition)”. American Mathematical Society. Prov-
idence, RI. 1967.

[4] Bosi G. and G. Herden: “On the structure of completely useful topologies”. Applied
General Topology 3 (2), 145-167. (2002).

[5] Bridges, D.S. and G.B. Mehta: “Representations of preference orderings”. Springer-
Verlag. Berlin. 1995.

[6] Candeal, J.C., Hervés, C. and E. Induráin: “Some results on representation and ex-
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[19] Jain, P.K., Ahuja, O.P. and K. Ahmed: “Functional Analysis”. New Age Publishers.
New Delhi. 1997.

[20] Mas-Colell, A.: “The price equilibrium existence problem in topological vector lat-
tices”. Econometrica 54 (5), 1039-1053. (1986).

[21] Mehta, G.B.: “A remark on a utility representation theorem of Rader”. Economic
Theory 9, 367-370. (1997).

Monteiro, P.K.: “Some results on the existence of utility functions on path connected
spaces”. Journal of Mathematical Economics 16, 147-156. (1987).

[22] Negrepontis, S.: “Banach spaces and Topology”. In: Kunen, K. and J.E. Vaughan
(eds.), “Handbook of set-theoretical topology”, pp. 1045-1142. Norht Holland. Ams-
terdam. 1984.

[23] Rader, T.: “The existence of a utility function to represent preferences”. Review of
Economic Studies 30, 229-232. (1963).

[24] Roitman, J.: “Basic S and L”. In: Kunen, K. and J.E. Vaughan (eds.), “Handbook of
set-theoretical topology”, pp. 295-326. Norht Holland. Amsterdam. 1984.

[25] Steen, L.A. and J.A. Seebach Jr.: “Counterexamples in Topology”. Holt, Rinehart and
Winston. New York. 1970.

[26] Szpilrajn-Marczewski, E. : “Remarque sur les produits cartésiens d’espaces
topologiques”. Comptes Rendus de l’Academie des Sciences de l’ U.R.S.S. 31, 525-
527. (1941).

Acknowledgement: Thanks are given to an anonymous referee for his/her
helpful suggestions and comments.
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OVERCLASSES OF THE CLASS OF RADON-NIKODÝM
COMPACT SPACES

MARIÁN FABIAN†
Dedicated to the memory of Simon Fitzpatrick

Abstract. We map the state of arts of the class of Radon-Nikodým
compact spaces and some overclasses of it occurring in the study of a
widely open problem whether a continuous image of a Radon-Nikodým
compact space is such. We consider classes of quasi-Radon-Nikodým,
strongly fragmentable, and countably lower fragmentable compact spaces
and we show that they all coincide. A compact space which is simul-
taneously Corson and quasi-Radon-Nikodým must be Eberlein. An al-
most totally disconnected, quasi-Radon-Nikodým compact space must be
Radon-Nikodým. Quasi-Radon-Nikodým compact spaces whose density
are not too big are shown to be Radon-Nikodým. The question whether
the union of two Radon-Nikodým compact spaces is such is discussed.
Banach space counterparts of some of the above results are given.

Introduction

A (Hausdorff) compact space K is called Radon-Nikodým if there exists
a continuous injection K ↪→ (X∗, w∗) for a suitable Asplund space X. This
concept crystallized in the break of seventies and eighties of the past century
in minds of several mathematicians: Fitzpatrick, Namioka, Reinov, Stegall, ...
While Fitzpatrick and Namioka in their mutual correspondence used the name
Asplund compact space, Reinov [27] preferred the name Radon-Nikodým.
Some other circles think that a right name should refer to Grothendieck and
Šmulyan. Nowadays the name suggested by Reinov is commonly used. The
Radon-Nikodým compact spaces have been intensively studied by Namioka
[21, 22, 23], Stegall [30, 31, 32] (who originated from Grothendieck’s memoir
[15]), and several other authors [25, 4, 12, 20, 17, 6, 7, ...].

We recall that several other classes – metric, (uniform) Eberlein, Gul’ko,
Corson, scattered, ..., compact spaces – are stable under making continuous
images. It was I. Namioka who first articulated, in his paper [21], the following
Problem. Is a continuous image of a Radon-Nikodým compact space Radon-
Nikodým?

The aim of this survey is to collect a relevant material and thus encourage
a reader to investigate this so far still widely open and interesting question.
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We introduce and study several overclasses of the class of Radon-Nikodým
compact spaces, we present positive answers under additional assumptions,
and also we outline some ways how to approach the problem. We also study
this topic from the perspective of Banach space theory.

Preliminaries

Let (X, ‖ · ‖) be a Banach space with its dual space X∗. For x ∈ X
and x∗ ∈ X∗ we write 〈x, x∗〉 instead of x∗(x). The symbol BX denotes the
closed unit ball in X. The weak∗ topology on X∗ is denoted by w∗. Given
a nonempty set A ⊂ X, we say that a set M ⊂ X∗ is A−separable if it is
separable in the topology of uniform convergence on A. ¿From among tens of
various equivalent possibilities how to define an Asplund space we shall prefer
the following: A Banach space is called Asplund if the dual of each separable
subspace of it is separable. We mention that one equivalent condition for the
Asplund property of X roughly says that, in the dual space X∗, a “vector”
variant of the well known Radon-Nikodým theorem holds. This is where
the name of Radon-Nikodým compact space comes from. The Banach space
X is called Asplund generated if there are an Asplund space Y and a linear
continuous mapping T : Y → X so that TY is dense in X. Let K be a compact
space. C(K) denotes the Banach space of continuous functions on K, provided
with the supremum norm. Given a function ρ : K×K → [0, +∞), we say that
ρ is lower semicontinuous if the set {(k1, k2) ∈ K×K; ρ(k1, k2) ≤ a} is closed
for every a ≥ 0, and we say that ρ fragments K, or K is fragmented by ρ, if
for every ε > 0 and every nonempty set M ⊂ K there is an open set Ω ⊂ K
such that the intersection M ∩Ω is nonemty and has ρ−diameter less than ε,
that is, ρ−diam M ∩ Ω := sup{ρ(k1, k2); k1, k2 ∈ M ∩ Ω} < ε. A compact
space K is called fragmentable if it admits a function ρ : K×K → [0, 1] which
fragments it and separates distinct points of K. It should be noted that the
original definition of the fragmentability required that ρ was a metric. That
these two notions coincide was observed by Ribarska [10, page 86]; for another
proof of this we can also use Theorem 4 (i) below. If K is a compact space and
ρ : K ×K → [0, +∞) is a function, we say that f ∈ C(K) is ρ−Lipschitz if
there is a constant c > 0 such that f(k1)−f(k2) ≤ cρ(k1, k2) for all k1, k2 ∈ K.
A set E ⊂ C(K) is called equimeasurable if for every regular Borel probability
measure µ on K and for every ε > 0 there is a closed set H ⊂ K such that
µ(H) > 1 − ε and the set of restrictions E|H := {f|H ; f ∈ E} is relatively
norm-compact in C(H). The class of all Radon-Nikodým compact spaces will
be denoted by RN . The symbol IRN will mean the family of all continuous
images of Radon-Nikodým compact spaces. Thus we can write the above
problem as “IRN = RN ?”.

Radon-Nikodým compact spaces

For better understanding of the concept of Radon-Nikodým compact
space we list several equivalent characterizations of it.
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Theorem 1. For a compact space K the following assertions are equivalent:
(i) K ∈ RN .
(ii) There are a Banach space X and a continuous injection ι : K ↪→ (X∗, w∗)

such that (ι(K), w∗) is fragmented by the metric generated by the norm.
(iii) There are a Banach space X and a continuous injection ι : K ↪→ (X∗, w∗)

such that for every countable set A ⊂ BX the set ι(K) is A−separable.
(ii’) There are a set Γ and a continuous injection ι : K ↪→ [−1, 1]Γ such that

ι(K) is fragmented by the metric of uniform convergence on Γ.
(iii’) There are a set Γ and a continuous injection ι : K ↪→ [−1, 1]Γ such that

for every countable set A ⊂ Γ the set ι(K) is separable in the topology
of uniform convergence on A.

(iv) There exists a lower semicontinuous metric d : K × K → [0, 1] which
fragments K.

(v) The Banach space C(K) is Asplund generated.
(vi)

(
BC(K)∗ , w

∗) ∈ RN .
(vii) There is a function ρ : K × K → [0, 1] which fragments K and is such

that the set E = {f ∈ C(K); f is ρ− Lipschitz} separates the points of
K.

(viii) There is an equimeasurable set E ⊂ C(K) which separates the points of
K.

Let us say a few words about the proofs.
(i)⇒(ii) is trivial.
(ii)⇒(i) is [31, Corollary 1.16] or [22, Theorem 3.1]; the proofs are based on a
variant of the interpolation technique of Davis, Figiel, Johnson and PeÃlczyński.
(ii)⇔(iii) is [22, Theorem 3.4]. The argument had a predecessor in [24].
(ii)⇔(ii’) and (iii)⇒(iii’) are easy to prove.
(iii’)⇒(iii) is not difficult, see the proof of [22, Theorem 3.6].
(i)⇔(v)⇔(vi) goes back to [30]. For a proof see [22], eventually [10, Theorem
1.5.4]. It is based on the Stone-Weierstrass theorem and a variant of the
interpolation technique mentioned above.
(ii)⇒(iv). Assuming the situation ι : K ↪→ (X∗, w∗) from (ii), put d(k, k′) =
‖ι(k)− ι(k′)‖, k, k′ ∈ K.
(iv)⇒(ii) was first proved by Namioka [22, Corollary 6.7]. An alternative
proof, using [16], was suggested by Ghoussoub. In [18, Theorem 2.1], there is
an even better result: If a compact space K admits a lower semicontinuous
metric d : K×K → [0, 1], then there exists a Banach space X and a continuous
injection ι : K ↪→ (BX∗ , w∗) such that d(k, k′) = ‖ι(K)− ι(k′)‖ for all k, k′ ∈
K.
(ii)⇒(vii). Put ρ(k, k′) = ‖ι(k)− ι(k′)‖, k, k′ ∈ K. Further, for x ∈ X define
x̂(k) = 〈x, ι(k)〉, k ∈ K; thus x̂ ∈ C(K). Now, put E = {x̂; x ∈ X}.
(vii)⇒(viii) follows from [20, Lemma 3.3] and the theorem of Arzela-Ascoli.
(viii)⇔(iii’) is due to Stegall, see [20, Theorem 5.1] or [8, pages 144–148].
(vii)⇒(iv). Put d(k, k′) = sup

{|f(k)− f(k′)|; f ∈ E ∩BC(K)}, k, k′ ∈ K.
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Questions. 1. Let K be a compact space admitting a lower semicontinuous
metric d : K ×K → [0, 1] fragmenting it (hence K ∈ RN ). Does there exist
an Asplund space X and a continuous injection ι : K ↪→ (BX∗ , w∗) such that
d(k, k′) = ‖ι(k)− ι(k′)‖ for all k, k′ ∈ K? It seems that this question is open
even for metrizable compact spaces.
2. (Argyros [6]) Does every K ∈ RN continuously inject into the space
P(S) (⊂ C(S)∗) of regular Borel probability measures, endowed with the
weak∗ topology, for a suitable scattered compact space S? Note that C(S) is
an Asplund space whenever S is a scattered compact space.

Examples of Radon-Nikodým compact spaces are: metric compact spaces
(trivially from (iv)), closed balls in a reflexive Banach space provided with the
weak topology (as reflexive spaces are Asplund), Eberlein compact spaces (as
they can be embedded into a reflexive space), intervals [0, λ] for any ordinal
number λ, more generally, all scattered compact spaces (as the “discrete”
metric shows), dual balls (BX∗ , w∗), where X is an Asplund generated space,
... Note also that the implication (i)⇒(vi) in Theorem 1 serves for producing
further Radon-Nikodým compact spaces.

It remains to mention some compact spaces which are not Radon-Nikodým.
For sure {0, 1}ℵ, where ℵ is any uncountable cardinal, is such. This can be
seen, for instance from the condition (iv). Actually, this space is not even
fragmentable. Further, all Corson compact spaces which are not Eberlein are
not Radon-Nikodým, according to Theorem 9 below, see, say [10, Sections
4.3, 7.3, 8.4]. There are also several specially constructed compact spaces not
belonging to RN , see [22].

We can easily see that our problem whether IRN = RN has a Banach
space equivalent:
Problem’. For a Banach space X and its subspace Y ⊂ X, does (BX∗ , w∗) ∈
RN imply that (BY ∗ , w

∗) ∈ RN?
Obviously, if X is an Asplund generated Banach space, then (BX∗ , w∗) ∈
RN . The converse is false. Actually, every non-weakly compactly generated
subspace of a weakly compactly generated space is such. To check this, we
need, say, [10, Theorem 8.3.4] and a well known fact that a continuous image
of an Eberlein compact space is Eberlein, hence Radon-Nikodým. ¿From
(i)⇒(vi) in Theorem 1 we however get that a Banach space is a subspace of
an Asplund generated space if and only if (BX∗ , w∗) ∈ IRN . Theorem 1 also
gives that K ∈ IRN (if and) only if (BC(K), w

∗) ∈ IRN .
It should be noted that the question whether IRN = RN is open even

for the union of two Radon-Nikodým compact spaces, that is: If a compact
space K can be written as K = K1 ∪K2, with K1,K2 ∈ RN , does this imply
that K ∈ RN ? Note that such a K is a continuous image of the (obviously
Radon-Nikodým) compact space which is a “disjoint” union of K1 and K2,
and hence K ∈ IRN . At the end of the paper, we present some partial
positive results related to this subclass of IRN .
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Overclasses of the Radon-Nikodým compact spaces

A quite natural way how to approach the class IRN is as follows. Con-
sider the situation ϕ : L →→ K, where L ∈ RN , ϕ is a continuous surjection,
and let d : L × L → [0, 1] be a lower semicontinuous metric which fragments
L. Define then

ρ(k1, k2) = inf d(ϕ−1(k1), ϕ−1(k2)), k1, k2 ∈ K.

It is easy to check that ρ separates the points of K, i.e., ρ(k1, k2) > 0 when-
ever k1, k2 ∈ K are distinct, that ρ is lower semicontinuous, and Zorn’s lemma
guarantees that ρ fragments K. The only trouble is the triangle inequality –
we do not see any way how to prove it for this ρ in general. The situation de-
scribed here leads to the following concept introduced by Arvanitakis [6]. We
say that a compact space K is quasi-Radon-Nikodým if there exists a function
ρ : K × K → [0, 1] which separates distinct points of K, is lower semicon-
tinuous, and fragments K. (Unlike of the original Arvanitakis’ definition we
omit the requirement of symmetry for ρ since it is redundant.) The class of
all quasi Radon-Nikodým compact spaces will be denoted by QRN . We have

RN ⊂ IRN ⊂ QRN
while the validity of both reverse inclusions is open. Trivially, every quasi-
Radon-Nikodým compact space is fragmentable. This is a sharp inclusion: Ev-
ery Gul’ko non-Eberlein compact space shows this; see Theorem 9. Note also
an easily verifiable fact that a continuous image of a quasi Radon-Nikodým
compact space is such.

There is another generalization of the class RN , due to Rezničenko [3,
page 104]: A compact space K is called strongly fragmentable if there exists
a metric d : K × K → [0, 1] which fragments K and is such that for every
two distinct k, h ∈ K there are neighbourhoods U 3 k, V 3 h such that
inf

{
d(u, v); u ∈ U, v ∈ V

}
> 0. The class of all strongly fragmentable

compact spaces will be denoted by SF . It is easy to check from (iv) in
Theorem 1 that RN ⊂ SF .

Theorem 3. (Namioka [23]) SF = QRN .

Proof. SF ⊂ QRN : Consider any K ∈ SF , with a metric d witnessing
for that. For n ∈ IN let Cn be the closure of the set {(k, h) ∈ K×K; d(k, h) <
1
n}, and define a function ρn : K ×K → {0, 1} by

ρn(k, h) =
{

0, if (k, h) ∈ Cn,
1, if (k, h) ∈ K ×K \Cn.

Clearly, each ρn is lower semicontinuous. Put then ρ =
∑∞

n=1 2−nρn; this
function will also be lower semicontinuous. ρ separates the points of K. In-
deed, assume that this is not so. Then there are distinct points k, h ∈ K with
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ρ(k, h) = 0. From the strong fragmentability find n ∈ IN and neighbourhoods
U 3 k, V 3 h such that inf

{
d(u, v); u ∈ U, v ∈ V

}
> 1

n . Now, ρ(k, h) = 0
implies that ρn(k, h) = 0, and so (k, h) ∈ Cn. Then, from the definition of
Cn, we can find k′ ∈ U, h′ ∈ V such that d(k′, h′) < 1

n , a contradiction.
It remains to show that ρ fragments K. Consider any ∅ 6= M ⊂ K

and any ε > 0. Find m ∈ IN so large that 2−m < ε. From the strong
fragmentability we find an open set Ω ⊂ K so that the set M ∩Ω is nonempty
and has d−diameter less than 1

m . Then for every k, h ∈ M ∩ Ω we have
(k, h) ∈ Cm (⊂ Cm−1 ⊂ · · · ⊂ C1), and hence ρ(k, h) =

∑∞
n=m+1 ρn(k, h) ≤∑∞

n=m+1 2−n = 2−m (< ε). Therefore K ∈ QRF . We have proved that
SF ⊂ QRN .

QRN ⊂ SF : Consider any K ∈ QRN , with ρ : K ×K → [0, 1] witness-
ing for that. Fix any n ∈ IN.
Claim. There exists an ordinal λn and a pairwise disjoint family

{
Kn

α ; 0 ≤
α < λn

}
of nonempty subsets of K such that

(i)
⋃ {

Kn
α ; 0 ≤ α < λn

}
= K,

(ii) for every β < λn the set
⋃ {

Kn
α ; 0 ≤ α ≤ β

}
is open, and

(iii) ρ− diam Kn
α < 1

n for every α < λn.
We prove the claim. Let Kn

0 ⊂ K be a nonempty open set such that ρ −
diam Kn

0 < 1
n Consider any ordinal λ and assume that the sets Kn

α ⊂ K have
been constructed for all α < λ such that (ii) and (iii) are valid when λn is
replaced by our λ. Put U =

⋃ {
Kn

α ; 0 ≤ α < λ
}
; this will be, by (ii), an

open set. If U = K, put λn = λ and finish the process. Further assume that
U 6= K. As K ∈ QRN , there is an open set Ω ⊂ K such that Ω\U 6= ∅ and
ρ−diam (Ω\U) < 1

n . Put then Kn
λ = Ω\U . Thus

⋃ {
Kn

α ; 0 ≤ α ≤ λ
}

= Ω∪U
and this will be an open set. Moreover, ρ−diam Kn

λ < 1
n . This finishes the

induction step and proves the claim.
Now, define dn : K ×K → {0, 1} by

dn(k, h) =
{

0 if (k, h) ∈ Kn
α ×Kn

α and 0 ≤ α < λn,
1 otherwise,

this is a symmetric function. Let us check that dn satisfies the triangle in-
equality. Consider any k, k′, k′′ ∈ K. We have to verify that dn(k, k′′) ≤
dn(k, k′) + dn(k′, k′′). The only case which may cause troubles is when
dn(k, k′) = dn(k′, k′′) = 0. But then k, k′ ∈ Kn

α and also k′, k′′ ∈ Kα for
the same α < λn, and hence k, k′′ ∈ Kn

α , i.e., dn(k, k′′) = 0 as well. The
inequality is thus verified.

Having done the above for every n ∈ IN, define d =
∑∞

n=1 2−ndn; this
d will also satisfy the triangle inequality. Let us check that d fragments
K. So fix any ∅ 6= M ⊂ K and any ε > 0. Find m ∈ IN so large that
2−m < ε. Let β1 < λ1 be the first β < λ1 such that M ∩ K1

β 6= ∅. Put
Ω1 =

⋃ {
K1

α; 0 ≤ α ≤ β1

}
; this is an open set. Moreover, M ∩Ω1 = M ∩K1

β1

and so d1−diameter of M∩Ω1 is 0 . . . Assume we have already found ordinals
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β1 < λ1, β2 < λ2, . . . , βm−1 < λm−1 and open sets Ω1, . . . , Ωm−1 in K such
that the set M ∩ Ω1 ∩ · · · ∩ Ωm−1 is nonemty and has d1− diameter, . . .,
dm−1− diameter equal to 0. Let βm < λm be the first β < λm such that
M ∩Ω1 ∩ · · · ∩Ωm−1 ∩Km

β 6= ∅. Define the (open) set Ω = Ω1 ∩ · · · ∩Ωm−1 ∩⋃ {
Km

α ; 0 ≤ α ≤ βm

}
. Then the set M ∩ Ω is nonempty and

d1 − diam (M ∩ Ω) = d2 − diam (M ∩ Ω) = · · · = dm − diam (M ∩ Ω) = 0,

and so d−diam (M ∩Ω) ≤ ∑∞
n=m+1 2−n = 2−m (< ε). Therefore d fragments

K.
What remains to prove is that d “strongly fragments” K. Consider any

distinct points k, h ∈ K. ¿From the lower semicontinuity of ρ we find n ∈ IN
and neighbourhoods U 3 k, V 3 h so that inf {ρ(u, v); u ∈ U, v ∈ V } > 1

n .
Then for sure dn(u, v) = 1 for all u ∈ U and v ∈ V , and thus inf{d(u, v); u ∈
U, v ∈ V } ≥ 2−n (> 0).

In the proof of the inclusion SF ⊂ QRN , we did not use that d satisfied
the triangle inequality neither did we need that d was symmetric. Thus we
get the following

Corollary. A compact space K belongs to SF if (and only if) there exists
a function ρ : K ×K → [0, 1] which fragments K and is such that for every
two distinct k, h ∈ K there are neighbourhoods U 3 k, V 3 h such that
inf

{
ρ(u, v); u ∈ U, v ∈ V

}
> 0.

In the proof of Theorem 3, the following concept can be traced. Let K be
a compact space and put ∆K = {(k, k); k ∈ K}. We say that C ⊂ K×K is an
almost neighbourhood of ∆K if for every nonempty set M ⊂ K there is an open
set Ω ⊂ K such that the set M ∩Ω is nonempty and (M ∩Ω)× (M ∩Ω) ⊂ C
[22]. Using this concept, Namioka characterized the following three classes of
compact spaces.

Theorem 4. (Namioka) For a compact space K we have:
(i) ([22]) K is fragmentable if and only if it admits a family Cn, n ∈ IN, of

almost neighbourhoods of ∆K such that
⋂∞

n=1 Cn = ∆K .
(ii) ([22]) K ∈ QRN if and only if it admits a family Cn, n ∈ IN, of closed

almost neighbourhoods of ∆K such that
⋂∞

n=1 Cn = ∆K .
(iii) ([23]) K ∈ RN if and only if it admits a family Cn, n ∈ IN, of closed

almost neighbourhoods of ∆K such that
⋂∞

n=1 Cn = ∆K , and Cn+1 ◦
Cn+1 ⊂ Cn, i.e., (k, k′) ∈ Cn whenever (k, k′′) ∈ Cn+1 and (k′′, k′) ∈
Cn+1, for every n ∈ IN.

The proof of (i) and (ii) can be found in the proof of Theorem 3. (i) also
yields Ribarska’s result mentioned in [10, page 86].

We have also a generalization of Radon-Nikodým compact spaces defined
via Banach spaces [12]. Given a compact space K, ε > 0, and a nonempty
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set A ⊂ C(K), we say that K is ε−A−fragmentable if for every ∅ 6= M ⊂ K
there is an open set Ω ⊂ K so that M ∩ Ω 6= ∅ and sup{f(k) − f(h); k, h ∈
M∩Ω, f ∈ A} ≤ ε. A compact space K is called countably lower fragmentable
if the conditions of Proposition 5 below hold. The class of all countably lower
fragmentable compact spaces will be denoted by CLF .

Proposition 5. For a compact space K the following assertions are equiva-
lent:
(i) For every ε > 0 there exist nonempty sets Aε

n ⊂ C(K), n ∈ IN, such that
K is ε−Aε

n−fragmentable for every n ∈ IN and
⋃∞

n=1 Aε
n = C(K).

(ii) There exist nonempty sets An ⊂ C(K), n ∈ IN, such that K is 1 −
An−fragmentable for every n ∈ IN and

⋃∞
n=1 An = C(K).

(iii) For every ε > 0 there exist nonempty sets Aε
n ⊂ BC(K), n ∈ IN, such

that K is ε−Aε
n−fragmentable for every n ∈ IN and

⋃∞
n=1 Aε

n = BC(K).
(iv) For every ε > 0 there exist nonempty sets Aε

n ⊂ C(K), n ∈ IN, such
that K is ε − Aε

n−fragmentable for every n ∈ IN and the set
⋃∞

n=1 Aε
n

separates points of K.

Proof. (i)⇒(ii) and (i)⇒(iii)⇒(iv) are trivial.
(ii)⇒(i). ([7]) For ε > 0 and n ∈ IN put Aε

n = εAn, where the An’s are from
(ii).
(iv)⇒(i) needs more work. It is based on the Stone-Weierstrass theorem. For
details see the proof of [12, Lemma 4].

We get easily that RN ⊂ CLF . We even have IRN ⊂ CLF . Indeed,
consider L ∈ RN and a continuous surjection ϕ : L →→ K. Define ϕ◦ :
C(K) → C(L) by ϕ◦(f) = f ◦ ϕ, f ∈ C(K). Find an Asplund space Y and
a linear continuous mapping T : Y → C(L), with TY dense in C(L). Then
it is easy to check that the sets Aε

n :=
(
nT (BY ) + ε

3BC(L)

) ∩ ϕ◦(C(K)), n ∈
IN, ε > 0, satisfy (i) in Proposition 5.

Next we shall consider the class CLF in a Banach space framework. Let
X be Banach space and let ε > 0. A set A ⊂ X is called ε−Asplund if it is
non-empty, bounded, and for every ∅ 6= M ⊂ BX∗ there is a weak∗ open set
Ω ⊂ X∗ such that the set M ∩ Ω is nonempty and has A−diameter at most
ε, that is, sup

{〈x, x∗1 − x∗2〉; x∗1, x
∗
2 ∈ M ∩ Ω, x ∈ A

} ≤ ε [13]. Obviously,
a nonempty bounded set A ⊂ X is ε−Asplund if and only if the compact
space (BX∗ , w∗) is ε−κ(A)−fragmentable, where κ : X ↪→ C(BX∗ , w∗) is the
canonical injection. More information about ε−Asplund sets can be found in
[13]. Of course, if a subset of X is ε−Asplund for every ε > 0, we get a concept
of Asplund set [10, Section 1.4]. It should be noted that for a compact space
K the Asplund sets in C(K) are exactly the sets which are equimeasurable.
For the proof of this combine, for instance, [20, Theorem 5.1], [12, Lemma
2], and [13, Theorem 2]. For a more detailed account of the Asplund sets
and related concepts see [8, Chapter 5]. Now, we can follow the pattern of
Proposition 5 and get a Banach space analogue of it.
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Proposition 6. For a Banach space X the following assertions are equivalent:
(o) (BX∗ , w∗) ∈ CLF .
(i) For every ε > 0 there exist ε−Asplund sets Aε

n ⊂ X, n ∈ IN, so that⋃∞
n=1 Aε

n = X.
(ii) There exist 1−Asplund sets An ⊂ X, n ∈ IN, such that

⋃∞
n=1 An = X.

(iii) For every ε > 0 there are ε−Asplund sets Aε
n ⊂ BX , n ∈ IN, so that⋃∞

n=1 Aε
n = BX .

(iv) For every ε > 0 there exist ε−Asplund sets Aε
n ⊂ X, n ∈ IN, so that the

set
⋃∞

n=1 Aε
n is linearly dense in X.

Again, the only nontrivial implication (iv)⇒(i) can be proved as [12, Lemma
4].

Theorem 7. (Avilés [7]) QRN = CLF .

Proof. QRN ⊂ CLF : Assume that K ∈ QRN , with ρ : K ×K → [0, 1]
witnessing for this. For n ∈ IN we define

An =
{
f ∈ C(K); |f(k)− f(h)| < 1 whenever h, k ∈ K and ρ(k, h) < 1

n

}
.

Assume that there exists f ∈ C(K)\⋃∞
n=1 An. For n ∈ IN find kn, hn ∈ K

so that ρ(kn, hn) < 1
n and |f(kn)− f(hn)| ≥ 1. ¿From compactness of K we

find cluster points k, h ∈ K of the sequences (kn), (hn) respectively. Then
|f(k)− f(h)| ≥ 1 and so k 6= h. However the lower semicontinuity of ρ yields
(0 ≤) ρ(k, h) ≤ lim supn→∞ ρ(kn, hn) ≤ limn→∞ 1

n = 0, a contradiction.
Therefore

⋃∞
n=1 An = C(K).

Fix any n ∈ IN. It remains to show that K is 1− An−fragmentable. So
fix any nonempty set M ⊂ K. Since K ∈ QRN , there is an open set Ω ⊂ K
such that M ∩ Ω 6= ∅ and for every k, h ∈ M ∩ Ω we have ρ(k, h) < 1

n . Thus,
for every f ∈ An and for every k, h ∈ M ∩ Ω we get |f(k)− f(h)| < 1, which
means that K is 1−An−fragmentable. Therefore, K ∈ CLF .

CLF ⊂ QRN : From Proposition 5 (ii) we find sets An ⊂ C(K), n ∈ IN,
witnessing that K ∈ CLF . For n ∈ IN define Bn = {tf ; 0 ≤ t ≤ 1, f ∈
A1 ∪ · · · ∪An}; note that K is also 1−Bn−fragmentable. For f ∈ C(K) and
p ∈ IN put

σ(f, p) = min{m ∈ IN; (p + 1)f ∈ Bm

}

and further denote σ(f) = (σ(f, 1), σ(f, 2), . . .); this will be a non-decreasing
sequence. Now, for any sequence τ ∈ ININ we define a function Hτ : [0, +∞) →
[0, 1] by

Hτ (t) =





0 if t = 0
1

τ(n) if 1
n+1 < t ≤ 1

n , n ∈ IN,
1

τ(1) if t > 1.

Finally, we define ρ : K ×K → [0, 1] by

ρ(k, h) = sup
f∈C(K)

Hσ(f)(|f(k)− f(h)|), k, h ∈ K.
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Since for a non-decreasing sequence τ ∈ ININ the function Hτ is lower semicon-
tinuous, so is the assignment (k, h) 7→ Hσ(f)(|f(k)− f(h)|), (k, h) ∈ K ×K,
for every fixed f ∈ C(K). Therefore ρ is also lower semicontinuous. Further,
if points k, h ∈ K are distinct, there is f ∈ C(K) which separates them, and
so ρ(k, h) > 0.

It remains to show that our ρ fragments K. So fix any ∅ 6= M ⊂ K and
any ε > 0. Find n ∈ IN so that 1

n < ε. Since K ∈ CLF , there is an open set
Ω ⊂ K, with M∩Ω 6= ∅, such that sup

{
f(k)−f(h); k, h ∈ M∩Ω, f ∈ Bn

} ≤
1. We shall show that sup {ρ(k, h); k, h ∈ M ∩Ω} ≤ 1

n (< ε). For doing so, it
is enough to prove that for every f ∈ C(K) we have Hσ(f)(|f(k)−f(h)|) < 1

n
for all k, h ∈ M ∩ Ω. So fix any 0 6= f ∈ C(K). First, assume that f 6∈ Bn.
Then 2f 6∈ Bn as well and so σ(f, 1) = min {m ∈ IN; 2f ∈ Bm} > n. Thus
Hσ(f)(t) ≤ 1

σ(f,1) < 1
n for all t ≥ 0, and, in particular, Hσ(f)(|f(k)− f(h)|) <

1
n for all k, h ∈ K. Second, assume f ∈ Bn. Put q = max {p ∈ IN; pf ∈ Bn};
we have q < +∞ as Bn is bounded. Then for every k, h ∈ M ∩ Ω we have
|qf(k)− qf(h)| < 1, |f(k)− f(h)| < 1

q , and so

Hσ(f)(|f(k)− f(h)|) ≤ Hσ(f)( 1
q ) =

1
σ(f, q)

.

Finally, as (q + 1)f 6∈ Bn, we have σ(f, q) > n. Therefore Hσ(f)(|f(k) −
f(h)|) < 1

n .

Theorem 8. (Avilés [7]) Given an (uncountable) set Γ and a closed set K ⊂
[0, 1]Γ, then K ∈ CLF if and only if for every ε > 0 there are Γε

n ⊂ Γ, n ∈ IN,
so that

⋃∞
n=1 Γε

n = Γ and K is ε−fragmented by the pseudometric of uniform
convergence on Γε

n for every n ∈ IN.

Proof. Necessity. Let sets Aε
n, n ∈ IN, ε > 0, from (i) in Proposition 5

witness that K ∈ CLF . For γ ∈ Γ put πγ(k) = k(γ), k ∈ K; then πγ ∈ C(K).
We claim that the sets

Γε
n =

{
γ ∈ Γ; πγ ∈ Aε

n

}
, ε > 0, n ∈ IN,

do the job. Indeed, fix any n ∈ IN and any ε > 0. Let ∅ 6= M ⊂ K be any set.
Find an open set Ω ⊂ K so that M ∩ Ω 6= ∅ and that for every k, h ∈ M ∩ Ω
we have sup

{
f(k) − f(h); f ∈ Aε

n

} ≤ ε. Then sup{k(γ) − h(γ); k, h ∈
M ∩ Ω, γ ∈ Γε

n

} ≤ ε.
Sufficiency. For ε > 0 we define new sets Γε

2 := Γε
1 ∪ Γε

2, Γε
3 :=

Γε
1 ∪ Γε

2 ∪ Γε
3, . . . It is easy to check that these sets also satisfy Condition of

our theorem. Moreover Γε
1 ⊂ Γε

2 ⊂ · · · for every ε > 0. Fix any f ∈ C(K).
We claim that there are m, n ∈ IN such that |f(k) − f(h)| < 1 whenever

k, h ∈ K and sup
{|k(γ)− h(γ)|; γ ∈ Γ1/m

n

} ≤ 1
m . Let

U = {(k, h) ∈ K ×K; |f(k)− f(h)| < 1}
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and

Cγ,j =
{
(k, h) ∈ K ×K; |k(γ)− h(γ)| ≤ 1

j

}
for γ ∈ Γ and j ∈ IN.

Then U is open, each Cγ,j is closed in K×K, and
⋂{Cγ,j ; (γ, j) ∈ Γ× IN} ⊂

U . Hence, by compactness, there is a finite subset Φ ⊂ Γ × IN such that⋂{Cγ,j ; (γ, j) ∈ Φ} ⊂ U . Find a finite set F ⊂ Γ and m ∈ IN so large that
Φ ⊂ F × {1, . . . , m}. Let n ∈ IN be so large that F ⊂ Γ1/m

n . Then it is easy
to check that these m,n satisfy the claim.

Now, for n,m ∈ IN we put

An,m =
{
f ∈ C(K); |f(k)− f(h)| < 1 whenever

k, h ∈ K and sup
{|k(γ)− h(γ)|; γ ∈ Γ1/m

n

} ≤ 1
m

}
.

The claim guarantees that
⋃ {

An,m; n,m ∈ IN
}

= C(K). And, since for
every n,m ∈ IN the space K is 1

m−fragmented by the pseudometric of uniform
convergence on Γ1/m

n , we have that K is 1 − An,m−fragmentable. We thus
verified the condition (ii) from Proposition 5.

Corollary. ([4, 12, 6]) Let K ⊂ {0, 1}Γ be a countably lower fragmentable
compact space. Then K ↪→ Π∞n=1Sn, where each Sn is a scattered compact
space, and hence K ∈ RN .

Proof. Theorem 8 yields the sets Γ1/2
n ⊂ Γ, n ∈ IN. Then each K|Γ1/2

n
:={

k|Γ1/2
n

; k ∈ K
}

is 1
2− fragmented by ‖ · ‖∞; and hence scattered. Now, we

observe that the mapping k 7→ (
k|Γ1/2

n
; n ∈ IN

)
injects K continuously into

Π∞n=1K|Γ1/2
n

.

It is worth to compare Theorem 8 with a result of Talagrand-Argyros-Farmaki
[14, 11]: Given a closed subset K ⊂ [−1, 1]Γ ∩ Σ(Γ), then K is an Eberlein
compact (if and) only if for every ε > 0 there are sets Γε

n ⊂ Γ, n ∈ IN,
so that

⋃∞
n=1 Γε

n = Γ and for every n ∈ IN and every k ∈ K the set{
γ ∈ Γε

n; |k(γ)| > ε
}

is finite. Up to our knowledge, we do not know of
any analogous characterization of Radon-Nikodým compact spaces which are
already sitting in [−1, 1]Γ, see the conditions (ii’), (iii’) in Theorem 1.

The framework of Corson compact spaces

Here we investigate what happens with the above classes if we confine
to the class of Corson compact spaces. A compact space is called Corson if
it can be continuously injected into Σ(Γ), for a suitable (uncountable) set Γ.
Here

Σ(Γ) =
{
x ∈ IRΓ; #{γ ∈ Γ; x(γ) 6= 0} ≤ ω

}
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and it is endowed with the topology of pointwise convergence on Γ. A compact
space is called Eberlein if it is homeomorphic to a weakly compact set of a
Banach space. A Banach space X is called weakly compactly generated if it
contains a weakly compact set whose linear span is dense in it. X is called
weakly Lindelöf determined if (BX∗ , w∗) is a Corson compact space. We have

Theorem 9. (Arvanitakis [6, 23]). A compact space is Eberlein if (and only
if) it is Corson and belongs to the class QRN (= CLF = SF).

This statement had the following prehistory. Let K be a compact space.
Alster proved that K is Eberlein if it is Corson and moreover scattered. Then
Orihuela, Schachermayer and Valdivia [25], and, independently, Stegall [32]
proved that K is Eberlein if (and only if) it is Corson and K ∈ RN . According
to [3, page 104], this result has already been proved by Rezničenko. However,
it is a general belief that Rezničenko’s proof has never been published. Then,
Stegall extended this equivalence replacing RN by IRN [10, Theorem 8.3.6].
And, recently, Arvanitakis replaced RN in the above equivalence by QRN
[6]. Also, it is asserted in [3, page 104], without any reference or proof, that
every Corson compact space which belongs to SF is Eberlein. Of course, by
Theorem 3, this is equivalent with Arvanitakis’ result.

We do not know of any statement saying that K ∈ QRN , under some
additional conditions, implies K ∈ IRN . Indeed, all extra conditions on K
(known to us) imply already that K ∈ RN .

Theorem 9 has the following Banach space counterpart.

Theorem 10. ([13]) For a Banach space X the following assertions are equiv-
alent:
(i) X is a subspace of a weakly compactly generated space.
(ii) X is weakly Lindelöf determined and (BX∗ , w∗) ∈ CLF .
(ii’) X is weakly Lindelöf determined and for every ε > 0 there are ε−Asplund

sets Aε
n ⊂ BX , n ∈ IN, such that BX =

⋃∞
n=1 Aε

n.
(iii) (BX∗ , w∗) is an Eberlein compact space.

Proof. (i)⇒(ii) can be found in [13]. It is based on the facts that (i)
implies that BX can be written as a countable union of ε−weakly compact
sets, and that each ε−weakly compact set is 5ε−Asplund.
(ii)⇔(ii’) is guaranteed by Proposition 6.
(ii)⇒(iii) follows from Theorem 9; this is the main implication.
(iii)⇒(i) is a standard fact due to Amir and Lindenstrauss [2].

Remarks. 1. Theorem 10 easily yields a well known result that a
continuous image of an Eberlein compact space is Eberlein. Indeed, let ϕ :
K →→ L be a continuous mapping from an Eberlein compact space K onto a
compact space L. Then C(L) can be understood as a subspace of C(K), which
is weakly compactly generated [2]. Thus (i) in Theorem 10 is satisfied. Then,
by (iii),

(
BC(L)∗ , w

∗) is an Eberlein compact, and hence, so is its subspace L.



Overclasses of Radon-Nikodým compacta 209

2. In [13], there is a functional analytic proof of Theorem 10, independent
of Theorem 9. It uses an elaborated machinery of projectional resolutions of
the identity (no wonder), Simons’ inequality, an ε−variant of a Jayne-Rogers
selection theorem, and a separable reduction.
3. It is also possible to deduce Theorem 9 from Theorem 10. The only fine
point we need to check is that if K ∈ CLF and K is Corson, then every
regular Borel probability measure on K has a separable support. For details
see again [13].

There is one more statement in the spirit of Theorem 9. A compact
space K is called almost totally disconnected if it can be continuously injected
into [0, 1]Γ, with some (uncountable) set Γ, in such a way that for every
k ∈ K the set {γ ∈ Γ; 0 < k(γ) < 1} is at most countable. Clearly, every
Corson compact is such as well as every closed subspace of {0, 1}Γ (i.e., every
totally disconnected compact space). An example giving a right for life for this
concept is Namioka’s extended long line L obtained from the ordinal interval
[0, ω1] by inserting a copy of the interval (0, 1) in between α and α+1 for each
ordinal α < ω1 [21, 22]; here ω1 means the first uncountable ordinal. Clearly,
L is not totally disconnected. Neither is it Corson because it contains the
long interval [0, ω1]. The promised result sounds as:

Theorem 11 (Arvanitakis [6]). Every almost totally disconnected quasi-
Radon-Nikodým compact space K can be continuously injected into the space
P(S) of regular Borel probability measures, endowed with the weak∗ topology,
for a suitable scattered compact space S, and therefore K is a Radon-Nikodým
compact space.

By combining this result with Theorem 7, we get the corollary to Theorem 8.

Low weights and low densities

Here we shall show a result of Avilés [7] that a K ∈ CLF is a Radon-
Nikodým compact space provided that the weight of K, that is, the least
possible cardinal equal to the cardinality of a base of the topology of K, is
not “too big”. This has also a Banach space analogue. We introduce a special
cardinal b as follows. Consider the product ININ and endow it by the order
that for σ, τ ∈ ININ we write σ ≺ τ if and only if σ(n) ≤ τ(n) for every
n ∈ IN. A set M ⊂ ININ is called bounded if there is σ ∈ ININ so that σ Â τ
for every τ ∈ M . The set M is called σ−bounded if it can be written as
M =

⋃∞
n=1 Mn where each set Mn is bounded. By b we denote the least

possible cardinal equal to the cardinality of a subset of ININ which is not
σ−bounded. It is consistent that b > ℵ1− the first uncountable cardinal.
In fact, Martin’s axiom and the negation of the continuum hypothesis imply
that 2ℵ0 = b > ℵ1. Now we are ready to formulate

Theorem 12. (Avilés [7]) Let K ∈ CLF and assume that its weight is less
than b. Then K ∈ RN .
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Proof. Let Aε
n ⊂ BC(K), n ∈ IN, ε > 0, be sets from Proposition 5

(iii) witnessing that K ∈ CLF . For ε > 0 we introduce new sets Aε
2 :=

Aε
1 ∪Aε

2, Aε
3 := Aε

1 ∪Aε
2 ∪Aε

3, . . . For σ = (σ(1), σ(2), . . .) ∈ ININ put ϕ(σ) =⋂∞
p=1 A

1/p
σ(p) ∪ {0}. We observe that for every σ ∈ ININ the space K is ε −

ϕ(σ)−fragmentable for every ε > 0. We note that the density character of
C(K) – the smallest cardinal equal to the cardinality of a dense subset of C(K)
– is equal to the weight of the compact space K. Therefore, as

⋃
σ∈ININ ϕ(σ) =

BC(K), there is a set Σ′ ⊂ ININ, with #Σ′ < b, such that ϕ(Σ′) = BC(K). By
the very definition of the cardinal b, the set Σ′ is σ−bounded. Hence, there are
bounded sets Σm ⊂ Σ′, m ∈ IN, such that

⋃∞
m=1 Σm = Σ′. For m ∈ IN find

σm ∈ ININ such that σm Â τ for every τ ∈ Σm. By the “monotonicity” of ϕ
we get that

⋃∞
m=1 ϕ(σm) ⊃ ϕ(Σ′). Thus the set A :=

⋃∞
m=1

1
mϕ(σm) will still

separate the points of K. It then follows that the function d : K ×K → [0, 1]
defined by

d(k, h) = sup
{|f(k)− f(h)|; f ∈ A

}
, k, h ∈ K,

is a metric on K. Clearly, d is lower semicontinuous. Finally, it fragments K.
To prove this, take any ∅ 6= M ⊂ K and any ε > 0. Find m ∈ IN such that

1
m+1 < ε. Since K is ε − ϕ(σ1)−fragmentable, there is an open set Ω1 ⊂ K,
with M ∩ Ω1 6= ∅, such that sup

{
f(k)− f(h); k, h ∈ M ∩ Ω1, f ∈ ϕ(σ1)

} ≤
ε . . . Since K is ε − ϕ(σm)−fragmentable, there is an open set Ωm ⊂ K,
with (M ∩ Ω1 ∩ · · · ∩ Ωm−1) ∩ Ωm 6= ∅, such that sup

{
f(k) − f(h); k, h ∈

M ∩Ω1∩· · ·∩Ωm, f ∈ ϕ(σm) ≤ ε
}
. Put Ω = Ω1∩· · ·∩Ωm. Then M ∩Ω 6= ∅

and d− diam (M ∩ Ω) ≤ ε. Therefore K ∈ RN by Theorem 1.

A Banach space counterpart of the above theorem also exists. By com-
bining Theorem 12 with Proposition 6 we immediately get

Theorem 13. (Avilés [7]) Let X be a Banach space of density character less
than b. Assume that X is a subspace of an Asplund generated space, or more
generally, that (BX∗ , w∗) ∈ CLF . Then X is Asplund generated.

Avilés’ approach yields several other results: If X is a subspace of a
weakly compactly generated space, or more generally, a weakly K−analytic
Banach space, and has density character < b, then X is weakly compactly
generated. This implies a result of Mercourakis, that under Martin’s axiom,
weakly K−analytic Banach spaces of density character < 2ℵ0 are already
weakly compactly generated. In the same vein we get a purely topologi-
cal statement: Any K−analytic topological space of density character < b
contains a dense σ−compact subset. By “diminishing” a Talagrand’s coun-
terexample [10, Section 4.3] we obtain a compact space K of weight exactly b
such that C(K) is weakly K−analytic and not a (subspace of a) weakly com-
pactly generated space, i.e., K is not Eberlein. Likewise, by “diminishing” a
Talagrand-Argyros counterexample [10, Section 1.6], we get a Banach space
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of density character b which is a subspace of a weakly compactly generated
space and is not weakly compactly generated, neither is it Asplund generated.

Regular averaging operators

Though, in solving our problem, there are so far no direct applications
of this powerful tool, we think that we should at least mention it briefly.
Consider a situation ϕ : L →→ K where L,K are compact spaces and ϕ is a
continuous surjection. Define ϕ◦ : C(K) → C(L) by ϕ◦(f) = f◦ϕ, f ∈ C(K);
this is an isometry into. We say that ϕ admits a regular averaging operator
(RAO) if there exists a linear positive operator u : C(L) → C(K) such that
u(1L) = 1K and u(ϕ◦(f)) = f for every f ∈ C(K). We note that in such a
case the recipe Pf = ϕ◦(u(f)), f ∈ C(L), immediately gives a linear norm
one projection P : C(L) → C(L), with range ϕ◦(C(K)). The theory of RAO,
and of a “dual” concept of regular extension operators, has been broadly
developed in PeÃlczyński memoir [26]. Then, Ditor, using the topological tool
of inverse limits, proved the following quite general statement.

Theorem 14. (Ditor [9]) For every infinite compact space K, with weight
ℵ, there exist a closed subspace L ⊂ {0, 1}ℵ and a continuous surjection
ϕ : L →→ K which admits a RAO.

Let us focus for a while on the situation when L is the Cantor discon-
tinuum {0, 1}IN and K = [0, 1]. It was Milutin who, in his thesis from 1952,
for the first time found, by a clever construction, a surjection ϕ : {0, 1}IN →
→ [0, 1] admitting a RAO. It should be noted that the (surjective) mapping
{0, 1}IN 3 ε = (ε1, ε2, . . .) 7→ 1

2

∑∞
n=1

(
1
2

)n−1
εn ∈ [0, 1] does not admit any

RAO. On the other hand, for every 1
2 < ∆ < 1, the surjection

{0, 1}IN 3 ε = (ε1, ε2, . . .) 7→ (1−∆)
∞∑

n=1

∆n−1εn ∈ [0, 1]

does admit a RAO. Both these facts have been proved, using a probabilistic
approach, in a recent paper of Argyros and Arvanitakis [5]. Starting from
a fixed ϕ : {0, 1}IN →→ [0, 1], admitting a RAO, then, for any cardinal ℵ, a
corresponding “product” mapping {0, 1}IN×ℵ →→ [0, 1]ℵ also admits a RAO.
And realizing that every compact space K can be considered as a closed
subspace of the product [0, 1]ℵ, some extra work reproves Ditor’s theorem.
All this can be found in [5].

We included the above stuff because of the following reasoning. Assume
we have given K ∈ QRN . And let L be the space found for our K in Ditor’s
theorem. If we proved that L ∈ QRN , then by Corollary to Theorem 8,
L would be a Radon-Nikodým compact space. Thus, by Theorem 1, C(L)
would be Asplund generated. And, as ϕ◦(C(K)) is complemented in C(L),
the space C(K) would also be Asplund generated, and therefore K would
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be a Radon-Nikodým compact space. However, the trouble is that we are
in general not able to decide if L ∈ QRN . Yet we have several “parallel”
positive statements supporting this: In [5, Corollary 24], it is shown that
if K is an Eberlein, Talagrand, Gul’ko, or Corson compact space, then the
corresponding L in Ditor’s theorem can also be constructed such.

The case K = K1 ∪K2

Here we focus on the following
Subproblem: If a compact space K can be written as K = K1 ∪K2, with
K1,K2 ∈ RN , does this imply that K ∈ RN ?

Note that such a K belongs to IRN . Indeed, put L = K1 × {1} ∪K2 × {2}.
That L ∈ RN follows easily from the very definition. And the mapping
ϕ : L →→ K defined by ϕ(ki, i) = ki, ki ∈ Ki, i = 1, 2, is clearly continu-
ous and surjective. Unfortunately, such a ϕ may not admit any RAO: Take
K = [0, 1], K1 = [0, 1

2 ], K2 = [ 12 , 1]. Then, according to [5, Theorem 2],
the corresponding ϕ does not have any RAO, and hence we do not know if
ϕ◦(C(K)) is complemented C(L).

Positive results, known to us, are collected in the next

Theorem 15. Assume that a compact space K can be written as K =
K1 ∪ K2, where K1,K2 ∈ RN . Then K ∈ RN provided that one of the
following conditions is satisfied.
(i) K1 ∩K2 is Gδ in K,
(ii) K1 is a retract of K,
(iii) K\K1 is scattered,
(iv) K1 ∩K2 is metrizable,
(v) K1 ∩K2 is scattered.

Question. What if K1 ∩K2 is an Eberlein compact space?

The cases (i)–(iv) are due to Matoušková and Stegall [20]. (v) was shown to
us by Spurný [29]. In proofs the following lemma is a basic tool.

Lemma 16 ([20, Lemma 6.4]). Let K ∈ RN and let F ⊂ K be a closed
subset. Then there exists an equimeasurable (i.e., Asplund) set E ⊂ C(K)
such that for every k ∈ K and h ∈ K\F, k 6= h, there is f ∈ E such that
f(h) > 0, f(k) = 0, and f|F ≡ 0.

Its proof begins from the very definition of Radon-Nikodým compact space
and then uses a simple compactness argument.

An important role in proofs of some facts above is played also by

Proposition 17. Assume that a compact space K can be written as K =
K1 ∪ K2, where K1,K2 ∈ RN . Then K ∈ RN if (and only if) there exist
lower semicontinuous fragmenting metrics d1, d2 on K1, K2 respectively, such
that min(d1, d2) restricted to K1∩K2 is minorized by a lower semicontinuous
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metric, or, equivalently, min(d1, d2)−Lipschitz functions on K1 ∩K2 separate
the points of it.

In order to get a taste, let us prove (iv) in Theorem 15. Find a countable
family fn ∈ BC(K1∩K2), n ∈ IN, of functions which separate the (separa-
ble metrizable) space K1 ∩ K2. Extend each fn to f̃n ∈ BC(K). Put then
E0 =

{
1
n f̃n; n ∈ IN

}
; this is clearly a relatively norm compact, and hence

equimeasurable set. Lemma 16 implies that there exists an equimeasurable
set E1 ⊂ C(K) which separates any two distinct points k ∈ K and h ∈ K\K2.
Analogously, we find an equimeasurable set E2 ⊂ C(K) which separates any
two distinct points k ∈ K and h ∈ K\K1. Then the set E0 ∪ E1 ∪ E2 can
be easily seen to be equimeasurable and separates all distinct points of K.
Therefore, by Theorem 1, K ∈ RN .

Finally, we want to mention a recent paper of Iancu and Watson [17] pro-
viding positive answers to our problem for the situation ϕ : L →→ K, L ∈ RN ,
when the set {k ∈ K; ϕ−1(k) is not a singleton} has some special properties,
for instance, when it is included in a closed metrizable subspace.
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CONVEXITY, COMPACTNESS AND DISTANCES

ANTONIO S. GRANERO AND MARCOS SÁNCHEZ

Abstract. In this paper we investigate whether the distances

d(cow∗ (K), Z) are controlled by the distances d(K, Z) (that is, if

d(cow∗ (K), Z) ≤ Md(K, Z) for some 1 ≤ M < ∞), when K is a weak∗-
compact subset of `∞(I) and Z belongs to some particular classes of
subspaces of `∞(I).

1. Introduction and preliminaries

If (X, ‖ · ‖) is a Banach space, let B(X) and S(X) be the closed unit ball
and unit sphere of X, respectively, and X∗ its topological dual. If u ∈ X
and K, Z are two subsets of X, let d(u,Z) = inf{‖u − z‖ : z ∈ Z} be the
distance to Z from u, d(K, Z) = sup{d(k, Z) : k ∈ K} the distance to Z from
K, co(K) the convex hull of K, co(K) the norm-closure of co(K) and coτ (K)
the τ -closure of co(K), τ being a topology on X. The weak∗-topology of a
dual Banach space X∗ is denoted by w∗.

If Z ⊂ X∗ is a subspace of a dual Banach space X∗ and K ⊂ X∗ a
weak∗-compact subset of X∗, an interesting problem is whether the distance
d(cow∗(K), Z) is controlled by the distance d(K, Z). The subspace Z ⊂ X∗

is said to have M -control inside X∗ for some 1 ≤ M < ∞ if d(cow∗(K), Z) ≤
Md(K,Z), for every weak∗-compact subset K of X∗, and it is said to have
control inside X∗ provided it has M -control for some 1 ≤ M < ∞. The
behavior of the distances d(cow∗(K), Z) with respect to the distances d(K, Z)
is varied. If Z ⊂ X∗ is a weak∗-closed subspace of X∗, it is very easy to see
that d(cow∗(K), Z) = d(K, Z), even when K ⊂ X∗ is an arbitrary subset of
X∗. However, if Z ⊂ X∗ is a subspace of X∗, which is not weak∗-closed, all
situations are possible.

It is worth mentioning that every Banach space X has control inside its
bidual X∗∗ because of the following extension of the Krein-Šmulian Theorem
([8],[9],[10]): if Z ⊂ X is a closed subspace of the Banach space X and
K ⊂ X∗∗ is a weak∗ compact subset of X∗∗, then: (1) always d(cow∗(K), Z) ≤
5d(K, Z) and, if Z ∩K is weak∗-dense in K, then d(cow∗(K), Z) ≤ 2d(K, Z);
(2) the equality d(K, X) = d(cow∗(K), X) holds in many cases, for instance:
(i) if `1 * X∗; (ii) if X has weak∗-angelic dual unit ball; (iii) if X = (`1(I), ‖ ·
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‖1); (iv) if X is the Orlicz space `ϕ(I) and ϕ satisfies the ∆2 condition at
0. However, not every Banach space X has 1-control inside its bidual X∗∗,
because in [10] there are given examples of Banach spaces X and weak∗-
compact subsets K ⊂ X∗∗ such that d(cow∗(K), X) ≥ 3d(K,X) > 0.

In [11] it is proved that a Banach space Y fails to contain a copy of `1(c)
if and only if Y has universally 3-control (Y has universally 3-control when
Z has 3-control inside X∗, provided X is a Banach space and Z ⊂ X∗ is
subspace of X∗ isomorphic to Y ). Moreover, if Y is a Banach space with a
copy of `1(c) and 1 ≤ M < ∞, there exist a Banach space X and a subspace
Z ⊂ X∗ isomorphic to Y such that Z fails to have M -control inside X∗.

This paper is devoted to investigate the control in `∞(I)(∼= `1(I)∗) of some
special subspaces of `∞(I). First, we study the space C∗(H) of bounded
continuous real functions on a topological space H, when C∗(H) is considered
as a subspace of `∞(H). Actually, our frame is something more general: we
pick an infinite set I, a topological space H and a mapping ϕ : I → H such
that ϕ(I) = H. Denote

C(H) = {f : H → R : f continuous}, C(H)ϕ = {f ◦ ϕ : f ∈ C(H)},
C∗(H) = {f : H → R : f continuous and bounded} and

C∗(H)ϕ = {f ◦ ϕ : f ∈ C∗(H)}.
We shall study the control of C∗(H)ϕ inside `∞(I). With this strategy we
gain in generality, although the more natural and interesting case is when I
is a dense subset of the topological space H and ϕ : I → H is the canonical
inclusion. As we shall see later, in some cases the condition ϕ(I) = H is
sufficient, in order to have control, but there are situations in which we will
need ϕ(I) = H.

In Section 2 we show the connection between distances and oscillations. In
Section 3 we see that for some topological spaces H (for example, when H
is metrizable) the space C∗(H)ϕ has 1-control inside `∞(I). In Section 4 we
study the control inside `∞(I)(= C(βI)) of the subspace of C(βI) consisting
of elements which are constant on a given closed subset D ⊂ βI. The Section
5 is devoted to study the control of C(H)ϕ inside `∞(I) when H is compact.
Finally, in Section 6 we investigate the control in `∞(X) of the subspace
B1b(X) of bounded functions of the first Baire class on X, X being a metric
space.

Our notation and terminology are standard. c is the cardinal of R. If I is
a set, let |I| denote the cardinality of I. Our topological spaces are Hausdorf
and completely regular. For undefined notions and properties we refer the
reader to the books [5],[6],[7],[13],[16].

2. Oscillations and distances

In this Section we consider some auxiliary facts, that will be used later.
Let I be a set, H a topological space and ϕ : I → H a mapping such that
ϕ(I) = H. Given a function f ∈ `∞(I), we show the connection between
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the distance d(f, C∗(H)ϕ) and the “oscillation” of f on H. If k ∈ H let Vk

denote the family of open neighborhoods of k in H and, if f ∈ `∞(I), define
the functions f1, f2 : H → [−∞, +∞] in the following way:

∀k ∈ H, f1(k) = inf{sup(f(ϕ−1(V ))) : V ∈ Vk} and

f2(k) = sup{inf(f(ϕ−1(V ))) : V ∈ Vk}.
Obviously, −∞ ≤ f2(k) ≤ f1(k) ≤ +∞ for every k ∈ H. Now, we define the
ϕ-oscillation Oscϕ(f, k) of f in k ∈ H as:

Oscϕ(f, k) = lim
V ∈Vk

(
sup{f(i)− f(j) : i, j ∈ ϕ−1(V )}) =

= lim
V ∈Vk

(
sup f(ϕ−1(V ))− inf f(ϕ−1(V ))

)
.

Observe that Oscϕ(f, k) = +∞, if f1(k) = ±∞ or f2(k) = ±∞, and Oscϕ(f, k)
= f1(k)− f2(k) otherwise. Finally define the ϕ-oscillation of f in H as:

Oscϕ(f) = sup{Oscϕ(f, k) : k ∈ H}.

Lemma 2.1. With the above notation f1 is upper semicontinuous (for short,
usc) and f2 is lower semicontinuous (for short, lsc) on H.

Proof. Let us see that f1 is usc on H. Suppose that a ∈ R and prove that
Ua = {k ∈ H : f1(k) < a} is open in H. If k ∈ Ua then there exists an
open neighbourhood W ∈ Vk such that sup f(ϕ−1(W )) < a. If h ∈ W we
have W ∈ Vh, whence we get f1(h) ≤ sup f(ϕ−1(W )) < a and, so, W ⊂ Ua.
Hence, Ua is open.

In an analogous way it can be shown that f2 is lsc. ¤

The following proposition describes the connection between oscillations and
distances.

Proposition 2.2. Let I be a set, H be a normal topological space and ϕ :
I → H a mapping such that ϕ(I) = H. Then for f ∈ `∞(I), we have:

d(f, C∗(H)ϕ) =
1
2
Oscϕ(f).

Proof. A) d(f, C∗(H)ϕ) ≥ 1
2Oscϕ(f). Indeed, let ε > 0 and choose h ∈ C∗(H)

such that sup{|f(x) − h ◦ ϕ(x)| : x ∈ I} ≤ d(f, C∗(H)ϕ) + ε. Then, if
k ∈ H and V ∈ Vk satisfies h(x) − h(y) < ε for every pair x, y ∈ V , we have
sup{f(i) − f(j) : i, j ∈ ϕ−1(V )} ≤ 2d(f, C∗(H)ϕ) + 3ε, and so, 1

2Oscϕ(f) ≤
d(f, C∗(H)ϕ) + 3

2ε, whence we get d(f, C∗(H)ϕ) ≥ 1
2Oscϕ(f).

B) d(f, C∗(H)ϕ) ≤ 1
2Oscϕ(f). Indeed, let 1

2Oscϕ(f) = δ < +∞ and let
f1, f2 be the functions introduced above, which in this case are finite and
bounded. Moreover, f1 − δ ≤ f2 + δ on H. So, by [6, Ex. 1.7.15 (b),
p.88 ] there exists h ∈ C∗(H) such that f1 − δ ≤ h ≤ f2 + δ on H. Since
f(i) ∈ [f2(ϕ(i)), f1(ϕ(i))] for every i ∈ I, we conclude that:

f(i)− δ ≤ f1 ◦ ϕ(i)− δ ≤ h ◦ ϕ(i) ≤ f2 ◦ ϕ(i) + δ ≤ f(i) + δ,
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that is, sup{|f(i)−h◦ϕ(i)| : i ∈ I} ≤ δ, and this implies that d(f, C∗(H)ϕ) ≤
1
2Oscϕ(f). ¤

Proposition 2.3. Let I be a set, K a normal countably compact space, ϕ :
I → K a mapping such that ϕ(I) = K, K0 a metric space, q : K → K0 a
continuous mapping with q(K) = K0 and ϕ1 = q ◦ ϕ : I → K0. Consider
C(K)ϕ and C(K0)ϕ1 as subspaces of the space `∞(I). Then C(K0)ϕ1 ⊂
C(K)ϕ ⊂ `∞(I) and for f ∈ C(K0)ϕ1

w∗
we have:

d(f, C(K)ϕ) ≤ d(f, C(K0)ϕ1) ≤ 2d(f, C(K)ϕ).

Proof. Since f ∈ C(K0)ϕ1

w∗
, f is constant in each subset ϕ−1

1 (k) ⊂ I for
every k ∈ K0. Thus, there exists h : K0 → R such that f = h ◦ ϕ1.
Clearly, d(f, C(K)ϕ) ≤ d(f, C(K0)ϕ1) because C(K0)ϕ1 ⊂ C(K)ϕ. In or-
der to prove the inequality d(f, C(K0)ϕ1) ≤ 2d(f, C(K)ϕ), it is enough to
prove that Oscϕ1(f) ≤ 2Oscϕ(f) by Proposition 2.2.

If Oscϕ1(f) = 0, obviously Oscϕ1(f) ≤ 2Oscϕ(f). Otherwise, take
Oscϕ1(f) > δ > 0. So, there exist a point k0 ∈ K0 and two sequences
in, jn ∈ I, n ≥ 1, such that ϕ1(in) → k0, ϕ1(jn) → k0 when n → ∞, and
f(in)− f(jn) > δ for every n ≥ 1. Since K is countably compact, we can find
points x0, y0 ∈ K such that

x0 ∈ q−1(k0) ∩ {ϕ(in) : n ≥ 1} and y0 ∈ q−1(k0) ∩ {ϕ(jn) : n ≥ 1}.

CLAIM. Either Oscϕ(f, x0) ≥ δ
2 or Oscϕ(f, y0) ≥ δ

2 .

Indeed, let i0, j0 ∈ I be such that ϕ(i0) = x0 and ϕ(j0) = y0. Since f
is constant on ϕ−1

1 (k0) and i0, j0 ∈ ϕ−1
1 (k0), then f(i0) = f(j0), whence,

for every n ≥ 1, we have δ < f(in) − f(jn)f(in) − f(i0) + f(j0) − f(jn).
Thus either f(in) − f(i0) > δ

2 or f(j0) − f(jn) > δ
2 . So, there exists an

infinite subset N ⊂ N such that either f(in)− f(i0) > δ
2 , for every n ∈ N , or

f(j0)− f(jn) > δ
2 , for every n ∈ N , and this proves the Claim.

Therefore, Oscϕ(f) ≥ δ/2 for every δ > 0 such that Oscϕ1(f) > δ, whence
we get Oscϕ1(f) ≤ 2Oscϕ(f). ¤

3. Spaces of type C∗(H)ϕ with 1-control inside `∞(I)

In this Section we consider some classes of topological spaces H such that
C∗(H)ϕ has 1-control inside `∞(I). We say that a topological space H is in
the class F (for short, H ∈ F) if for every A ⊂ H × H and every h ∈ H,
with (h, h) ∈ A, there exist d ∈ H and a sequence (αn)n≥1 in A such that
αn → (d, d) as n → ∞. So, H is in F provided: (1) H is metrizable; (2)
H satisfies the first axiom of countability; (3) H × H is a Fréchet-Urysohn
space. We see in the sequel that the behavior of an topological space H ∈ F ,
concerning the control of C∗(I)ϕ inside `∞(I), is optimum because: (1) we
obtain 1-control; (2) it is sufficient for ϕ(I) to be dense in H. We remark
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the difference between the case of a topological space H ∈ F and the case of
general compact spaces H. As we will see in Section 5, for a general compact
space H we only have 5-control and we need that ϕ(I) = H, in order to have
control.

Proposition 3.1. Let H be a normal topological space with H ∈ F, I a set,
ϕ : I → H a mapping such that ϕ(I) = H and W ⊂ `∞(I) a weak∗-compact
subset. Then

d(cow∗(W ), C∗(H)ϕ) = d(W,C∗(H)ϕ).

Proof. Suppose that there exist a weak∗-compact subset W ⊂ B(`∞(I)) and
two real numbers a, b > 0 such that

d(cow∗(W ), C∗(H)ϕ) > b > a > d(W,C∗(H)ϕ).

Pick f0 ∈ cow∗(W ) with d(f0, C
∗(H)ϕ) > b. By Proposition 2.2 there exists

a point k0 ∈ H such that 1
2Oscϕ(f0, k0) > b. So, there exist ε > 0 and, for

every V ∈ Vk0 , two points iV , jV ∈ ϕ−1(V ) such that

f0(iV )− f0(jV ) > 2b + ε.

In particular, (k0, k0) ∈ {(ϕ(iV ), ϕ(jV )) : V ∈ Vk0}. Since H ∈ F there exist
a sequence {(in, jn) : n ≥ 1} ⊂ {(iV , jV ) : V ∈ Vk0} and a point h0 ∈ H such
that (ϕ(in), ϕ(jn)) → (h0, h0). Find a Radon Borel probability measure µ on
W such that f0 = r(µ)(= barycenter of µ). For every n ≥ 1 let Tn : `∞(I) → R
be such that Tn(f) = f(in)− f(jn), for all f ∈ `∞(I). Clearly, Tn is a linear
mapping which is ‖ · ‖-continuous and weak∗-continuous. So, we have

2b + ε < f0(in)− f0(jn) = Tn(f0) = Tn(r(µ)) =
∫

W

Tn(f)dµ.

For every n ≥ 1 let An = {f ∈ W : Tn(f) > 2b + ε
2}.

CLAIM. µ(An) ≥ ε
4 for all n ≥ 1.

Indeed, we have

2b + ε <

∫

W

Tn(f)dµ =
∫

An

Tn(f)dµ +
∫

W\An

Tn(f)dµ ≤ 2µ(An) + (2b +
ε

2
),

whence we deduce that µ(An) ≥ ε
4 for all n ≥ 1.

Let Bn :=
⋃

m≥n Am for every n ≥ 1. The sequence {Bn}n≥1 is de-
creasing and µ(Bn) ≥ ε

4 for every n ≥ 1. Hence µ(
⋂

n≥1 Bn) ≥ ε
4 and

therefore
⋂

n≥1 Bn 6= ∅. Choose g ∈ ⋂
n≥1 Bn and inductively a sequence

{Amk
}k≥1, mk < mk+1, such that g ∈ Amk

for all k ≥ 1. Then g(imk
) −

g(jmk
) > 2b + ε

2 for all k ≥ 1, whence we get Oscϕ(g, h0) ≥ 2b + ε
2 , that

is, d(g, C∗(H)ϕ) > b (by Proposition 2.2), which contradicts the fact that
g ∈ W . ¤
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Corollary 3.2. Let I be an infinite set, K be an scattered compact Hausdorf
space such that K(2) = ∅ and ϕ : I → K a mapping such that ϕ(I) = K.
Then for every weak∗-compact subset W ⊂ `∞(I) we have d(W,C(K)ϕ) =
d(cow∗(W ), C(K)ϕ).

Proof. By Proposition 3.1 it is enough to prove that K ∈ F. As K(2) = ∅,
then K is the topological sum of a finite number of disjoint clopen subsets,
say K = ⊕n

i=1Ki, each Ki being the Alexandrov compactification Ki = αJi

of some discrete set Ji. So, K has property F if and only if each αJi has. Now
apply the trivial fact that the Alexandrov compactification αJ of a discrete
set J has property F. ¤

4. The control of C(βI, D) and C0(βI,D) inside `∞(I).

If I is an infinite set, let βI denote the Stone-Čcech compactification of I
and I∗ := βI \ I. For f ∈ `∞(I), f̌ will be the Stone-Čech extension of f to
βI. Pick a closed subset D ⊂ βI and put:

C(βI, D) := {f ∈ `∞(I) : f̌ is constant on D},
and

C0(βI, D) := {f ∈ `∞(I) : f̌¹D ≡ 0}.

Let us study the control of C(βI, D) and C0(βI, D) inside `∞(I). First, we
see an elementary fact concerning the distances to C(βI, D) and C0(βI, D).

Proposition 4.1. Let I be an infinite set, D ⊂ βI be a closed non-empty
subset and z ∈ `∞(I). Then the distances d(z, C0(βI,D)) and d(z, C(βI,D))
satisfy

(1) d(z, C0(βI, D)) = ‖ž¹D‖ : sup{|ž(d)| : d ∈ D};
(2) d(z, C(βI, D)) 1

2 sup{ž(d)− ž(d′) : d, d′ ∈ D} = 1
2 (ž(d1)− ž(d2)),

for some d1, d2 ∈ D such that ž(d1) = max{ž(d) : d ∈ D} and ž(d2) =
min{ž(d) : d ∈ D}.
Proof. (1) Consider the canonical restriction mapping r : C(βI) → C(D) such
that r(f) = f¹D, ∀f ∈ C(βI). Observe that r is a quotient mapping such
that r(B(C(βI))) = B(C(D)) (by Tietze’s extension theorem) and Ker(r) =
C0(βI, D). So, for f ∈ C(βI) we have

‖f¹D‖ = ‖r(f)‖ = d(f, C0(βI, D)).

(2) Let H be the topological space obtained from βI by the identification
of D in one point, say d0. So, H = (βI \ D) ∪ {d0} as a set and C(H) is
isometrically isomorphic to C(βI,D). Let ϕ : βI → H be the corresponding
quotient mapping. Then considering C(H)ϕ and C(βI) as a subspaces of
`∞(βI), we have C(H)ϕ ⊂ C(βI) ⊂ `∞(βI). Moreover, C(H)ϕ as subspace of
C(βI) is exactly C(βI, D). By Proposition 2.2, for every f ∈ `∞(βI) we have
d(f, C(H)ϕ) = 1

2Oscϕ(f). Take f ∈ C(βI). It is clear that Oscϕ(f, h) = 0
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for every h ∈ βI \D, because f is continuous on βI and βI \D is open in βI.
Thus

1
2Oscϕ(f) = 1

2Oscϕ(f, d0) = 1
2 lim

V ∈Vd0

(
sup{f(i)− f(j) : i, j ∈ ϕ−1(V )}),

where Vd0 denotes the net of open neighborhoods of d0 in H. Since D is
compact and f is continuous on βI, it is very easy to see that

1
2 lim

V ∈Vd0

(
sup{f(i)− f(j) : i, j ∈ ϕ−1(V )}) =

= 1
2 sup{f(d)− f(d′) : d, d′ ∈ D} = 1

2 (f(d1)− f(d2)),

for some d1, d2 ∈ D such that f(d1) = max{f(d) : d ∈ D} and f(d2) =
min{f(d) : d ∈ D}. ¤

The following proposition shows an elementary case in which there is 1-
control.

Proposition 4.2. If I is an infinite set and D ⊂ βI is a closed subset such
that D = A

βI
for some A ⊂ I, then C0(βI,D) and C(βI, D) have 1-control

inside `∞(I).

Proof. As D = A
βI

with A ⊂ I, then

C0(βI,D) = {f ∈ `∞(I) : f(a) = 0, ∀a ∈ A} and

C(βI, D) = {f ∈ `∞(I) : f(a) = f(b), ∀a, b ∈ A}.
So, C0(βI,D) and C(βI,D) are weak∗-closed subspaces of `∞(I) and they
have 1-control because every weak∗-closed subspace does. ¤

Now we consider another class of compact subsets D ⊂ βI that yield 1-
control. We begin with the definition of a regular subset. If X is a topological
space, a subset K ⊂ X is said to be regular in X if int(K) is dense in K.

Proposition 4.3. Let I be an infinite set and D ⊂ I∗ (= βI \ I) a compact
subset regular in I∗. Then C(βI,D) and C0(βI,D) have 1-control inside
`∞(I).

Proof. (A) First, consider the subspace C(βI, D). Suppose that C(βI, D)
fails to have 1-control inside `∞(I). Then there exist a weak∗-compact subset
W ⊂ B(`∞(I)) and two real numbers a, b > 0 such that:

d(W,C(βI, D)) < a < b < d(cow∗(W ), C(βI, D)) ≤ 1.

Choose f0 ∈ cow∗(W ) such that b < d(f0, C(βI,D)). By Proposition 4.1
this means that f̌0(d) − f̌0(e) > 2b + ε for some d, e ∈ D and some ε > 0.
Since D is regular, there exist d0, e0 ∈ int(D) (here int(D) is relative to I∗)
such that f̌0(d0) − f̌0(e0) > 2b + ε. So, by continuity of f̌0, we can find in
βI two closed neighbourhoods V and W of d0 and e0, respectively, such that
V ∩ I∗ ⊂ int(D), W ∩ I∗ ⊂ int(D) and f̌0(v)− f̌0(w) > 2b+ ε, for every v ∈ V
and every w ∈ W . Since V ∩ I and W ∩ I are infinite sets, we can choose two
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sequences {dn : n ≥ 1} ⊂ V ∩ I and {en : n ≥ 1} ⊂ W ∩ I pairwise different
for every n ≥ 1. Then

(1) {dn : n ≥ 1}βI \ I ⊂ V ∩ I∗ ⊂ D and {en : n ≥ 1}βI \ I ⊂ W ∩ I∗ ⊂ D,
and

(2) f0(dn)− f0(en) > 2b + ε for all n ≥ 1.

Now we use an argument similar to the one of Proposition 3.1. Fix a Radon
Borel probability measure µ on W such that f0 = r(µ)(= barycenter of µ)
and for every n ≥ 1 let Tn : `∞(I) → R be such that Tn(f) = f(dn)− f(en),
for all f ∈ `∞(I). Clearly, Tn is a linear mapping which is ‖ · ‖-continuous
and weak∗-continuous and

2b + ε < Tn(f0) = Tn(r(µ)) =
∫

W

Tn(f)dµ(f).

So, if we define An = {f ∈ W : Tn(f) > 2b + ε
2} for every n ≥ 1, then

µ(An) ≥ ε
4 for every n ≥ 1, as in Proposition 3.1.

Let Bn :=
⋃

m≥n Am for every n ≥ 1. The sequence {Bn}n≥1 is de-
creasing and µ(Bn) ≥ ε

4 for every n ≥ 1. Hence µ(
⋂

n≥1 Bn) ≥ ε
4 and

therefore
⋂

n≥1 Bn 6= ∅. Choose g ∈ ⋂
n≥1 Bn and inductively a sequence

{Ani}i≥1, ni < ni+1, such that g ∈ Ani for all i ≥ 1. Then g(dni)− g(eni) >

2b + ε
2 , whence we get ǧ(u)− ǧ(v) ≥ 2b + ε

2 , for every u ∈ {dni : i ≥ 1}βI \ I

and every v ∈ {eni : i ≥ 1}βI \ I. Since ∅ 6= {dni : i ≥ 1}βI \ I ⊂ D and

∅ 6= {eni : i ≥ 1}βI \ I ⊂ D, we obtain d(g, C(βI,D)) > b, which contradicts
the fact that g ∈ W .

(B) The proof for the subspace C0(βI,D) is similar to the one of case
(A). ¤

Corollary 4.4. If I is an infinite set and D ⊂ I∗ is a closed Gδ subset, then
C(βI, D) and C0(βI,D) have 1-control inside `∞(I).

Proof. This follows from Proposition 4.3 and the easy fact that every Gδ subset
of I∗ is regular in I∗ (see [16, p. 78]). ¤

In the following we show examples of compact subsets D ⊂ I∗ such that the
closed subspaces C(βI, D) and C0(βI,D) fail to have control inside `∞(I).

Example 4.5. There exist a closed subset D ⊂ N∗ and a weak∗-compact
subset K ⊂ `∞ such that f̌¹D = 0 for every f ∈ K (that is, K ⊂ C0(βN, D)),
but cow∗(K) * C(βN, D).

Proof. Consider the Cantor metric compact space C = {0, 1}N and the set
S = {0, 1}(N) = {0, 1} ∪ {0, 1}2 ∪ {0, 1}3 ∪ · · · . Let λ be the Haar probability
measure on {0, 1}N. If σ = (σ1, σ2, . . . ) ∈ C and n ∈ N, we put σ¹n =
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(σ1, σ2, . . . , σn) ∈ S. If A ⊂ {0, 1}n, let fA : C → {0, 1} be the continuous
function

∀σ ∈ C, fA(σ)

{
1, if σ¹n ∈ A,

0, if σ¹n /∈ A.

Let

I+ = {(A, +) : A ⊂ {0, 1}n with |A| = 2n − n and n ∈ N},
I− = {(A,−) : A ⊂ {0, 1}n with |A| = 2n − n and n ∈ N}

and I = I+ ∪ I−, which satisfies |I| = ℵ0. Observe that:

(1) The family {fA : i = (A, +) ∈ I+} separates the points of C.

(2) For every k ∈ N, the set {i = (A,+) ∈ I+ :
∫

C
fAdλ ≤ 1− 1

k} is finite.

(3) For σ ∈ C let O(σ) = {i = (A,±) ∈ I : fA(σ) = 0}. Given a finite
subset σ(1), σ(2), . . . σ(p) ∈ C, it is easy to see that |⋂p

i=1O(σ(i))εi | = ℵ0,
where εi = ±1, O(σ(i))+1 = O(σ(i)) and O(σ(i))−1 = I \ O(σ(i)).

(4) For every i = (A,±) ∈ I there exists σ ∈ C such that fA(σ) = 1, and
so, i /∈ O(σ).

By (3) the compact subset D :=
⋂

σ∈C O(σ)
βI

satisfies D 6= ∅. Moreover,

D ⊂ βI \ I by (4). Then ∅ 6= D+ := D ∩ I+
βI

and ∅ 6= D− := D ∩ I−
βI

.
Consider the function ψ : C → {−1, 0, +1}I ⊂ B(`∞(I)) such that

∀i ∈ I, ∀σ ∈ C, ψ(σ)(i)

{
fA(σ), if i = (A, +),
−fA(σ), if i = (A,−).

Observe that ψ is a continuous injective function, when we consider in
{−1, 0, +1}I the weak∗-topology of `∞(I), which coincides with the prod-
uct topology of {−1, 0,+1}I . So, K := ψ(C) ⊂ {−1, 0, +1}I is a compact
space homeomorphic to C such that ǩ¹D = 0, for every k ∈ K, that is,
K ⊂ C0(βI,D).

Let µ := ψ(λ) be the Radon Borel probability measure on K, image of
λ under the continuous function ψ, and let r(µ) =: z0 ∈ cow∗(K) be the
barycenter of µ. By (2) we have ž0(p) = +1, for every p ∈ I+

βI \ I, and
ž0(p) = −1, for every p ∈ I−

βI \ I. Thus, ž0¹ D+ = +1 and ž0¹ D− = −1,
whence z0 /∈ C(βI, D). ¤

If I is an uncountable set, let I∗c := ∪{AβI
: A ⊂ I, |A| = ℵ0} \ I and

I∗u := I∗ \ I∗c. Observe that I∗c is dense and open in I∗ and hence I∗u is
closed nowhere dense in I∗. It is easy to show that:

(1) If D = I∗u, then C0(βI, D) = `c
∞(I) := {f ∈ `∞(I) : | supp(f)| ≤ ℵ0}

and,

(2) d(f, `c
∞(I)) = ‖f̌¹I∗u‖ sup{|f̌(p)| : p ∈ I∗u}, for every f ∈ `∞(I).
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Let us investigate the control of C0(βI, D) and C(βI, D) inside `∞(I),
when D = I∗u and I is an uncountable set. We need the following result.

Proposition 4.6. Let I be an infinite set and D ⊂ βI a closed subset. The
following are equivalent

(a) For every weak∗-compact subset K ⊂ `∞(I) such that K ⊂ C0(βI, D)
we have cow∗(K) ⊂ C0(βI,D).

(b) C0(βI,D) has 1-control inside `∞(I).

Proof. (b)⇒ (a). This is obvious because C0(βI,D) is a norm-closed subspace
of `∞(I).

(a)⇒ (b). Suppose that there exist a weak∗-compact subset K ⊂ B(`∞(I))
and two real numbers a, b > 0 such that:

d(K, C0(βI,D)) < a < b < d(cow∗(K), C0(βI, D)).

Consider the mapping B(`∞(I)) 3 f → φ(f) ∈ B(`∞(I)) such that φ(f) =
(f −a)

∨
0, which is w∗-w∗-continuous. Observe that φ(K) is weak∗-compact

and also φ(K) ⊂ B(C0(βI, D)). Let z0 ∈ cow∗(K) be such that
d(z0, C0(βI, D)) > b. So, for some p ∈ D we have |ž0(p)| > b, for exam-
ple, ž0(p) > b. Choose a net {zα}α∈A ⊂ co(K), zα =

∑nα

i=1 λαifαi, fαi ∈
K, λαi ≥ 0,

∑nα

i=1 λαi = 1, such that zα
w∗→

α∈A
z0. Clearly, φ(zα) w∗→

α∈A
φ(z0).

Let wα =
∑nα

i=1 λαiφ(fαi) ∈ co(φ(K)) and observe that φ(zα) ≤ wα for all
α ∈ A (in the natural partial order “ ≤ ” of `∞(I)). By compactness, there

exist a subnet {wβ}β∈B and a vector w0 ∈ cow∗(φ(K)) such that wβ
w∗→

β∈B
w0

and also φ(zβ) w∗→
β∈B

φ(z0).

CLAIM. w̌0(p) ≥ b− a > 0.

Indeed, since (φ(z0))̌ (p) > b − a, there exists a neighborhood V of p in
βI such that (φ(z0))̌ (q) > b − a for all q ∈ V . Hence for every i ∈ V ∩ I,
as φ(zβ)(i) →

β∈B
φ(z0)(i), there exists βi ∈ B such that φ(zβ)(i) > b − a, for

all β ≥ βi, β ∈ B. So, for every i ∈ V ∩ I we have wβ(i) > b − a, for all
β ≥ βi, β ∈ B, whence we get w0(i) ≥ b−a. Thus w̌0(p) ≥ b−a. As p ∈ D we
get d(w0, C0(βI, D)) ≥ b − a > 0, a contradiction because w0 ∈ cow∗(φ(K))
and, as φ(K) ⊂ B(C0(βI,D)), then cow∗(φ(K)) ⊂ C0(βI, D) by (a). ¤

Let CH mean the continuum hypothesis, ¬CH the negation of the contin-
uum hypothesis and MA the Martin Axiom. A compact space K is Corson if
there exists a set I such that K is homeomorphic to some compact subset of
Σ([−1, 1]I) := {x ∈ [−1, 1]I : supp(x) is countable} (see [1],[7],[5]). Now we
prove the following proposition.

Proposition 4.7. If I is an uncountable set and D = I∗u, then the subspaces
C0(βI, D) and C(βI,D) have 1-control inside `∞(I), under ¬CH + MA.
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Proof. (A) First, we consider the subspace C0(βI, D). Let K ⊂ C0(βI, D) =
`c
∞(I) be a weak∗-compact subset. Then K is a Corson compact space. Pick

z0 ∈ cow∗(K) and µ a Radon probability on K such that r(µ) = z0. Recall
that, under ¬CH + MA, every Corson compact space W has property (M),
that is, every Radon measure on W has separable support (see [1, p. 215], [4,
p. 201 and 205]). So, K has property (M) and hence there exists a countable
subset J ⊂ I such that supp(µ) =: H ⊂ `J

∞(I) := {x ∈ `∞(I) : supp(x) ⊂ J}.
Clearly, z0 = r(µ) ∈ cow∗(H) ⊂ `J

∞(I) ⊂ `c
∞(I). Thus cow∗(K) ⊂ C0(βI, D).

Now it is enough to apply Proposition 4.6.

(B) Consider now the subspace C(βI,D). Assume that C(βI, D) fails
to have 1-control inside `∞(I), that is, there exist a weak∗-compact subset
K ⊂ B(`∞(I)), a point z0 ∈ cow∗(K) and two real numbers a, b > 0 such
that:

d(K, C(βI, D)) < a < b < d(z0, C(βI,D)).

Since b < d(z0, C(βI, D)), we can choose two points d1, d2 ∈ D such that
ž0(d1) − ž0(d2) > 2b + η0 for some η0 > 0. As d1 6= d2, there exist in βI
neighbourhoods Vi of di, i = 1, 2, such that V1 ∩ V2 = ∅ and ž0(p)− ž0(q) >
2b + η0 for every p ∈ V1 and q ∈ V2. Let ω1 denote the first uncountable
ordinal. Pick {iξ : ξ < ω1} ⊂ V1 ∩ I and {jξ : ξ < ω1} ⊂ V2 ∩ I such that
iρ 6= iξ and jρ 6= jξ for ρ < ξ < ω1. Observe that these choices can be done
because, as di ∈ D = I∗u, then |Vi ∩ I| > ℵ0, i = 1, 2.

Let J = {(iξ, jξ) : ξ < ω1} and consider the mapping T : `∞(I) → `∞(J)
such that T (f)(iξ, jξ) = f(iξ) − f(jξ), f ∈ `∞(I), ξ < ω1. Clearly, T is a
linear norm-continuous mapping such that ‖T‖ ≤ 2. Moreover, T is w∗-w∗-
continuous.

CLAIM 1. T (C(βI,D)) ⊂ `c
∞(J) = C0(βJ, J∗u).

Indeed, let f ∈ C(βI, D). Then f̌ is constant on D; denote this constant
by tf . Then there exists a countable subset If ⊂ I such that f(i) = tf for
every i ∈ I \ If . By construction, there exists α0 < ω1 such that iξ, jξ ∈ I \ If

for every α0 < ξ < ω1. So, for every α0 < ξ < ω1, we get

T (f)(iξ, jξ) = f(iξ)− f(jξ) = tf − tf = 0,

that is, T (f) ∈ `c
∞(J).

Let W := T (K) and w0 := T (z0). Clearly, W is a weak∗-compact subset
of `∞(J) and w0 ∈ cow∗(W ).

CLAIM 2. d(W, `c
∞(J)) < 2a.

Indeed, we have

d(W, `c
∞(J)) ≤ d(T (K), T (C(βI,D))) ≤ 2d(K, C(βI, D)) < 2a.

CLAIM 3. d(w0, `
c
∞(J)) > 2b.
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Indeed, for every ξ < ω1 we have

w0(iξ, jξ) = z0(iξ)− z0(jξ) > 2b + η0.

Thus, d(w0, `
c
∞(J)) ≥ 2b + η0.

So, taking into account part (A), we arrive to a contradiction, which com-
pletes the proof. ¤

We see in the following proposition that under CH the subspaces C0(βI, D)
and C(βI,D) fail to have control inside `∞(I) when D = I∗u.

Proposition 4.8. Let I be an uncountable set and D = I∗u. Then under CH
neither C0(βI, D) nor C(βI,D) have control inside `∞(I).

Proof. Without loss of generality, we suppose that I = ω1. We use a modifica-
tion of the Argyros-Mercourakis-Negrepontis Corson compact space without
property (M) described in [1, p. 219]. Let Ω be the space of Erdös, that
is, the Stone space of the quotient algebra Mλ/Nλ, where λ is the Lebesgue
measure on [0, 1], Mλ is the algebra of λ-measurable subsets of [0, 1] and Nλ

is the ideal of λ-null subsets of [0, 1]. Ω is an extremely disconnected compact
space (because Mλ/Nλ is complete) and there is an isomorphism between
the algebra Mλ/Nλ and the algebra of clopen subsets of Ω. Moreover, there
exists a strictly positive regular Borel normal probability measure λ̃ on Ω,
determined by the condition λ̃(V ) = λ(U), V being any clopen subset of
Ω and U a λ-measurable subset of [0, 1] with λ(U) > 0 such that the class
U + Nλ ∈ Mλ/Nλ is the image of V by the aforementioned isomorphism.

By CH we can write [0, 1] = {xξ : ξ < ω1} and K([0, 1]) = {Fξ : ξ <
ω1}, where K([0, 1]) is the family of all compact subsets of [0, 1] with strictly
positive Lebesgue measure. For each ξ < ω1 we choose a compact subset
Kξ ⊂ Fξ ∩ {xρ : ξ < ρ < ω1} fulfilling the following requirements: (i) if
λ(Fξ) = 1, we pick Kξ such that λ(Kξ) > 0.9; (ii) if λ(Fξ) < 1, Kξ satisfies
0 < λ(Kξ) and λ(Fξ \Kξ) < 1 − λ(Fξ). Since Kξ ⊂ {xρ : ξ < ρ < ω1}, the
family {Kξ : ξ < ω1} has caliber ℵ1, that is,

⋂
ξ∈A Kξ = ∅, if A ⊂ ω1 and

|A| = ℵ1.

Let Vξ be the clopen subset of Ω corresponding to the class Kξ + Nλ ∈
Mλ/Nλ in the isomorphism between the quotient algebra Mλ/Nλ and the
algebra of clopen subsets of Ω. Observe that λ̃(Vξ) = λ(Kξ) > 0 for every
ξ < ω1.

CLAIM. The family {Vξ : ξ < ω1} has caliber ℵ1, that is, if A ⊂ ω1

and |A| = ℵ1, then
⋂

ξ∈A Vξ = ∅. Moreover, by the choice of Kξ we have
|{ξ < ω1 : λ̃(Vξ) ≤ 0.5}| = ℵ1 and |{ξ < ω1 : λ̃(Vξ) > t}| = ℵ1 for every
0 < t < 1.

Indeed, suppose that
⋂

ξ∈A Vξ 6= ∅ for some subset A ⊂ ω1 with |A| = ℵ1.
Then, for every finite subset F ⊂ A,

⋂
ξ∈F Vξ is a non-empty clopen subset

of Ω. Moreover, λ̃(
⋂

ξ∈F Vξ) > 0 because λ̃ is a strictly positive probability
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on Ω. Now observe that
⋂

ξ∈F Kξ + Nλ ∈ Mλ/Nλ is the class corresponding
to

⋂
ξ∈F Vξ in the isomorphism between the quotient algebra Mλ/Nλ and the

algebra of clopen subsets of Ω. So, λ(
⋂

ξ∈F Kξ) = λ̃(
⋂

ξ∈F Vξ) > 0 for every
finite subset F ⊂ A. Since the sets Kξ are compact, we get

⋂
ξ<ω1

Kξ 6= ∅, a
contradiction because the family {Kξ : ξ < ω1} has caliber ℵ1.

Finally, observe that there exists an uncountable family of compact subsets
K of [0, 1] fulfilling that 0 < λ(K) ≤ 0.5. Also, for every 0 < t < 1, there
exists an uncountable family of compact subsets K of [0, 1] fulfilling that
t < λ(K) < 1. And this completes the proof of the Claim.

Consider A = {A ⊂ ω1 :
⋂

ξ∈A Vξ 6= ∅}∪ {∅}. Clearly, each element of A is
a countable subset of ω1 and A is adequate (see [14, p. 1116]), that is:

(i) if B ⊂ A and A ∈ A, then B ∈ A;

(ii) A ∈ A whenever A ⊂ ω1 and B ∈ A for every finite subset B ⊂ A, and

(iii) {ξ} ∈ A for every ξ < ω1.

Moreover, there are elements A ∈ A with |A| = ℵ0. Indeed, given 0 <

δ < 1, the family {ξ < ω1 : λ̃(Vξ) > δ} is infinite. So, as in the proof of
Proposition 3.1, we can extract from this family a countable infinite subset
{ξn : n ≥ 1} such that

⋂
n≥1 Vξn 6= ∅. Thus {ξn : n ≥ 1} is infinite and

{ξn : n ≥ 1} ∈ A.

As A is adequate and its elements are countable, K := {1A : A ∈ A} is a
compact subset of `c

∞(ω1). Hence K is a Corson compact space (see [14, p.
1116]) with respect to the weak∗-topology σ(`∞(ω1), `1(ω1)). In particular,
every element k ∈ K ⊂ `∞(I) (recall that I = ω1) satisfies ǩ¹I∗u ≡ 0, that is,
K ⊂ C0(βI, I∗u).

If x ∈ Ω and Ax = {ξ ∈ ω1 : x ∈ Vξ}, then Ax ∈ A. Thus, we can define
the mapping T : Ω → K so that, for every x ∈ Ω, T (x) = 1Ax . It is easy to
see that T is a continuous mapping. Let L := T (Ω) ⊂ K and let µ := T (λ̃)
be the image of λ̃ under T . Let z0 = r(µ) ∈ cow∗(K) be the barycenter of µ.
If ξ ∈ I = ω1 (that is, ξ < ω1), define πξ : `∞(I) → R by πξ(f) = f(ξ), for all
f ∈ `∞(I). Observe that πξ is a weak∗-continuous linear mapping on `∞(I).
So

1 ≥ z0(ξ) = πξ(z0) = πξ(r(µ))
∫

L

πξ(k)dµ(k) =
∫

T (Ω)

k(ξ)d(T (λ̃))(k) =

=
∫

Ω

1Ax(ξ)dλ̃(x) = λ̃(Vξ) = λ(Kξ).

By the Claim |{ξ < ω1 : λ̃(Vξ) > t}| = ℵ1, for every 0 < t < 1, and
this implies that there exists a point p ∈ I∗u such that ž0(p) = 1, and so,
1 = d(z0, `

c
∞(I)) = d(z0, C0(βI, I∗u)). On the other hand, |{ξ < ω1 : λ̃(Vξ) ≤

0.5}| = ℵ1, which implies that there exists another point q ∈ I∗u such that
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ž0(q) ≤ 0.5. So,

d(z0, C(βI, I∗u)) ≥ 1
2 (ž0(p)− ž0(q)) ≥ 1

2 (1− 0.5) = 0.25,

and this completes the proof. ¤

5. The control of C(K) inside `∞(K) when K is compact

In [3] Cascales, Marciszewski and Raja proved that, if H is a normal
countably compact space and W a weak∗-compact subset of `∞(H), then
d(cow∗(W ), C(H)) ≤ 5d(W,C(H)) and, moreover, if W ∩ C(H) is weak∗-
dense in W , d(cow∗(W ), C(H)) ≤ 2d(W,C(H)). They use the technique of
double limits. In this Section we generalize this result. We use a different
technique based on Proposition 3.1 and the Weierstrass Theorem.

Proposition 5.1. Let I be a set, H a normal countably compact space and
ϕ : I → H a mapping such that ϕ(I) = H. Then every multiplicative sub-
algebra Z of `∞(I) such that Z ⊂ C(H)ϕ and 1I ∈ Z has 5-control inside
`∞(I).

Proof. Suppose that Z does not have 5-control inside `∞(I). Then there exist
a weak∗-compact subset K ⊂ B(`∞(I)), two real numbers a, b > 0 and a point
z0 ∈ cow∗(K) such that

5d(K,Z) < 5a < b < d(z0, Z).

Pick ψ ∈ S(Z⊥) ⊂ S((`∞(I))∗) such that ψ(z0) > b.

Step 1. Since ψ(z0) > b, there exists x∗1 ∈ S(`1(I)) such that x∗1(z0) > b.
So, as z0 ∈ cow∗(K) we can find η1 ∈ co(K) with

η1 =
n1∑

i=1

λ1iη1i, η1i ∈ K, λ1i ≥ 0,

n1∑

i=1

λ1i = 1,

such that x∗1(η1) > b. Since d(η1i, Z) < a we have the decomposition η1i =
η1
1i + η2

1i with η1
1i ∈ Z and η2

1i ∈ aB(`∞(I)). Let f1i ∈ C(H) be such that
η1
1i = f1i ◦ ϕ, F1 = {1H} ∪ {f1i : 1 ≤ i ≤ n1} and P1 the family of finite

products of elements of F1. Write P1 = {g1n : n ≥ 1}.
Step 2. Let Y1 = [{f ◦ ϕ : f ∈ F1 ∪ {g11}}] ([A] means the subspace

spanned by A) and observe that Y1 ⊂ Z. Since dim(Y1) < ∞, ψ(z0) > b and
ψ ∈ Y ⊥

1 , there exists x∗2 ∈ S(`1(I)) such that x∗2(z0) > b and x∗2¹Y1
= 0. So,

as x∗i (z0) > b, i = 1, 2, and z0 ∈ cow∗(K), we can find η2 ∈ co(K) with

η2 =
n2∑

i=1

λ2iη2i, η2i ∈ K, λ2i ≥ 0,

n2∑

i=1

λ2i = 1,

such that x∗i (η2) > b, i = 1, 2. Since d(η2i, Z) < a we have the decomposition
η2i = η1

2i + η2
2i with η1

2i ∈ Z and η2
2i ∈ aB(`∞(I)). Let f2i ∈ C(H) be such

that η1
2i = f2i ◦ ϕ, F2 = F1 ∪ {f2i : 1 ≤ i ≤ n2} and P2 the family of finite

products of elements of F2. Write P2 = {g2n : n ≥ 1}.
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Step 3. Let Y2 = [{f ◦ ϕ : f ∈ F2 ∪ {gij : i, j ≤ 2}}] and observe that
Y2 ⊂ Z. Since dim(Y2) < ∞, ψ(z0) > b and ψ ∈ Y ⊥

2 , there exists x∗3 ∈
S(`1(I)) such that x∗3(z0) > b and x∗3¹Y2

= 0. So, as x∗i (z0) > b, i = 1, 2, 3,
and z0 ∈ cow∗(K), we can find η3 ∈ co(K) with

η3 =
n3∑

i=1

λ3iη3i, η3i ∈ K, λ3i ≥ 0,

n3∑

i=1

λ3i = 1,

such that x∗i (η3) > b, i = 1, 2, 3. Since d(η3i, Z) < a we have the decomposi-
tion η3i = η1

3i + η2
3i with η1

3i ∈ Z and η2
3i ∈ aB(`∞(I)). Let f3i ∈ C(H) be

such that η1
3i = f3i ◦ ϕ, F3 = F2 ∪ {f3i : 1 ≤ i ≤ n3} and P3 the family of

finite products of elements of F3. Write P3 = {g3n : n ≥ 1}.
Further, we proceed by reiteration.

Let Y =
⋃

k≥1 Yk, F0 =
⋃

n≥1 Fn and P0 =
⋃

n≥1 Pn. Observe that Y

is a closed separable subspace of `∞(I) and F0, P0 are countable subsets of
C(H).

Let H0 = H/F0 be the quotient topological space obtained from H by
means of the following equivalence ∼: if h1, h2 ∈ H, then h1 ∼ h2 if and only
if f(h1) = f(h2) for all f ∈ F0. H0 is a metric separable space, because F0 is
countable. Moreover, H0 is compact because H0 is countably compact. Let
q : H → H0 denote the quotient mapping and ϕ1 = q ◦ ϕ.

CLAIM 1. [P0] is the subspace {g ◦ q : g ∈ C(H0)} =: C(H0)q of C(H)
and Y =

(
[P0]

)
ϕ

= C(H0)ϕ1 .

First, it is clear that if f ∈ P0 there exists g ∈ C(H0) such that g ◦ q = f .
Let Q0{g ∈ C(H0) : g ◦ q ∈ P0} and observe that P0{g ◦ q : g ∈ Q0} =: (Q0)q

and [P0] = ([Q0])q. On the other hand, [Q0] is a multiplicative sub-algebra of
C(H0) such that 1H0 ∈ Q0 and [Q0] separates points in H0, whence [Q0] =
C(H0) by the Weierstrass Theorem. Thus

C(H0)q =
(
[Q0]

)
q

= ([Q0])q = [P0].

Finally, observe that Y = [{f ◦ ϕ : f ∈ P0}]
(
[P0]

)
ϕ
, whence we get Y =

C(H0)ϕ1 , because ϕ1 = q ◦ ϕ and [P0] = C(H0)q.

Let K1 = (K + aB(`∞(I))) ∩ Y
w∗

, which is a weak∗-compact subset of
Y

w∗
. Observe that

{η1
ij : i ≥ 1, 1 ≤ j ≤ ni} ⊂ K1 ⊂ cow∗(K) + aB(`∞(I)).

CLAIM 2. d(cow∗(K1), Y ) = d(K1, Y ) ≤ 4a.
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Indeed, we have d(K1, C(H)ϕ) ≤ d(K1, Z) ≤ 2a. As Y = C(H0)ϕ1 and

K1 ⊂ Y
w∗

, by Proposition 2.3, we get d(K1, Y ) ≤ 4a. Finally, by Proposition
3.1 we obtain d(cow∗(K1), Y ) = d(K1, Y ).

Let η0 ∈ B(`∞(I)) be a weak∗ cluster point of {ηk}k≥1.

CLAIM 3. d(η0, Y ) ≤ 5a.

Indeed, it is clear that

η0 ∈ cow∗({ηij : i ≥ 1, 1 ≤ j ≤ ni}) ⊂ cow∗(K1) + aB(`∞(I)),

whence we get d(η0, Y ) ≤ d(cow∗(K1), Y ) + a ≤ 5a.

CLAIM 4. d(η0, Y ) ≥ b.

Indeed, let φ ∈ B(`∞(I)∗) be a weak∗ cluster point of {x∗n}n≥1. Since
x∗n(ηk) > b, if k ≥ n, then x∗n(η0) ≥ b, for all n ≥ 1, whence φ(η0) ≥ b.
Moreover, φ ∈ Y ⊥ because x∗n+1|Yn

= 0 and Yn ⊂ Yn+1. Hence, d(η0, Y ) ≥
φ(η0) ≥ b.

Since b > 5a we get a contradiction and this completes the proof. ¤

Proposition 5.2. Let I be a set, H a normal countably compact space and
ϕ : I → H a mapping such that ϕ(I) = H. Then, if Z is a multiplicative sub-
algebra of `∞(I) such that Z ⊂ C(H)ϕ and 1I ∈ Z and K is a weak∗-compact
subset of `∞(I) with K ∩Z weak∗-dense in K, we have d(cow∗(K), C(H)ϕ) ≤
2d(K, C(H)ϕ).

Proof. Otherwise, there exist a weak∗-compact subset K ⊂ B(`∞(I)), with
Z ∩K weak∗-dense in K, a point z0 ∈ cow∗(K) and two real numbers a, b > 0
such that d(z0, Z) > b > 2a > 2d(K, Z). Pick ψ ∈ S(Z⊥) such that ψ(z0) > b.
We follow the argument of Proposition 5.1 with the following changes:

(i) As Z ∩ K is weak∗-dense in K, we can choose ηk in co(Z ∩ K) with
ηk =

∑nk

i=1 λkiηki, ηki ∈ Z ∩ K and λki ≥ 0,
∑nk

i=1 λki = 1. We also pick
ηki = η1

ki and η2
ki = 0.

(ii) Define

K1 = {ηij : i ≥ 1, 1 ≤ j ≤ ni}
w∗ ⊂ Y

w∗ ∩K.

Clearly, d(K1, Z) ≤ d(K, Z) < a, whence

d(K1, Y ) ≤ 2d(K1, C(H)ϕ) ≤ 2d(K1, Z) ≤ 2a.

Since Y = C(H0)ϕ1 and H0 is a separable metric compact space, we have
d(cow∗(K1), Y ) = d(K1, Y ) ≤ 2a. Finally, every weak∗ cluster point η0 of
{ηk}k≥1 in `∞(I) satisfies η0 ∈ cow∗(K1), d(η0, Y ) ≤ 2a and d(η0, Y ) ≥ b, a
contradiction. ¤

Counterexample. If I is a set, H a compact Hausdorf space and ϕ : I →
H a mapping such that ϕ(I) = H but ϕ(I) 6= H, then C(H)ϕ may not have
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control inside `∞(I). Let us construct a counterexample of this fact. Consider
the construction of Example 4.5 and let H be the quotient obtained from βI
by identification of D in one point, say d0. So, H = (βI \D) ∪ {d0} as a set.
Let φ : I → H be the identity on I. Then ϕ(I) = H but ϕ(I) 6= H. Also
C(H)ϕ = C(βI, D). Now recall that we have proved in Example 4.5 that
C(βI, D) does not have control inside `∞(I).

6. Functions of the first Baire class and distances

Let B1b(X) be the space of real bounded functions of the first Baire class
considered as a subspace of the space `∞(X). In [2] it is proved that if
X is a polish space and K is a weak∗-compact subset of `∞(X) such that
K ⊂ B1b(X), then cow∗(K) ⊂ B1b(X). So, the subspace B1b(X) is a good
candidate to have control inside `∞(X). In this Section we characterize the
distance d(f, B1b(X)), f ∈ `∞(X), by means of a suitable fragmentation
index Frag(f, X) and, using the techniques of [2], we prove that B1b(X) has
2-control inside `∞(X).

Let (X, τ) be a topological space, f : X → R a real function and ε ≥ 0. We
say that (X, τ) is ε-fragmented by f if for every η > ε and every non-empty
subset F ⊂ X there exists an open subset V ⊂ X such that V ∩ F 6= ∅ and
diam(f(V ∩ F )) ≤ η. Define the fragmentation index Frag(f,X) of f with
respect to (X, τ) as

Frag(f, X) = inf{ε ≥ 0 : (X, τ) is ε-fragmented by f}.
Denote by

(1) B
(ε)
1 (X) = {f : X → R : Frag(f, X) ≤ ε}.

(2) B1(X) ⊂ RX will be the space of real functions of the first Baire class,
that is, B1(X) = {f : X → R : f−1(TR) ⊂ Σ0

2(X)}, where Σ0
2(X) is the class

of Fσ subsets of X (see [13, pg. 190],[2, 1A]).
Observe that
(a) If ε1, ε2 ≥ 0, then B

(ε1)
1 (X) + B

(ε2)
1 (X) ⊂ B

(ε1+ε2)
1 (X).

(b) For every λ > 0 and ε ≥ 0 we have λB
(ε)
1 (X) = B

(λε)
1 (X). So, B

(ε)
1 (X)

is a convex subset of RX .
(c) It is well known [2, 1E, 1C] that, if X is a complete metric space, then

B1(X) = B
(0)
1 (X).

A topological space (X, τ) is said to be hereditarily Baire if every closed
subset of X is Baire in its relative topology. If f ∈ RX and α ∈ R, we denote
{f ≤ α} = {x ∈ X : f(x) ≤ α}, {f ≥ α}{x ∈ X : f(x) ≥ α}, etc.

Proposition 6.1. Let (X, τ) be a hereditarily Baire space, ε ≥ 0 and f ∈ RX .
The following are equivalent:

(1) f ∈ B
(ε)
1 (X).

(2) For every non-empty closed subset F ⊂ X and every pair of real
numbers s < t such that t − s > ε we have either F ∩ {f ≤ s} 6= F or
F ∩ {f ≥ t} 6= F .
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(3) For every non-empty closed subset F ⊂ X and every pair of real num-
bers s < t such that t−s > ε we have intF (F ∩ {f ≤ s})∩intF (F ∩ {f ≥ t}) =
∅.
Proof. (1) ⇒ (2). Otherwise, for some non-empty closed subset F ⊂ X and
real numbers s < t with t−s > ε we have F ∩ {f ≤ s} = F = F ∩ {f ≥ t}. By
(1) find an open set V ⊂ X so that V ∩F 6= ∅ and diam(f(V ∩F )) < t−s. Find
then u ∈ V ∩F∩{f ≤ s} and v ∈ V ∩F∩{f ≥ t}. Then f(v)−f(u) ≥ t−s > ε,
a contradiction.

(2) ⇒ (3). Otherwise, for some non-empty closed subset F ⊂ X and real
numbers s < t with t−s > ε we have intF (F ∩ {f ≤ s})∩intF (F ∩ {f ≥ t}) 6=
∅. If we put

U = intF (F ∩ {f ≤ s}) ∩ intF (F ∩ {f ≥ t})
and H = U , then we have H ∩ {f ≤ s} = H = H ∩ {f ≥ t}, a contradiction
to (2).

(3) ⇒ (1). Let F ⊂ X be a non-empty closed subset of X and η > ε. We try
to find an open subset V ⊂ X such that V ∩F 6= ∅ and diam(f(V ∩F )) ≤ η.
For every pair s < t of real numbers with t− s > ε let

Gst = intF (F ∩ {f > s}) ∪ intF (F ∩ {f < t}).
Then each Gst is dense in F , because

Gst = intF (F \ F ∩ {f ≤ s}) ∪ intF (F \ F ∩ {f ≥ t}),
whence Gst = F \ [

intF (F ∩ {f ≤ s}) ∩ intF (F ∩ {f ≥ t})] = F .

Let Y =
⋂{Gst : s, t ∈ Q, s < t, t− s > ε}. Then Y is dense in F , because

F is Baire. For y ∈ Y define

U(y) := inf{t > f(y) : y ∈ intF (F ∩ {f < t})}, inf(∅) = +∞,

and

L(y) := sup{s < f(y) : y ∈ intF (F ∩ {f > s})}, sup(∅) = −∞.

CLAIM. For every y ∈ Y , we have −∞ < L(y) ≤ f(y) ≤ U(y) < +∞
and U(y)− L(y) ≤ ε.

Fix y ∈ Y . It is clear that

−∞ ≤ L(y) ≤ f(y) ≤ U(y) ≤ +∞.

Let us prove that U(y) − L(y) ≤ ε. Suppose that U(y) − L(y) > ε. Then
we can find s, t ∈ Q such that L(y) < s < t < U(y) and t − s > ε. Then
y /∈ intF (F ∩ {f > s}) and y /∈ intF (F ∩ {f < t}), and hence y /∈ Gst, a
contradiction. Finally, observe that the fact U(y) − L(y) ≤ ε < ∞ implies
that −∞ < L(y) and U(y) < +∞. This proves the Claim.

Pick x ∈ Y arbitrarily, η > ε and s, t ∈ Q such that s < L(x) ≤ U(x) < t
and ε < t − s ≤ η. Then x ∈ intF (F ∩ {f > s}) ∩ intF (F ∩ {f < t}). Let
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V ⊂ X be an open subset such that

V ∩ F = intF (F ∩ {f > s}) ∩ intF (F ∩ {f < t}).
Then V ∩ F 6= ∅ and diam(f(V ∩ F )) ≤ t− s ≤ η. ¤

Corollary 6.2. Let (X, τ) be a hereditarily Baire space and f ∈ RX . Then:

Frag(f,X) = inf{ε > 0 : ∀F ⊂ X closed non-empty, ∀s, t ∈ R with

t− s > ε, either F ∩ {f ≤ s} 6= F or F ∩ {f ≥ t} 6= F}
= inf{ε > 0 : ∀F ⊂ X closed non-empty, ∀s, t ∈ R with

t− s > ε, then intF (F ∩ {f ≤ s}) ∩ intF (F ∩ {f ≥ t}) = ∅}.

Proposition 6.3. Let (X, d) be a complete metric space, ε ≥ 0 and f ∈ RX .
The following are equivalent:

(1) f ∈ B
(ε)
1 (X).

(2) For every compact subset K ⊂ X we have f¹K ∈ B
(ε)
1 (K).

Proof. (1) ⇒ (2). This follows from the definition of the space B
(ε)
1 (X).

(2) ⇒ (1). Suppose that f /∈ B
(ε)
1 (X). By Proposition 6.1 there is a non-

empty closed subset F ⊂ X and two real numbers s < t with t − s > ε such
that

F ∩ {f ≤ s} = F = F ∩ {f ≥ t}.
Now we choose an increasing sequence {An : n ≥ 1} of finite subsets An ⊂
(F ∩ {f ≤ s}) ∪ (F ∩ {f ≥ t}) such that for every n ≥ 1: (i) An 6= ∅ and
An ⊂ An+1; (ii) if x ∈ An+1, there is an y ∈ An such that d(x, y) ≤ 2−n; (iii) if
x ∈ An, there is an y ∈ An+1 such that d(x, y) ≤ 2−n and |f(x)−f(y)| ≥ t−s.
In the construction of the sequence {An : n ≥ 1} we use induction:

Step 1. Choose arbitrarily x ∈ F ∩ {f ≤ s}, y ∈ F ∩ {f ≥ t} and put
A1 = {x, y}.

Step 2. Suppose that we have constructed the sequence {Ai : i = 1, 2, ..., n}
fulfilling the above conditions. For every u ∈ An we choose an element z(u) ∈
F in the following manner. If u ∈ F ∩ {f ≤ s}, we choose z(u) ∈ F ∩ {f ≥ t}
with d(u, z(u)) ≤ 2−n. And vice versa, if u ∈ F ∩ {f ≥ t}, we choose
z(u) ∈ F ∩ {f ≤ s} with d(u, z(u)) ≤ 2−n. Let An+1 = An ∪ {z(u) : u ∈ An}.

It is now easy to see that, if K =
⋃

n≥1 An, then K is compact (because
(X, d) is complete), and K ∩ {f ≤ s} = K = K ∩ {f ≥ t}, so that f¹K /∈
B

(ε)
1 (K), a contradiction to (2). ¤

If X is a set and f, g ∈ RX , we define d(f, g) = sup{|f(x)− g(x)| : x ∈ X},
so that d(f, g) can be +∞. In the following proposition we characterize the
distance d(f,B1b(X)), f ∈ `∞(X), by means of the fragmentation index
Frag(f,X). This proposition is very much like Proposition 2.2.
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Proposition 6.4. Let (X, d) be a metric space and f ∈ RX . Then:
(I) d(f, B1(X)) ≤ 1

2Frag(f, X), if (X, d) is separable.
(II) d(f, B1(X)) ≥ 1

2Frag(f, X), if (X, d) is a complete metric space.
(III) d(f, B1(X)) = 1

2Frag(f, X), if (X, d) is a polish space.

Proof. (I) Take any Frag(f, X) < η < ∞. Since (X, d) is a separable metric
space η-fragmented by f , we can find a countable ordinal ξ and a sequence of
open subsets Uα ⊂ X, α < ξ, of X such that X = ∪α<ξUα and diam(f(Uβ \⋃

α<β Uα)) ≤ η for every β < ξ. Observe that the subsets Gβ := Uβ \⋃
α<β Uα, β < ξ, are Fσ and pairwise disjoint. Let tβ ∈ R be the middle

point of f(Gβ) for β < ξ (if Gβ = ∅ we do not pick tβ). Then for every
x ∈ Gβ we have |f(x) − tβ | ≤ 1

2η. Let g =
∑

β<ξ tβ · 1Gβ
. Then g ∈ B1(X)

because for every open subset V ⊂ R we have g−1(V ) =
⋃{Gβ : tβ ∈ V },

which is an Fσ. Obviously, d(f, g) ≤ 1
2η.

(II) Let η > d(f, B1(X)) and g ∈ B1(X) be such that d(f, g) < η. Fix some
non-empty closed subset F ⊂ X. Since (X, d) is a complete metric space, by
[2, 1C,1E], g¹F is continuous in some point x0 ∈ F . So, there exists an open
neighborhood V ⊂ X of x0 such that diam(g(V ∩F )) < η−d(f, g). Thus, for
every x, y ∈ V ∩ F we have

|f(x)− f(y)| ≤ |f(x)− g(x)|+ |g(x)− g(y)|+ |g(y)− f(y)| ≤
≤ 2d(f, g) + diam(g(V ∩ F )) < 2η.

So, diam(f(V ∩F )) ≤ 2η and 1
2Frag(f,X) ≤ η, whence we get 1

2Frag(f,X) ≤
d(f, B1(X)).

(III) This follows from (I) and (II). ¤

Let A and X be sets and f : A×X → R a mapping. For every a ∈ A and
x ∈ X, let f(a, ·) : X → R and f(·, x) : A → R be the mappings such that
f(a, ·)(y) = f(a, y), ∀y ∈ X, and f(·, x)(b) = f(b, x), ∀b ∈ A.

Lemma 6.5. Let (A, Σ, µ) be a complete probability space, ε ≥ 0, (X, d) a
complete metric space and f : A×X → R a bounded function such that:

(1) for every x ∈ X, the mapping f(·, x) : A → R is Σ-measurable, and
(2) for every a ∈ A, the mapping f(a, ·) : X → R belongs to the space

B
(ε)
1 (X).
Then, if z(x) =

∫
A

f(a, x)dµ(a), x ∈ X, we have z ∈ B
(2ε)
1 (X).

Proof. By Proposition 6.3 it is enough to prove that z¹K ∈ B
(2ε)
1 (K), for every

compact subset K ⊂ X. So, without loss of generality, we suppose that X is
compact and, fixed a number η0 > ε, we have to find an open subset V ⊂ X
such that V 6= ∅ and diam(z(V )) ≤ 2η0.

Since f is bounded, adding a constant if necessary, we can suppose that
0 ≤ f ≤ M < ∞ for some M < ∞. Let ε < η < η0, m = [M

η ] (where [s]
means the integer part of s ∈ R) and choose δ > 0 such that 2η + mηδ ≤
2η0. Since f(a, ·) ∈ B

(ε)
1 (X) for every a ∈ A, then for every non-empty
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closed subset F ⊂ X and r = 0, 1, · · · ,m, either F ∩ {f(a, ·) ≤ rη} 6= F or
F ∩ {f(a, ·) ≥ (r + 1)η} 6= F .

Now we apply the following result proved in [2, 5C. Lemma]:

“Let (A, Σ, µ) be a complete probability space and (X, ρ) a complete metric
space. Let S and T be two subsets of A ×X such that: (i) {a ∈ A : (a, x) ∈
S} and {a ∈ A : (a, x) ∈ T} belong to Σ for every x ∈ X; (ii) for every
a ∈ A and every closed subset F ⊂ X, either F ∩ {x ∈ X : (a, x) ∈ S} 6= F

or F ∩ {x ∈ X : (a, x) ∈ T} 6= F . Then, for every d > 0 and any non-empty
open set U ⊂ X, there is a non-empty open set V ⊂ U such that

µ({a ∈ A : (a, x) ∈ S}) + µ({a ∈ A : (a, y) ∈ T}) ≤ 1 + 3d, ∀x, y ∈ V.”

Using this result, an induction yields non-empty open subsets

Vm ⊂ Vm−1 ⊂ · · · ⊂ V1 ⊂ V0 = X,

such that for r = 0, 1, · · · ,m− 1

µ({f(·, x) ≤ rη}) + µ({f(·, y) ≥ (r + 1)η}) ≤ 1 + δ, for every x, y ∈ Vr+1.

Let V = Vm and x, y ∈ V . Then

z(y) =
∫

A

f(a, y)dµ(a) ≤
m∑

r=0

η · µ({f(·, y) ≥ rη}) ≤

≤ η +
m−1∑
r=0

η · µ({f(·, y) ≥ (r + 1)η}),

while also

z(x) =
∫

A

f(a, x)dµ(a) ≥
m∑

r=1

η · µ({f(·, x) ≥ rη}) ≥

≥
m∑

r=1

η · µ({f(·, x) > rη}) =
m∑

r=1

η[1− µ({f(·, x) ≤ rη})] ≥

≥
m∑

r=1

η
[
µ({f(·, y) ≥ (r + 1)η})− δ

]
=

m−1∑
r=1

η · µ({f(·, y) ≥ (r + 1)η})−mηδ,

because {f(·, y) ≥ (m + 1)η} = ∅. So

z(y)− z(x) ≤ η + η · µ({f(·, y) ≥ η}) + mηδ ≤ 2η + mηδ ≤ 2η0.

Thus diam(z(V )) ≤ 2η0 and, so, z ∈ B
(2ε)
1 (X). ¤

Proposition 6.6. Let (X, d) be a metric space, B1b(X) the space of real
bounded functions of the first Baire class considered as a subspace of `∞(X)
and K ⊂ `∞(X) a weak∗-compact subset. Then:
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(1) If (X, d) is a complete metric space and K ⊂ B
(ε)
1 (X) for some ε ≥ 0,

we have cow∗(K) ⊂ B
(2ε)
1 (X).

(2) If (X, d) is a polish space, then d(cow∗(K), B1b(X)) ≤ 2d(K, B1b(X)).

Proof. (1) Let z ∈ cow∗(K). As K is a weak∗-compact subset of `∞(X), there
exists a Radon probability measure µ on K such that z = r(µ), that is, z is
the barycenter of µ. So, for every x ∈ X we have

z(x) = πx(z) = πx(r(µ)) =
∫

K

πx(a)dµ(a) =
∫

K

a(x)dµ(a).

Consider the function f : K ×X → R given by f(a, x) = a(x), for all a ∈ K

and x ∈ X, which satisfies the conditions of Lemma 6.5. So z ∈ B
(2ε)
1 (X) as

required.
(2) It is enough to apply (1) and Proposition 6.4.

¤

Remark. In Lemma 6.5 the boundedness of the function f : A×X → R
is fundamental. This fact justifies that in Proposition 6.6 we deal with w∗-
compact subsets K of `∞(X), that is, with τp-compact subsets of RX (τp =
topology of pointwise convergence on X) which are uniformly bounded. If
K is not uniformly bounded, then Proposition 6.6 can fail, as states the
following easy counterexample given in [2, 5G. Example]. Take X = [0, 1]
and K := {2n+11{qn} : n ≥ 1} ∪ {0} ⊂ RX , where {qn : n ≥ 1} = Q ∩ [0, 1].
Clearly, K is a not uniformly bounded τp-compact subset of B1(X) and it
is easy to see that 1Q∩[0,1] ∈ coτp(K) but 1Q∩[0,1] /∈ B1(X). Actually (see
[2, 5H. Proposition]), if X is a polish space and K ⊂ RX is a τp-compact
subset with K ⊂ B1(X), then cow∗(K) ⊂ B2(X), where B2(X) is the space
of functions f : X → R which are τp-limits of sequences in B1(X) .
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WEYL’S AND BROWDER’S THEOREMS THROUGH THE
QUASI-NILPOTENT PART OF AN OPERATOR

PIETRO AIENA AND MARIA TERESA BIONDI

Abstract. In this paper we give a survey on bounded linear operators
T on Banach space satisfying Browder’s theorem, Weyl’s theorem and
their approximate point spectrum variants: a-Browder’s theorem and a-
Weyl’s theorem. All these theorems are related to the form assumed by
the quasi-nilpotent part H0(λI−T ) as λ ranges in certain subsets of C.
Browder’s theorems and Weyl’s theorems are also related to a property
which has a fundamental role in local spectral theory: the single-valued
extension property.

1. Preliminaries

Let X be an infinite-dimensional complex Banach space X and let T ∈
L(X) denote a bounded linear operator on X. Set α(T ) := dim kerT , the
dimension of the kernel of T , and β(T ) := codim T (X), the codimension of
the range T (X). The class of all upper semi-Fredholm operators is defined as
the set Φ+(X) of all T ∈ L(X) such that α(T ) < ∞ and T (X) is closed. The
class of all lower semi-Fredholm operators is defined as the set Φ−(X) of all
T ∈ L(X) such that β(T ) < ∞. The class of all semi-Fredholm operators is
denoted by Φ±(X), while by Φ(X) := Φ+(X) ∩ Φ−(X) we shall denote class
of all Fredholm operators. The index of T ∈ Φ±(X) is defined by ind (T ) :=
α(T )− β(T ).

The class of upper semi-Weyl’s operators is defined by

W+(X) := {T ∈ Φ+(X) : ind T ≤ 0},
the class of lower semi-Weyl’s operators is defined by

W+(X) := {T ∈ Φ−(X) : ind T ≥ 0},
while, the class of Weyl operators is defined by

W (X) := W+(X) ∩W−(X) = {T ∈ Φ(X) : ind T = 0}.
This paper also concerns with two other classical quantities associated with
an operator T : the ascent p := p(T ), i.e. the smallest non-negative integer
p, if it does exist, such that ker T p = ker T p+1, and the descent q := q(T ),
i.e the smallest non-negative integer q, if it does exists, such that T q(X) =
T q+1(X). It is well-known that if p(λI − T ) and q(λI − T ) are both finite

11991 Mathematics Reviews Primary 47A10, 47A11. Secondary 47A53, 47A55.
Key words and phrases: Single valued extension property, Fredholm operators, Weyl’s
theorems and Browder’s theorems.
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then p(λI − T ) = q(λI − T ), and if λ ∈ σ(T ) then p(λI − T ) = q(λI − T ) > 0
precisely when λ is a pole of the function resolvent λ → (λI − T )−1, see
Proposition 38.3 and Proposition 50.2 of Heuser [27]. The class of all upper
semi-Browder operators is defined

B+(X) := {T ∈ Φ+(X) : p(T ) < ∞},
the class of all lower semi-Browder operators is defined

B−(X) := {T ∈ Φ−(X) : q(T ) < ∞},
while the class of Browder operators is defined by

B(X) := B+(X) ∩B−(X) = {T ∈ Φ(X) : p(T ) = q(T ) < ∞.}
We have

B+(X) ⊆ W+(X), B−(X) ⊆ W−(X), B(X) ⊆ W (X),

see [1, Chapter 3]. To each of these classes of operators is associated a spec-
trum: the upper semi-Weyl spectrum of T ∈ L(X) is defined by

σuw(T ) := {λ ∈ C : λI − T /∈ W+(X)},
the lower semi-Weyl spectrum of T ∈ L(X) is defined by

σlw(T ) := {λ ∈ C : λI − T /∈ W−(X)},
the Weyl spectrum is defined by

σw(T ) := {λ ∈ C : λI − T /∈ W (X)}.
Analogously, the upper semi-Browder spectrum of T ∈ L(X) is defined by

σub(T ) := {λ ∈ C : λI − T /∈ B+(X)},
the lower semi-Browder spectrum of T ∈ L(X) is defined by

σlb(T ) := {λ ∈ C : λI − T /∈ B−(X)},
while the Browder spectrum of T ∈ L(X) is defined by

σb(T ) := {λ ∈ C : λI − T /∈ B(X)}.
In the sequel we shall denote by T ∗ the dual of T ∈ L(X), X a Banach

space. From the classical Fredholm theory we have

σuw(T ) = σlw(T ∗), σlw(T ) = σuw(T ∗),

and
σub(T ) = σlb(T ∗), σlb(T ) = σub(T ∗).

Moreover,

(1) σw(T ) = σw(T ∗), σb(T ) = σb(T ∗),

and
σw(T ) ⊆ σb(T ) = σw(T ) ∪ acc σ(T ),

where we write acc K for the accumulation points of K ⊆ C, see [1, Chapter
3].

The single valued extension property was introduced in the early years of
local spectral theory by Dunford [20], [21] and plays an important role in
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spectral theory, see the recent monographs by Laursen and Neumann [29], or
by Aiena [1]. We shall consider the following local version of this property
introduced by Finch [22] and successively studied by several authors, see [6],
[8], and [9].

Definition 1.1. Let X be a complex Banach space and T ∈ L(X). The
operator T is said to have the single valued extension property at λ0 ∈ C
(abbreviated SVEP at λ0), if for every open disc U centered at λ0, the only
analytic function f : U → X which satisfies the equation (λI − T )f(λ) = 0
for all λ ∈ U is the function f ≡ 0.
An operator T ∈ L(X) is said to have SVEP if T has SVEP at every point
λ ∈ C.

Evidently, an operator T ∈ L(X) has SVEP at every point of the resolvent
ρ(T ) := C \ σ(T ). From the identity theorem for analytic function it easily
follows that T ∈ L(X) has SVEP at every point of the boundary ∂σ(T ) of the
spectrum σ(T ). In particular, both T and T ∗ have SVEP at every isolated
point of σ(T ) = σ(T ∗). Moreover, see [1, Theorem 3.8],

(2) p(λI − T ) < ∞⇒ T has SVEP at λ,

and dually

(3) q(λI − T ) < ∞⇒ T ∗ has SVEP at λ.

Denote by H0(T ) the quasi-nilpotent part of T ∈ L(X), i.e. is the set

(4) H0(T ) := {x ∈ X : lim
n→∞

‖Tnx‖ 1
n = 0}.

It is easily seen that ker (Tm) ⊆ H0(T ) for every m ∈ N. Moreover, T is
quasi-nilpotent if and only if H0(T ) = X, see [1, Theorem 1.68], while if T is
invertible H0(T ) = {0}. From [1, Theorem 2.31] we know that:

(5) H0(λI − T ) closed ⇒ T has SVEP at λ.

Let σa(T ) denote the classical approximate point spectrum of T , i. e. the
set

σa(T ) := {λ ∈ C : λI − T is not bounded below},
while surjectivity spectrum of T ∈ L(X) is defined by

σs(T ) := {λ ∈ C : λI − T is not surjective}.
¿From definition of SVEP we also have

(6) λ /∈ accσa(T ) ⇒ T has SVEP at λ,

and dually,

(7) λ /∈ accσs(T ) ⇒ T ∗ has SVEP at λ.
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2. Browder’s theorem and a-Browders’s theorem

We shall say that T satisfies Browder’s theorem if

σw(T ) = σb(T ),

while, T ∈ L(X) is said to satisfy a-Browder’s theorem if

σuw(T ) = σub(T ).

¿From the equalities (4) we have

T satisfies Browder’s theorem ⇔ T ∗ satisfies Browder’s theorem.

Browder’s theorem and a-Browders’s theorem may be characterized by local-
ized SVEP in the following way:

Theorem 2.1. [4], [5] If T ∈ L(X) the following equivalences hold:

(i) T satisfies Browder’s theorem ⇔ T has SVEP at every λ /∈ σw(T );

(ii) T satisfies a-Browder’s theorem ⇔ T has SVEP at every λ /∈ σuw(T ).

Moreover, the following statements hold:
(iii) If T has SVEP at every λ /∈ σlw(T ) then a-Browder’s theorem holds

for T ∗.

(iv) If T ∗ has SVEP at every λ /∈ σuw(T ) then a-Browder’s theorem holds
for T .

Obviously,

a-Browder’s theorem ⇒ Browder’s theorem

and the converse is not true. Note the opposite implications of (iii) and (iv)
in Theorem 2.1 in general do not hold, see [5]. By Theorem 2.1 we also have:

T, or T ∗ has SVEP ⇒ a-Browder’s theorem holds for both T, T ∗.

Let us consider the following set:

∆(T ) := σ(T ) \ σw(T ).

If λ ∈ ∆(T ) then λI − T ∈ W (X) and since λ ∈ σ(T ) it then follows that
α(λI − T ) = β(λI − T ) > 0, so we can write

∆(T ) = {λ ∈ C : λI − T ∈ W (X), 0 < α(λI − T )}.
The set ∆(T ) has been recently studied in [26], where the points of ∆(T )
are called generalized Riesz points. Note that ∆(T ) may be empty. This for
instance holds for every quasi-nilpotent operator. Define

p00(T ) := σ(T ) \ σb(T ) = {λ ∈ σ(T ) : λI − T ∈ B(X)}.
Clearly, p00(T ) ⊆ ∆(T ). The next result describes Browder’s theorems by
means of the spectral picture of the operator. Let write iso K for the set of
all isolated points of K ⊆ C.
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Theorem 2.2. [4] For an operator T ∈ L(X) the following statements are
equivalent:

(i) T satisfies Browder’s theorem;
(ii) p00(T ) = ∆(T );
(iii) Every λ ∈ ∆(T ) is an isolated point of σ(T );
(iv) ∆(T ) ⊆ ∂σ(T ), ∂σ(T ) the topological boundary of σT );
(v) int∆(T ) = ∅;
(vi) σ(T ) = σw(T ) ∪ isoσ(T ).

Let us consider the following set:

∆a(T ) := σa(T ) \ σuw(T ).

Since λI − T ∈ Wa(X) implies that (λI − T )(X) is closed, we can write

∆a(T ) = {λ ∈ C : λI − T ∈ W+(X), 0 < α(λI − T )}.
It should be noted that the set ∆a(T ) may be empty. This is, for instance,
the case of a right weighted shift on `2(N). Indeed, a right weighted shift has
SVEP and iso σa(T ) = ∅. Both these conditions entails that σa(T ) = σaw(T ),
see Corollary 2.10 of [5]. Define

pa
00(T ) := σa(T ) \ σub(T ) = {λ ∈ σa(T ) : λI − T ∈ B+(X)}.

It is easily seen that every λ ∈ pa
00(T ) is an isolated point of σa(T ). Further-

more
pa
00(T ) ⊆ ∆a(T ) ⊆ σa(T )

.
The following characterization of operators satisfying a-Browder’s theorem

is analogous to the result established in Theorem 2.2 for Browder’s theorem.

Theorem 2.3. [5] For a bounded operator T ∈ L(X) the following statements
are equivalent:

(i) T satisfies a-Browder’s theorem;
(ii) pa

00(T ) = ∆a(T );
(iii) ∆a(T ) ⊆ isoσa(T );
(iv) ∆a(T ) ⊆ ∂σa(T ), ∂σa(T ) the topological boundary of σa(T );
(v) int∆a(T ) = ∅;
(vi) σa(T ) = σuw(T ) ∪ isoσa(T ).

The next result shows that Browder’s theorem and a-Browder’s theorem
for T are equivalent to the fact that H0(λI−T ) is closed as λ ranges in ∆(T ),
or ∆a(T ), respectively.

Theorem 2.4. [4],[5] For a bounded operator T ∈ L(X) the following state-
ments are equivalent:

(i) Browder’s theorem holds for T ;
(ii) H0(λI − T ) is finite-dimensional for every λ ∈ ∆(T );
(iii) H0(λI − T ) is closed for all λ ∈ ∆(T ).
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Analogously, for a bounded operator T ∈ L(X) the following statements are
equivalent:

(i) a-Browder’s theorem holds for T ;
(ii) H0(λI − T ) is finite-dimensional for every λ ∈ ∆a(T );
(iii) H0(λI − T ) is closed for every λ ∈ ∆a(T ).

The reduced minimum modulus of a non-zero operator T is defined by

γ(T ) := inf
x/∈ker T

‖Tx‖
dist(x, kerT )

.

It is well-known that T (X) is closed if and only if γ(T ) > 0, see for instance
[1, Theorem 1.13].

Both Browder’s theorem and a-Browder’s theorem may be also character-
ized by means of the discontinuity of the mapping λ → γ(λI−T ) at the points
of ∆(T ) and ∆a(T ), respectively.

Theorem 2.5. [4],[5] For a bounded operator T ∈ L(X) the following state-
ments are equivalent:

(i) T satisfies Browder’s theorem;
(ii) the mapping λ → γ(λI − T ) is not continuous at every λ ∈ ∆(T ).
Analogously, following statements are equivalent:
(iv) T satisfies a-Browder’s theorem;
(v) the mapping λ → γ(λI − T ) is not continuous at every λ ∈ ∆a(T ).

3. Weyl’s theorems

For a bounded operator T ∈ L(X) define

π00(T ) := {λ ∈ iso σ(T ) : 0 < α(λI − T ) < ∞},
and

πa
00(T ) := {λ ∈ iso σa(T ) : 0 < α(λI − T ) < ∞}.

Clearly, for every T ∈ L(X) we have

(8) p00(T ) ⊆ π00(T ) ⊆ πa
00(T ) and pa

00(T ) ⊆ πa
00(T ).

According to Coburn [12], a bounded operator T ∈ L(X) is said to satisfy
Weyl’s theorem if

∆(T ) = σ(T ) \ σw(T ) = π00(T ).
We have

Weyl’s theorem holds for T ⇒ p00(T ) = π00(T ) = ∆(T ).

In fact, if T satisfies Weyl’s theorem then ∆(T ) = π00(T ). We show the
equality p00(T ) = π00(T ). It suffices to prove the inclusion π00(T ) ⊆ p00(T ).
Let λ be an arbitrary point of π00(T ). Since λ is isolated in σ(T ) then both
T and T ∗ have SVEP at λ and from the equality π00(T ) = σ(T ) \ σw(T ) we
know that λI − T ∈ W (X). The SVEP for both T and T ∗ at λ by Corollary
2.7 of [6] implies that p(λI − T ) = q(λI − T ) < ∞, so λ ∈ p00(T ).



WEYL’S AND BROWDER’S THEOREMS 245

The following result shows the relationships between Browder’s theorem and
Weyl’s theorem:

Theorem 3.1. [2] For every T ∈ L(X) the following statements are equiva-
lent:

(i) T satisfies Weyl’s theorem;
(ii) T satisfies Browder’s theorem and p00(T ) = π00(T ).

The conditions p00(T ) = π00(T ) is equivalent to several other conditions,
see [1, Theorem 3.84]. In particular,

(9) p00(T ) = π00(T ) ⇔ H0(λI − T ) is finite-dimensional for all λ ∈ π00(T ).

According to Rakočević [32], a bounded operator T ∈ L(X) is said to
satisfy a-Weyl’s theorem if

(10) ∆a(T ) = σa(T ) \ σuw(T ) = πa
00(T ).

It is not difficult to prove the implication

a-Weyl’s theorem holds for T ⇒ pa
00(T ) = πa

00(T ) = ∆a(T ).

In fact, suppose that T satisfies a-Weyl’s theorem. By definition then ∆a(T ) =
πa

00(T ). We show now the equality pa
00(T ) = πa

00(T ). It suffices to prove the
inclusion πa

00(T ) ⊆ pa
00(T ). Let λ be an arbitrary point of πa

00(T ). Since λ
is isolated in σa(T ) then T has SVEP at λ and from the equality πa

00(T ) =
σa(T ) \ σuw(T ) we know that λI − T ∈ W+(X). Hence λI − T ∈ Φ+(X)
and the SVEP at λ by Corollary 2.7 of [6] implies that p(λI − T ) < ∞, so
λ ∈ pa

00(T ).
Theorem 3.1 has a companion for a-Weyl’s theorem. In fact, a-Browder’s

theorem and a-Weyl’s theorem are related by the following result:

Theorem 3.2. [2] If T ∈ L(X) the following statements are equivalent:
(i) T satisfies a-Weyl’s theorem;
(ii) T satisfies a-Browder’s theorem and pa

00(T ) = πa
00(T ).

It easily seen that the conditions pa
00(T ) = πa

00(T ) holds if and only if
σub(T ) ∩ πa

00(T ) = ∅, and the last equality is equivalent to several other
conditions, see [1, Theorem 3.105]. In particular, pa

00(T ) = πa
00(T ) ⇔ H0(λI−

T ) is finite-dimensional for all λ ∈ π00(T ) and (λI − T )(X) is closed for all
λ ∈ πa

00(T ) \ π00(T ). From Theorem 3.2 it immediately follows that

a-Weyl’s theorem ⇒ a-Browder’s theorem.

It is not difficult to find an example of operator satisfying a-Browder’s theorem
but not a-Weyl’s theorem. For instance, if T ∈ L(`2) is defined by

T (x0, x1, . . . ) := (
1
2
x1,

1
3
x2, . . . ) for all (xn) ∈ `2,

then T is quasi-nilpotent, so has SVEP and consequently satisfies a-Browder’s
theorem. On the other hand T does not satisfy a-Weyl’s theorem, since
σa(T ) = σuw(T ) = {0} and πa

00(T ) = {0}. Note that the condition ∆a(T ) = ∅
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does not ensure that a-Weyl’s theorem holds.
Let us define

∆00(T ) := ∆(T ) ∪ π00(T ),
and

∆a
00(T ) := ∆a(T ) ∪ πa

00(T ).
The following result provides a characterization of Weyl’s theorem and

a-Weyl’s theorem by means of the discontinuity of the map λ → γ(λI − T ).

Theorem 3.3. [4], [5] T ∈ L(X) satisfies Weyl’s theorem precisely when the
mapping λ → γ(λI − T ) is discontinuous at every λ ∈ ∆00(T ). Analogously,
T ∈ L(X) satisfies a-Weyl’s theorem precisely when the mapping λ → γ(λI −
T ) is discontinuous at every λ ∈ ∆a

00(T ).

Comparing Theorem 3.3 with Theorem 2.5 we see that Browder’s theo-
rem (respectively, a-Browder’s theorem) and Weyl’s theorem (respectively,
a-Weyl’s theorem) correspond to the discontinuity of the map λ → γ(λI −T )
at the points of ∆(T ) and ∆00(T ), with ∆(T ) ⊆ ∆00(T ) (respectively, at
points of ∆a(T ) and ∆a

00(T ), with ∆a(T ) ⊆ ∆a
00(T )).

Taking into account the equivalence (i) ⇔ (iii) of Theorem 2.5, the equiva-
lence (9), and the characterization established in Theorem 3.1 we easily deduce
the following result:

Theorem 3.4. T ∈ L(X) satisfies Weyl’s theorem if and only if H0(λI − T )
is finite dimensional for all λ ∈ ∆00(T ).

The following implication holds:

(11) a-Weyl’s theorem ⇒ ∆a
00(T ) ⊇ ∆00(T ).

Indeed, suppose that a-Weyl’s theorem holds for T . We claim that ∆(T ) ⊆
∆a(T ). Let λ ∈ ∆(T ) = σ(T )\σw(T ). From the inclusion σuw(T ) ⊆ σw(T ) it
follows that λ /∈ σuw(T ), and since λI−T is Weyl we also have 0 < α(λI−T ) <
∞, otherwise we would have 0 = α(λI −T ) = β(λI −T ) and hence λ /∈ σ(T ).
Therefore λ ∈ σa(T ) \ σuw(T ) = ∆a(T ).

On the other hand, by (8) we also have π00(T ) ⊆ πa
00(T ), thus if T satisfies

a-Weyl’s theorem then

∆a
00(T ) = ∆a(T ) ∪ πa

00(T ) ⊇ ∆(T ) ∪ π00(T ) = ∆00(T ).

The implication (11), together with and Theorem 3.3, then yields:

a-Weyl’s theorem ⇒ Weyl’s theorem.

Note that the reverse of this implication in general does not hold.

The next result shows that under SVEP both Weyl’s theorem and a-Weyl’s
theorem are equivalent.

Theorem 3.5. [2] If T ∈ L(X) has SVEP then the following statements are
equivalent:

(i) Weyl’s theorem holds for T ∗;
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(ii) a-Weyl’s theorem holds for T ∗.
Analogously, if the dual T ∗ of T has SVEP then the following statements

are equivalent:

(iii) Weyl’s theorem holds for T ;

(iv) a-Weyl’s theorem holds for T .

Let P0(X), X a Banach space, denote the class of all operators T ∈ L(X)
such that there exists p := p(λ) ∈ N for which

(12) H0(λI − T ) = ker (λI − T )p for all λ ∈ π00(T ).

Theorem 3.6. T ∈ P0(X) if and only if p00(T ) = π00(T ).

Proof. Suppose T ∈ P0(X) and λ ∈ π00(T ). Then there exists p ∈ N such
that H0(λI − T ) = ker (λI − T )p. Since λ is isolated in σ(T ) we have

X = H0(λI − T )⊕K(λI − T ) = ker (λI − T )p ⊕K(λI − T ),

see [1, Theorem 3.74], from which we obtain

(λI − T )p(X) = (λI − T )p(K(λI − T )) = K(λI − T ),

so x = ker (λI − T )p ⊕ (λI − T )p(X) which implies by [1, Theorem 3.6]
that p(λI − T ) = q(λI − T ) ≤ p. By definition of π00(T ) we know that
α(λI − T ) < ∞ and this implies by Theorem 3.4 of [1] that β(λI − T ) is also
finite. Therefore λ ∈ p00(T ), from which we conclude that p00(T ) = π00(T ).

Conversely, if p00(T ) = π00(T ) and λ ∈ π00(T ) then p := p(λI − T ) =
q(λI − T ) < ∞. By Theorem 3.16 of [1] it then follows that H0(λI − T ) =
ker(λI − T )p for some p := p(λ) ∈ N.

¿From Theorem 3.1 and Theorem 3.6 we easily deduce that

(13) T ∈ P0(X) has SVEP ⇒ Weyl’s theorem holds for T.

A large number of the commonly considered operators on Banach spaces
and Hilbert spaces have SVEP and belong to the class P0(X).

(a) A bounded operator T ∈ L(X) on a Banach space X is said paranormal
if ‖Tx‖ ≤ ‖T 2x‖‖x‖ for all x ∈ X. T ∈ L(X) is called totally paranormal if
λI −T is paranormal for all λ ∈ C. For every totally paranormal operator we
have

(14) H0(λI − T ) = ker (λI − T ) for all λ ∈ C,

see [28]. The class of totally paranormal operators includes all hyponormal
operators on Hilbert spaces H. In the sequel denote by T ′ the Hilbert adjoint
of T ∈ L(H). The operator T ∈ L(H) is said to be hyponormal if

‖T ′x‖ ≤ ‖Tx‖ for all x ∈ X.

A bounded operator T ∈ L(H) is said to be quasi-hyponormal if

‖T ′Tx‖ ≤ ‖T 2x‖ for all x ∈ H.
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Also quasi-normal operators are totally paranormal, since these operators are
hyponormal, see Conway [13].

An operator T ∈ L(H) is said to be *-paranormal if

‖T ′x‖2 ≤ ‖T 2x‖
holds for all unit vectors x ∈ H. T ∈ L(H) is said to be totally *-paranormal
if λI − T is *-paranormal for all λ ∈ C. Every totally ∗-paranormal operator
satisfies property (14), see [25].

(b) The condition (14) is also satisfied by every injective p-hyponormal
operator, see [10], where an operator T ∈ L(H) on a Hilbert space H is said
to be p-hyponormal, with 0 < p ≤ 1, if (T ′T )p ≥ (TT ′)p, [10].

(c) An operator T ∈ L(H) is said to be log-hyponormal if T is invertible
and satisfies log (T ′T ) ≥ log (TT ′). Every log-hyponormal operator satisfies
the condition (14), see [10].

(d) A bounded operator T ∈ L(X) is said to be transaloid if the spectral
radius r(λI − T ) is equal to ‖λI − T‖ for every λ ∈ C. Every transaloid
operator satisfies the condition (14), see [14] .

(e) Given a Banach algebra A, a map T : A → A is said to be a multiplier
if (Tx)y = x(Ty) holds for all x, y ∈ A. For a commutative semi-simple
Banach algebra A, let M(A) denote the commutative Banach algebra of all
multipliers, [29]. If T ∈ M(A), A a commutative semi-simple Banach algebra,
then T ∈ L(A) and the condition (14) is satisfied, see [6]. In particular, this
condition holds for every convolution operator on the group algebra L1(G),
where G is a locally compact abelian group.

(f) An operator T ∈ L(X), X a Banach space, is said to be generalized
scalar if there exists a continuous algebra homomorphism Ψ : C∞(C) → L(X)
such that

Ψ(1) = I and Ψ(Z) = T,

where C∞(C) denote the Fréchet algebra of all infinitely differentiable complex-
valued functions on C, and Z denotes the identity function on C. Every gen-
eralized scalar operator is decomposable and hence has SVEP, see [29]. An
operator similar to the restriction of a generalized scalar operator to one of
its closed invariant subspaces is called subscalar. The interested reader can
find a well organized study of these operators in the Laursen and Neumann
book [29]. Every generalized scalar operator satisfies the condition

(15) H0(λI − T ) = ker (λI − T )p for all λ ∈ C.

for some p = p(λ) ∈ N, see [30].
(g) An operator T ∈ L(H) on a Hilbert space H is said to be M -hyponormal

if there is M > 0 for which TT ′ ≤ MT ′T . M -hyponormal operators, p-
hyponormal operators, log-hyponormal operators, and algebraically hyponor-
mal operators are generalized scalars, so they satisfy the condition (15), see
[30]. Also w-hyponormal operators on Hilbert spaces are generalized scalars,
see for definition and details [11].
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(h) An operator T ∈ L(X) for which there exists a complex nonconstant
polynomial h such that h(T ) is paranormal is said to be algebraically paranor-
mal. If T ∈ L(H) is algebraically paranormal then T satisfies the condition
(12), see [2], but in general the condition (15) is not satisfied by paranormal
operators, (for an example see [7, Example 2.3]). Note that if T is paranormal
then T has SVEP, see [7]. It should be noted that this implies that also every
algebraically paranormal operator has SVEP, see Theorem 2.40 of [1] or [15].

(i) An operator T ∈ L(X) is said to be hereditarily normaloid if every re-
striction T |M to a closed subspace of X is normaloid, i.e. the spectral radius
of T |M coincides with the norm ‖T |M‖. If, additionally, every invertible part
of T is also normaloid then T is said to be totally hereditarily normaloid.

Let CHN denote the class of operators such that either T is totally hered-
itarily normaloid or λI − T is hereditarily normaloid for every λ ∈ C. The
class CHN is very large; it contains p-hyponormal operators, M-hyponormal
operators, paranormal operators and w-hyponormal operators, see [23]. Also
every totally ∗-paranormal operator belongs to the class CHN . Note that
every T ∈ CHN satisfies the condition (12) with p(λ) = 1 for all λ ∈ π00(T ),
see [19], so T ∈ P0(X).

Theorem 3.7. Suppose that T is any of the operators (a)-(i). Then Weyl’s
theorem holds for T .

Proof. The condition (15), and in particular the condition (14), entails that
T has SVEP. Weyl’s theorem for the operators (a)-(g) then follows from the
implication (13). Also, every algebraically paranormal operators on Hilbert
spaces has SVEP, so Weyl’s theorem for these operators follows again from
the implication (13). Weyl’s theorem for operators T ∈ CHN follows from
Theorem 3.1, since SVEP is satisfied at every λ /∈ σw(T ) and hence T satisfies
Browder’s theorem, see Theorem 2.9 of [19].

The result of Theorem 3.7 may be improved as follows. Suppose that
T ∈ L(X) be algebraic, i.e. there exists a non-trivial polynomial q such that
q(T ) = 0. In [31] Oudghiri proved that if T has property (15) and K is an
algebraic operators commuting with T then T + K satisfies Weyl’s theorem.
This result has been extended in [7] to paranormal operators, i.e. if T is
a paranormal operator on a Hilbert space and K is an algebraic operators
commuting with T then T + K satisfies Weyl’s theorem. Note that Weyl’s
theorem is not generally transmitted to perturbation of operators satisfying
Weyl’s theorem.

It has already been observed that Browder’s theorem for T and T ∗ are
equivalent. In general Weyl’s theorem for T in not transmitted to the dual
T ∗, see Example 1.1 of [3]. However, for most of the operators listed before
Weyl’s theorem holds also for T ∗ (or, in the case of Hilbert spaces operators,
for T ′). This is, for instance, the case of operators satisfying the condition
(15), see [30]. Also for operators T ∈ CHN , and in particular for algebraically
paranormal operators, Weyl’s theorem holds for T ′, see [19, Corollary 2.16]
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and [2, Theorem 4.3]. In all these cases, if H(σ(T )) denotes the set of all
analytic functions defined on a neighborhood of σ(T ), then Weyl’s theorem
holds f(T ), where the operator f(T ), f ∈ H(σ(T )), is defined by the classical
functional calculus. The extension of Weyl’s theorem from T to f(T ) depends
essentially by the fact that all these operators are isoloid, i.e. every isolated
point of the spectrum is an eigenvalue.

The following result follows from Theorem 3.5 and from the implication
(13).

Theorem 3.8. If T ∈ L(X) satisfies the property (15) then a-Weyl’s theo-
rem holds for f(T ∗) for every f ∈ H(σ(T )). Analogously, if T ∗ satisfies the
property (15) then a-Weyl’s holds for f(T ) for every f ∈ H(σ(T )).

In the case of an operator defined on a Hilbert space H, instead of the dual
T ∗ it is more appropriate to consider the Hilbert adjoint T ′ of T ∈ L(H).

Theorem 3.9. [2] If T ∈ L(H) and T ′ satisfies property (15) then a-Weyls
theorem holds for f(T ) for all f ∈ H(σ(T )).

The previous theorem provides a general framework for a-Weyl’s theorem,
from which all the results listed in the sequel follow as special cases. In
literature a-Weyl’s theorem for these classes has been proved separately.

(i) If T ′ is log-hyponormal or p-hyponormal then a-Weyl’s theorem holds
for f(T ) [17, Theorem 3.3], [18, Theorem 4.2].

(ii) If T ′ is M -hyponormal then a-Weyl’s theorem holds for f(T ), [17, The-
orem 3.6].

(iii) If T ′ is totally ∗-paranormal then a-Weyl’s theorem holds for f(T ),
[25, Theorem 2.10].

(iv) If T ′ ∈ L(H) is totally paranormal then a-Weyl’s theorem holds for
f(T ).

Theorem 3.10. [2, Theorem 3.6] Let T ∈ L(H). Then the following state-
ments hold:

(i) If T ∈ L(H) is algebraically paranormal then Weyl’s theorem holds for
f(T ) for all f ∈ H(σ(T ).

(ii) If T ′ is algebraically paranormal then a-Weyl’s theorem holds for f(T )
for all f ∈ H(σ(T ).

Every quasi-hyponormal operator is paranormal [24], so from Theorem 3.9
we deduce the following result of S. V. Djordjević and D. S. Djordjević [16,
Theorem 3.4].

Corollary 3.11. If T ′ ∈ L(H) is quasi-hyponormal then a-Weyl’s holds for
f(T ) for every f ∈ H(σ(T )).
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[32] V. Rakočević Operators obeying a-Weyl’s theorem. Rev. Roumaine Math. Pures Appl.
34 (1989), no. 10, 915-919.

Dipartimento di Metodi e Modelli Matematici, Università di Palermo, Viale
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MULTIPLICATIONS AND ELEMENTARY OPERATORS IN
THE BANACH SPACE SETTING

EERO SAKSMAN AND HANS-OLAV TYLLI

1. Introduction

This expository survey is mainly dedicated to structural properties of the
elementary operators

(1.1) EA,B ; S 7→
n∑

j=1

AjSBj ,

where A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n are fixed n-tuples of
bounded operators on X and X is a (classical) Banach space. The simplest
operators contained in (1.1) are the left and right multiplications on L(X)
defined by LU : S 7→ US and RU : S 7→ SU for S ∈ L(X), where U ∈ L(X)
is fixed. Thus the operators in (1.1) can be written as

EA,B =
n∑

j=1

LAj RBj .

This concrete class includes many important operators on spaces of opera-
tors, such as the two-sided multiplications LARB , the commutators (or inner
derivations) LA−RA, and the intertwining maps (or generalized derivations)
LA −RB for given A, B ∈ L(X). Elementary operators also induce bounded
operators between operator ideals, as well as between quotient algebras such
as the Calkin algebra L(X)/K(X), where K(X) are the compact operators on
X. Note also that definition (1.1) makes sense in the more general framework
of Banach algebras.

Elementary operators first appeared in a series of notes by Sylvester [Sy1884]
in the 1880’s, in which he computed the eigenvalues of the matrix operators
corresponding to EA,B on the n× n-matrices. The term elementary operator
was coined by Lumer and Rosenblum [LR59] in the late 50’s. The literature
related to elementary operators is by now very large, and there are many ex-
cellent surveys and expositions of certain aspects. Elementary operators on
C∗-algebras were extensively treated by Ara and Mathieu in [AM03, Chap-
ter 5]. Curto [Cu92] gives an exhaustive overview of spectral properties of
elementary operators, Fialkow [Fi92] comprehensively discusses their struc-
tural properties (with an emphasis on Hilbert space aspects and methods),

The first author was partly supported by the Academy of Finland project #201015 and
the second author by the Academy of Finland projects #53893 and #210970.
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and Bhatia and Rosenthal [BR97] deals with their applications to operator
equations and linear algebra. Mathieu [Ma01b], [Ma01a] surveys some recent
topics in the computation of the norm of elementary operators, and elemen-
tary operators on the Calkin algebra. These references also contain a number
of applications, and we also note the survey by Carl and Schiebold [CS00],
where they describe an intriguing approach to certain nonlinear equations
from soliton physics which involves some elementary operators (among many
other tools).

This survey concentrates on aspects of the theory of elementary operators
that, roughly speaking, involves ”Banach space techniques”. By such meth-
ods we mean e.g. basic sequence techniques applied in X or in K(X), facts
about the structure of complemented subspaces of classical Banach spaces X,
as well as useful special properties of the space X (such as approximation
properties or the Dunford-Pettis property). The topics and results covered
here are chosen to complement the existing surveys, though some overlap will
be unavoidable. Our main motivation is to draw attention to the usefulness
of Banach space methods in this setting. In fact, it turns out that Banach
space techniques are helpful also when X is a Hilbert space.

This survey will roughly be divided as follows. In Section 2 we discuss var-
ious qualitative properties such as (weak) compactness or strict singularity of
the basic two-sided multiplications S 7→ ASB for A,B ∈ L(X). In Section 3
we concentrate on questions related to the norms and spectra of elementary
operators in various settings. We include a quite detailed proof, using only
elementary concepts, of the known formula σ(EA,B) = σT (A) ◦ σT (B) for the
spectrum of EA,B in terms of the Taylor joint spectra of the n-tuples A and
B. We also describe the state of the art in computing the norm of elementary
operators. Section 4 discusses properties of the induced elementary operators
on the Calkin algebra L(X)/K(X), such as a solution to the Fong-Sourour
conjecture in the case where the Banach space X has an unconditional basis,
and various rigidity properties of these operators. The results included here
demonstrate that elementary operators have nicer properties on the Calkin al-
gebra. There is some parallel research about tensor product operators A⊗̂αB
for various tensor norms α and fixed operators A,B, which may be more
familiar to readers with a background in Banach space theory.

The ideas and arguments will be sketched for a number of results that we
highlight here, and several open problems will be stated. The topics selected
for discussion have clearly been influenced by our personal preferences and
it is not possible to attempt any exhaustive record of Banach space aspects
of the theory of elementary operators in this exposition. Further interesting
results and references can be found in the original papers and the surveys
mentioned above.

Elementary operators occur in many circumstances, and they can be ap-
proached using several different techniques. This survey is also intended for
non-experts in Banach space theory, and we have accordingly tried to ensure
that it is as widely readable as possible by recalling many basic concepts.
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Our notation will normally follow the references [LT77] and [Wo91], and we
just recall a few basic ones here. We put BX = {x ∈ X : ‖x‖ ≤ 1} and
SX = {x ∈ X : ‖x‖ = 1} for the Banach space X. If A ⊂ X is a given
subset, then [A] denotes the closed linear span of A in X. Moreover, L(X, Y )
will be the space of bounded linear operators X → Y and K(X, Y ), respec-
tively, W (X, Y ) the closed subspaces of L(X, Y ) consisting of the compact,
respectively the weakly compact operators. The class of finite rank operators
X → Y is denoted by F(X,Y ). We refer e.g. to [LT77], [DJT95], [JL03]
or [Wo91] for more background and any unexplained terminology related to
Banach spaces.

2. Qualitative aspects

In this section we focus on concrete qualitative properties of the basic two-
sided multiplication operators LARB for fixed A,B ∈ L(X), where

(2.1) LARB(S) = ASB

for S ∈ L(X) and X is a Banach space. The first qualitative result for LARB

is probably due to Vala [Va64], who characterized the compact multiplication
operators on the space of bounded operators. Recall that X has the approxi-
mation property if for every compact subset D ⊂ X and ε > 0 there is a finite
rank operator U : X → X so that supx∈D ‖x− Ux‖ < ε.

Theorem 2.1. Suppose that A,B ∈ L(X) are non-zero bounded operators.
Then LARB is a compact operator L(X) → L(X) if and only if A ∈ K(X)
and B ∈ K(X).

Proof. The necessity-part is a simple general fact which we postpone for a
moment (see part (i) of Proposition 2.3). The following straightforward idea
for the sufficiency-part comes from the proof of [ST94, Thm. 2], which dealt
with weak compactness (see also [DiF76] for a similar idea for the ε-tensor
product).

Suppose that A ∈ K(X) and B ∈ K(X). We first consider the situation
where X has the approximation property. In this case there is a sequence
(An) ⊂ F(X) of finite-rank operators satisfying ‖A − An‖ → 0 as n → ∞.
Clearly

‖LAnRB − LARB‖ ≤ ‖An −A‖ · ‖B‖ → 0

so that LAnRB → LARB as n → ∞, whence it is enough to prove the claim
assuming that A is a rank-1 operator, that is, A = x∗ ⊗ y for fixed x∗ ∈ X∗

and y ∈ X. In this case one gets for S ∈ L(X) and z ∈ X that

(x∗ ⊗ y) ◦ S ◦Bz = 〈x∗, SBz〉y = 〈B∗S∗x∗, z〉y,

that is, LARB(S) = B∗S∗x∗ ⊗ y. Hence

(2.2) LARB(BL(X) ⊂ Φ ◦B∗(BX∗),

where Φ : X∗ → L(X, Y ) is the bounded linear operator Φ(z∗) = ‖x∗‖z∗ ⊗ y
for z∗ ∈ X∗. Since Φ ◦B∗ is compact by assumption, the claim follows.
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How should one proceed in the general situation? The main problem com-
pared to the preceding argument is that it may not be possible to approximate
the operator A by finite dimensional ones. For that end consider first the case
where A is replaced by any rank-1 operator C : X → Y and Y is an arbitrary
Banach space. Exactly the same argument as above applies and we obtain
that LCRB : L(X) → L(X,Y ) is compact. Also, if Y has the approximation
property, then we may approximate any C ∈ K(X, Y ) by finite-rank opera-
tors and deduce that LCRB is compact. Next let J : X → `∞(BX∗) be the
isometric embedding defined by

Jx = (x∗(x))x∗∈BX∗ , x ∈ X,

and recall that `∞(BX∗) has the approximation property. By choosing C =
JA in the previous reasoning we get that LCRB is a compact operator. Fi-
nally, observe that LCRB = LJ◦(LARB), where LJ : L(X) → L(X, `∞(BX∗))
is an isometric embedding, which forces LARB to be compact. ¤

Vala’s argument in [Va64] was quite different. He applied an Ascoli-Arzela
type characterization of compact sets of compact operators, which was in-
spired by a symmetric version of the Ascoli-Arzela theorem used by Kakutani.

It is less straightforward to formulate satisfactory characterizations of arbi-
trary compact elementary operators EA,B , because of the lack of uniqueness in
the representations of these operators (for instance, LA−λ−RA−λ = LA−RA

for every A ∈ L(X) and every scalar λ). One possibility is to assume some
linear independence among the representing operators. We next state a gen-
eralization of Theorem 2.1 of this type, due to Fong and Sourour [FS79] (cf.
also [Fi92, Thm. 5.1]).

Theorem 2.2. Let A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n, where X
is any Banach space. Then EA,B is a compact operator L(X) → L(X) if
and only if there are r ∈ N and compact operators C1, . . . , Cr in the linear
span of {A1, . . . , An} and compact operators D1, . . . , Dr in the linear span of
{B1, . . . , Bn} so that

EA,B =
r∑

j=1

LCj RDj .

Vala’s result (Theorem 2.1) raised the problem when the basic maps LARB

are weakly compact, that is, when LARB(BL(X)) is a relatively weakly com-
pact set. It is difficult in general to characterize the weakly compact subsets
of L(X), and the picture for weak compactness is much more complicated
compared to Theorem 2.1. As the first step Akemann and Wright [AW80]
characterized the weakly compact multipliers LARB in the case of Hilbert
spaces H as follows: LARB is weakly compact L(H) → L(H) if and only if
A ∈ K(H) or B ∈ K(H) (see Example 2.6 below). The weakly compact
one-sided multipliers LA and RA on L(H) were identified much earlier by
Ogasawara [Og54] (cf. also [Y75] for some additional information).

Subsequently the weak compactness of LARB was studied more systemat-
ically by the authors [ST92], Racher [Ra92], and in a more general setting by
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Lindström and Schlüchtermann [LSch99]. The following basic general facts
were noticed in [ST92]. The original proof of part (ii) in [ST92] is somewhat
cumbersome, and easier alternative arguments were given in [Ra92] and [ST94]
(see also [LSch99]). The argument included below is arguably the simplest
one conceptually.

Proposition 2.3. Let X be any Banach space and let A,B ∈ L(X).
(i) If LARB is a weakly compact operator L(X) → L(X), and A 6= 0 6= B,

then A ∈ W (X) and B ∈ W (X).
(ii) If A ∈ K(X) and B ∈ W (X), or if A ∈ W (X) and B ∈ K(X), then

LARB is weakly compact L(X) → L(X).

Proof. (i) The identity LARB(x∗ ⊗ x) = B∗x∗ ⊗ Ax for x∗ ∈ X∗, x ∈ X, is
the starting point. Fix x ∈ SX with Ax 6= 0, and note that

B∗(BX∗)⊗Ax ⊂ {LARB(x∗ ⊗ x) : x∗ ∈ BX∗} ⊂ LARB(BL(X)),

where the right-hand set is relatively weakly compact in L(X) by assumption.
It follows that the adjoint B∗ (and consequently also B) is a weakly compact
operator. The fact that A ∈ W (X) is seen analogously.

(ii) Suppose first that A ∈ K(X) and B ∈ W (X). In this situation the
proof is quite analogous to the corresponding one of Theorem 2.1: if X has
the approximation property then one notes that it is enough to consider the
case where A = x∗ ⊗ y for some x∗ ∈ X∗ and y ∈ X. Here the inclusion (2.2)
again yields the weak compactness of LARB , since B∗ is also weakly compact
by Gantmacher’s theorem. In the general case one again picks an isometric
embedding J : X → `∞(BX∗) and one applies the approximation property of
`∞(BX∗) to obtain that

LJARB = LJ ◦ (LARB) : L(X) → L(X,Y )

is weakly compact. Recall next a useful fact: (relative) weak (non-)compact-
ness is unchanged under isometries. Hence, as LJ : L(X) → L(X, Y ) is an
isometric embedding we obtain that LARB is weakly compact.

Next consider the case A ∈ W (X) and B ∈ K(X). From the preceding
case applied to LB∗RA∗ we get that G ≡ {U∗ : U ∈ LARB(BL(X))} is a
relatively weakly compact set, since obviously

G ⊂ LB∗RA∗(BL(X∗)).

This implies that LARB(BL(X)) is also a relatively weakly compact set, since
the map U → U∗ is an isometric embedding L(X) → L(X∗). ¤

For any given Banach space X the exact conditions for the weak com-
pactness of LARB on L(X) fall between the extremal conditions contained
in (i) and (ii) of Proposition 2.3, and examples demonstrating a wide vari-
ety of different behaviour were included in [ST92] and [Ra92]. To get our
hands on these examples we will need more efficient criteria for the weak
compactness of LARB , which can be obtained by restricting attention to suit-
able classes of Banach spaces. Before that we also observe that in the study
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of the maps S 7→ ASB one is naturally lead to consider (possibly differ-
ent) Banach spaces X1, X2, X3, X4 and compatible operators A ∈ L(X3, X4)
and B ∈ L(X1, X2). In this case (2.1) still defines a bounded linear op-
erator LARB : L(X2, X3) → L(X1, X4) (strictly speaking LARB is now a
composition operator, but by a minor abuse of language we will still talk
about multiplication operators). Above we restricted attention to the case
X1 = X2 = X3 = X4 = X for notational simplicity.

Remark 2.4. Theorem 2.1 and Proposition 2.3 remain valid in the general
setting, with purely notational changes in the proofs. For instance, part (ii)
of Proposition 2.3 can be stated as follows: If A ∈ K(X3, X4) and B ∈
W (X1, X2), or if A ∈ W (X3, X4) and B ∈ K(X1, X2), then LARB is a
weakly compact operator L(X2, X3) → L(X1, X4).

The first type of examples belong to the class of Banach spaces, where
the duals of the spaces K(X,Y ) of compact operators can be described using
trace-duality. We refer to [DiU77] for the definition and the properties of
the Radon-Nikodym property (RNP). It suffices to recall here that X has
the RNP if X is reflexive or if X is a separable dual space, while X fails the
RNP if X contains a linear isomorphic copy of c0 or L1(0, 1). The following
concrete range-inclusion criterion for the weak compactness of LARB is quite
efficient. We again restrict our attention to the case X1 = . . . = X4 = X, and
the formulation below is far from optimal.

Proposition 2.5. Let X be a Banach space having the approximation prob-
lem, and suppose that X∗ or X∗∗ has the RNP. Let A,B ∈ L(X) be non-
zero operators. Then LARB is weakly compact L(X) → L(X) if and only if
A,B ∈ W (X) and

(2.3) LA∗∗RB∗∗(L(X∗∗)) ⊂ K(X∗∗).

If X is reflexive, then (2.3) reduces to

(2.4) {ASB : S ∈ L(X)} ⊂ K(X).

Condition (2.3) is based on the trace duality identifications K(X)∗ =
N(X∗) and N(X∗)∗ = L(X∗∗), where the first identification requires suit-
able approximation properties and the RNP conditions (see e.g. section 2 of
the survey [Ru84]). Recall here that T =

∑∞
n=1 y∗n ⊗ yn is a nuclear operator

on the Banach space Y , denoted T ∈ N(Y ), if the sequences (y∗n) ⊂ Y ∗ and
(yn) ⊂ Y satisfy

∑∞
n=1 ‖y∗n‖ · ‖yn‖ < ∞. The nuclear norm ‖T‖N is the

infimum of
∑∞

n=1 ‖y∗n‖ · ‖yn‖ over all such representations of T . Recall that
trace duality is defined by

(2.5) 〈T, S〉 ≡ trace(T ∗S) =
∞∑

n=1

Sx∗∗n (x∗n).

for S ∈ L(X∗∗) and T =
∑∞

n=1 x∗∗n ⊗ x∗n ∈ N(X∗). For S ∈ K(X) and T ∈
N(X∗) one has analogously that 〈T, S〉 =

∑∞
n=1 S∗∗x∗∗n (x∗n). Thus one has

K(X)∗∗ = L(X∗∗) in this setting, where the canonical embedding K(X) ⊂
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K(X)∗∗ coincides with the natural isometry S 7→ S∗∗ from K(X) into L(X∗∗).
One easily checks on the rank-1 operators that the (pre)adjoints of LARB

satisfy

(2.6) (LARB : K(X) → K(X))∗ = LA∗RB∗ : N(X∗) → N(X∗),

(2.7) (LA∗RB∗ : N(X∗) → N(X∗))∗ = LA∗∗RB∗∗ : L(X∗∗) → L(X∗∗).

Hence (LARB |K(X))∗∗ = LA∗∗RB∗∗ , where LARB |K(X) is the restricted oper-
ator K(X) → K(X), so that (2.3) reduces to a well-known general criterion
(see [Wo91, Thm. 2.C.6(c)]) for the weak compactness of bounded operators.

The following examples from [ST92] demonstrate some typical applications
of (2.3). For p = 2 this is the result of Akemann and Wright [AW80] cited
above.

Example 2.6. Let 1 < p < ∞ and A,B ∈ L(`p). Then LARB is weakly
compact on L(`p) if and only if A ∈ K(`p) or B ∈ K(`p).

Proof. The implication ”⇐” is included in Proposition 2.3.(ii). For the con-
verse implication we first look at the simplest case where p = 2. Note that
to apply (2.4) we must exhibit, for any given pair A,B /∈ K(`2), an operator
S ∈ L(`2) so that ASB /∈ K(`2). This is easy to achieve. Indeed, by assump-
tion there are closed infinite-dimensional subspaces M1,M2 ⊂ `2, so that the
restrictions A|M2 and B|M1 are bounded below. Pick constants c1, c2 > 0 such
that

‖Bx‖ ≥ c1‖x‖ for x ∈ M1, ‖Ax‖ ≥ c2‖x‖ for x ∈ M2.

Define the bounded operator S on `2 = B(M1)⊕ (BM1)⊥ by requiring that S
is an isometry from B(M1) onto M2 and S = 0 on (BM1)⊥. Thus ‖ASBy‖ ≥
c1‖S(By)‖ ≥ c1c2‖y‖ for x ∈ M1, whence ASB /∈ K(`2).

To argue as above for p 6= 2 one needs for any U /∈ K(`p) to find a subspace
M ⊂ `p so that M is isomorphic to `p, M and U(M) are complemented in
`p, and U|M is bounded below. This basic sequence argument is familiar to
Banach space theorists, and we refer e.g. to [LT,Prop. 2.a.1 and 1.a.9] or
[Pi80, 5.1.3] for the details. ¤

A more serious refinement of these ideas yields the exact distance formula

dist(LARB ,W (L(`p))) = dist(A,K(`p)) · dist(B,K(`p))

for A,B ∈ L(`p) and 1 < p < ∞, see [ST94, Thm. 2.(ii)].
Condition (2.4) gives, after some additional efforts, the following identifi-

cation of the weakly compact maps LARB for the direct sum X = `p⊕ `q, see
[ST92, Prop. 3.5]. Here we represent operators S on `p ⊕ `q as an operator
matrix

S =
(

S11 S12

S21 S22

)
,

where S11 ∈ L(`p), S12 ∈ L(`q, `p), S21 ∈ L(`p, `q) and S22 ∈ L(`q).
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Example 2.7. Let 1 < p < q < ∞ and A,B ∈ L(`p ⊕ `q). Then LARB is
weakly compact on L(`p⊕`q) if and only if A ∈ K(`p⊕`q), or B ∈ K(`p⊕`q),
or

(2.8) A ∈
(

K(`p) L(`q, `p)
L(`p, `q) L(`q)

)
and B ∈

(
L(`p) L(`q, `p)

L(`p, `q) K(`q)

)
.

Examples 2.6 and 2.7 provide ample motivation to consider the more del-
icate case X = Lp(0, 1) for 1 < p < ∞ (recall that `p and `p ⊕ `2 embed as
complemented subspaces of Lp(0, 1)). According to Proposition 2.3.(ii) the
operator LARB is weakly compact on L(Lp(0, 1)) if A ∈ K(Lp(0, 1)) or B ∈
K(Lp(0, 1)), but these conditions are far from being necessary. For this recall
that U ∈ L(X,Y ) is a strictly singular operator, denoted U ∈ S(X,Y ), if the
restriction U|M does not define an isomorphism M → U(M) for any closed
infinite-dimensional subspaces M ⊂ X. It is known that UV ∈ K(Lp(0, 1))
whenever U, V ∈ S(Lp(0, 1)), see [Mi70, Teor. 7]. Hence condition (2.4)
immediately yields the following fact:

• If A,B ∈ S(Lp(0, 1)), then LARB is weakly compact on L(Lp(0, 1)).

The preceding cases do not yet exhaust all the possibilities. In fact, note that
(2.8) allows weakly compact multiplications LARB arising from non-strictly
singular operators A,B on `p⊕`2, and this example easily transfers to Lp(0, 1)
by complementation. The following question remains unresolved, and it is also
conceivable that there is no satisfactory answer.

Problem 2.8. Let 1 < p < ∞ and p 6= 2. Characterize those A, B ∈
L(Lp(0, 1)) for which LARB is weakly compact on L(Lp(0, 1)).

For our second class of examples recall that X has the Dunford-Pettis
property (DPP) if ‖Uxn‖ → 0 as n → ∞ for any U ∈ W (X, Y ), any weak-
null sequence (xn) of X and any Banach space Y . For instance, `1, L1(0, 1), c0,
C(0, 1) and L∞(0, 1) have the DPP (in fact, more generally any L1- and L∞-
space X has the DPP). We refer to the survey [Di80] for further information
about this property. Note that if X has the DPP, then UV ∈ K(Y, Z) for all
weakly compact operators U ∈ W (X,Z) and V ∈ W (Y,X). This fact and
Proposition 2.5 suggest that there might be an analogue of Vala’s theorem
for weakly compact multipliers LARB on L(X) if X has the DPP. It is an
elegant result of Racher [Ra92] that this is indeed so (a more restricted version
was contained in [ST92]). This fact provides plenty of non-trivial examples of
weakly compact multiplications. The formulation included here of Racher’s
result is not the most comprehensive one.

Theorem 2.9. Let X be a Banach space having the DPP, and suppose that
A,B ∈ L(X) are non-zero operators. Then LARB is weakly compact L(X) →
L(X) if and only if A ∈ W (X) and B ∈ W (X).

The proof of Racher’s theorem is based on the following useful auxiliary
fact.
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Lemma 2.10. Let X1, X2, X3, X4 be Banach spaces and suppose that A =
A1 ◦A2 ∈ W (X3, X4), B = B1 ◦B2 ∈ W (X1, X2) factor through the reflexive
spaces Z1, respectively Z2, so that

(2.9) LA∗∗2 RB1(L(X2, X
∗∗
3 )) ⊂ K(Z2, Z1).

Then LARB is weakly compact L(X2, X3) → L(X1, X4).

Proof. Let (Tγ) ⊂ BL(X2,X3) be an arbitrary net. It follows from Tychonoff’s
theorem and the w∗-compactness of BX∗∗

3
that there is a subnet, still denoted

by (Tγ), and an operator S ∈ L(X2, X
∗∗
3 ) so that

〈y∗,K3Tγx〉 → 〈y∗, Sx〉 for all x ∈ X2, y
∗ ∈ X∗

3 .

Here K3 denotes the natural map X3 → X∗∗
3 . Thus

〈z∗, A∗∗2 K3TγB1(z)〉 → 〈z∗, A∗∗2 SB1(z)〉 for all z ∈ Z2, z
∗ ∈ Z∗1 ,

where A∗∗2 SB1 ∈ K(Z2, Z1) and A∗∗2 K3TγB1 ∈ K(Z2, Z1) for all γ by the
assumption. A fundamental criterion for weak compactness in spaces of com-
pact operators, due to Feder and Saphar [FeS75, Cor. 1.2], yields then that
the net

A2TγB1 = A∗∗2 K3TγB1
w−→
γ

A∗∗2 SB1

in K(Z2, Z1). Thus LA2RB1 is weakly compact L(X2, X3) → K(Z2, Z1), and
so is LARB = LA1RB2 ◦ LA2RB1 . ¤

The proof of Theorem 2.9 is immediate from Lemma 2.10. Recall first
that the weakly compact operators A,B ∈ W (X) factor as A = A1 ◦ A2

and B = B1 ◦ B2 through suitable reflexive spaces Z1 and Z2 by the well-
known DFJP-construction, see [Wo91, Thm. II.C.5]. If X has the DPP, then
A2SB1 ∈ K(Z2, Z1) for any S ∈ L(X), so that (2.9) is satisfied.

It is also possible to prove analogues of Theorem 2.2 for the weak compact-
ness of elementary operators EA,B . The following version of Theorem 2.9 is
taken from [S95, Section 2]:
• Suppose that X has the DPP. Then the elementary operator EA,B is weakly
compact on L(X) if and only if there are m-tuples U = (U1, . . . , Um), V =
(V1, . . . , Vm) ∈ W (X)m so that

EA,B = EU,V .

It is possible to study multiplications and elementary operators in the gen-
eral setting of Banach operator ideals in the sense of Pietsch [Pi80]. This
extension is motivated by several reasons (one reason is the duality with the
nuclear operators used in the proof of Proposition 2.5). Recall that (I, ‖ · ‖I)
is a Banach operator ideal if I(X, Y ) ⊂ L(X,Y ) is a linear subspace for any
pair X, Y of Banach spaces, ‖ · ‖I is a complete norm on I(X, Y ) and
(i) x∗ ⊗ y ∈ I(X,Y ) and ‖x∗ ⊗ y‖I = ‖x∗‖ · ‖y‖ for x∗ ∈ X∗ and y ∈ Y ,
(ii) ASB ∈ I(X1, X2) and ‖ASB‖I ≤ ‖A‖·‖B‖·‖S‖I whenever S ∈ I(X,Y ),
A ∈ L(Y, X2) and B ∈ L(X1, X) are bounded operators.
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There is a large variety of useful and interesting examples of Banach operator
ideals. For instance, K, W , the nuclear operators (N, ‖ · ‖I) and the class
Πp of the p-summing operators are important examples (we refer to [Pi80] or
[DJT95] for further examples). Conditions (i) and (ii) imply that the basic
map LARB is bounded I(X2, X3) → I(X1, X4), and that in fact

(2.10) ‖LARB : I(X2, X3) → I(X1, X4)‖ = ‖A‖ · ‖B‖.
for any bounded operators A ∈ L(X3, X4), B ∈ L(X1, X2).

The study of multiplication operators in the framework of Banach operator
ideals was initiated by Lindström and Schlüchtermann in [LSch99]. Here one
obviously meets the following general problem:

• Let (I, ‖ · ‖I) and (J, ‖ · ‖J) be Banach operator ideals. For which operators
A and B does the map LARB : I(X2, X3) → I(X1, X4) belong to J?

Note that Proposition 2.3 admits a more general version. Recall for this
that (I, ‖ · ‖I) is a closed Banach operator ideal if the component I(X, Y ) is
closed in (L(X, Y ), ‖ · ‖) for any pair X, Y . The ideal (I, ‖ · ‖I) is injective
if JS ∈ I(X, Z) for any isometry J : Y → Z yield that S ∈ I(X, Y ) and
‖JS‖I = ‖S‖I . Moreover, (I, ‖ · ‖I) is surjective if SQ ∈ I(Z, Y ) for any
metric surjection Q : Z → X (that is, QBZ = BX) imply that S ∈ I(X, Y )
and ‖SQ‖I = ‖S‖I . For instance, K and W are injective and surjective ideals.

Let I and J be Banach operator ideals, and let A ∈ L(X3, X4), B ∈
L(X1, X2), where X1, . . . , X4 are any Banach spaces. The following general
facts hold, see [LSch99, Section 2].

• If A 6= 0 6= B and the map LARB : I(X2, X3) → I(X1, X4) belongs to J ,
then A ∈ J(X3, X4) and B∗ ∈ J(X∗

2 , X∗
1 ).

• Assume that I is injective, and that J is closed and injective. If A ∈
K(X3, X4) and B∗ ∈ J(X∗

2 , X∗
1 ), then the map LARB : I(X2, X3) → I(X1, X4)

belongs to J .
• Assume that I is surjective, and that J is closed and injective. If A ∈
J(X3, X4) and B ∈ K(X1, X2), then the map LARB : I(X2, X3) → I(X1, X4)
belongs to J .

Lindström and Schlüchtermann [LSch99] obtained several range inclusion
results for the multiplications LARB . We state two of their main results. Re-
call that the operator U ∈ L(X, Y ) is weakly conditionally compact if for ev-
ery bounded sequence (xn) ⊂ X there is weakly Cauchy subsequence (Uxnk

).
Clearly any weakly compact map is weakly conditionally compact. Note that
part (ii) below provides a partial converse of Lemma 2.10. We refer to Sec-
tion 4, or references such as [LT77] or [Wo91], for more background about
unconditional bases.

Theorem 2.11. Let X1, . . . , X4 be Banach spaces and A ∈ L(X3, X4), B ∈
L(X1, X2).
(i) Suppose that every S /∈ K(X2, X3) factors through a Banach space Z
having an unconditional basis, and that X3 does not contain any isomorphic
copies of c0. If the map LARB is weakly conditionally compact L(X2, X3) →
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L(X1, X4), then
LARB(L(X2, X3)) ⊂ K(X1, X4).

(ii) Suppose that every S /∈ K(X2, X3) factors through a Banach space Z
having an unconditional basis, and that LARB is weakly compact L(X2, X3) →
L(X1, X4). Then

A∗∗ ◦BL(X2,X3)
w∗OT ◦B ⊂ K(X1, X4),

where w∗OT denotes the w∗-operator topology in L(X2, X
∗∗
3 ).

The examples included in this section demonstrate that the conditions for
LARB to belong to a given operator ideal I usually depend on geometric or
structural properties of the Banach spaces involved. However, for suitable
classical Banach spaces it is still possible to obtain complete descriptions.
We next discuss some non-trivial results from [LST05] related to strict sin-
gularity. This class of operators is central for many purposes (such as in
perturbation theory and the classification of Banach spaces). The main re-
sult of [LST05] completely characterizes the strictly singular multiplications
LARB on L(Lp(0, 1)) for 1 < p < ∞. The simple form of the characterization
is rather unexpected, since the subspace structure of the algebras L(X) is
very complicated. The case p = 2 is essentially contained in Theorem 2.1,
and it is excluded below.

Theorem 2.12. Let 1 < p < ∞, p 6= 2, and suppose that A,B ∈ L(Lp(0, 1))
are non-zero. Then LARB is strictly singular L(Lp(0, 1)) → L(Lp(0, 1)) if
and only if A ∈ S(Lp(0, 1)) and B ∈ S(Lp(0, 1)).

In contrast to the simplicity of the statement above the proof of Theorem
2.12 is lengthy and quite delicate, and we are only able to indicate some
of the main steps and difficulties here. The implication ”⇐” is the non-
trivial one (the converse implication follows from the generalities). As the
starting point one notes that it suffices to treat the case 2 < p < ∞, since
the map U 7→ U∗ preserves strict singularity on Lp(0, 1), see [We77]. Assume
to the contrary that there are operators A,B ∈ S(Lp(0, 1)) so that LARB

is not strictly singular L(Lp(0, 1)) → L(Lp(0, 1)). Hence there is an infinite-
dimensional subspace N ⊂ L(Lp(0, 1)) so that LARB is bounded below on N .
The first step consists of ”modifying” N to obtain a block diagonal sequence
(Sk) ⊂ F(Lp(0, 1)), for which the restriction of LARB to [Sk : k ∈ N] is still
bounded below and the image sequence (ASkB) is as close as we want to a
block diagonal sequence (Uk) ⊂ F(Lp(0, 1)). By a block diagonal sequence
(Sk) is here meant that

Sk = (Pmk+1 − Pmk
)Sk(Pmk+1 − Pmk

) for k ∈ N,

where (mk) ⊂ N is some increasing sequence and (Pr) is the sequence of
basis projections associated to the Haar basis (hn) of Lp(0, 1). Note that
N ⊂ L(Lp(0, 1)) so that this reduction cannot be achieved just by a straight-
forward approximation. In fact, the actual argument proceeds through several
auxiliary results.
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In the next step one invokes classical estimates on unconditional basic
sequences in Lp(0, 1) to ensure that

(2.11) ‖
∑

k

ckSk‖ ≈ ‖(ck)‖s for (ck) ∈ `s,

where s satisfies 1
2 = 1

p + 1
s . The final challenge is to derive a contradiction

from (2.11) by a subtle comparison with the Kadec-PeÃlczynski dichotomy.
(This fundamental result [KP62] says that for any normalized basic sequence
(fn) in Lp(0, 1), where 2 < p < ∞, there is a subsequence (fnk

) so that
[fnk

: k ∈ N] is complemented in Lp(0, 1) and (fnk
) is either equivalent to the

unit vector basis of `p or `2).

Problem 2.13. Find a simpler approach to Theorem 2.12.

The delicacy above is further illustrated by the facts that Theorem 2.12
remains true for X = `p ⊕ `q, see [LST05, Thm. 4.1], but not for X =
`p ⊕ `q ⊕ `r, where 1 < p < q < r < ∞.

Example 2.14. Let 1 < p < q < r < ∞ and define J1, J2 ∈ S(`p ⊕ `q ⊕ `r)
by

J1(x, y, z) = (0, 0, j1y), J2(x, y, z) = (0, j2x, 0), (x, y, z) ∈ `p ⊕ `q ⊕ `r,

where j1 : `q → `r and j2 : `p → `q are the natural inclusion maps. Then
LJ1RJ2 is not strictly singular L(`p ⊕ `q ⊕ `r) → L(`p ⊕ `q ⊕ `r).

Indeed, by passing to complemented subspaces it is enough to check that
the related composition map Lj1Rj2 is not strictly singular L(`q) → L(`p, `r).
This fact follows from the straightforward computation that

‖
∑

n

anj∗2e∗n ⊗ j1en‖`p→`r = ‖
∑

n

ane∗n ⊗ en‖`q→`q = sup
n
|an|

for (an) ∈ c0, where (en) ⊂ `q is the unit vector basis and (e∗n) ⊂ `q′ is the
biorthogonal sequence.

The reference [LST05] also characterizes the strictly singular multiplica-
tions LARB on L(X) when X is a L1-space. This result is based on Theo-
rem 2.9 and the non-trivial fact, essentially due to Bourgain [B81], that here
L(X∗∗) has the DPP.

Qualitative results for the multiplication operators LARB are often helpful
when studying other aspects of multiplication or elementary operators. We
also mention an interesting application [BDL01, Section 5], where maps of
the form LARB are used to linearize the analytic composition operators Cφ :
f 7→ f ◦ φ on certain vector-valued spaces of analytic functions. Here φ is an
analytic self-map of the unit disc D = {z ∈ C : |z| < 1}.
Other developments. There is a quite extensive theory of tensor norms of
Banach spaces and tensor products of operators, which parallels the study of
the multiplication operators LARB . Recall that the norm α, defined on the
algebraic tensor products X⊗Y for all Banach spaces X, Y , is called a tensor
norm if
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(iii) α(x⊗ y) = ‖x‖ · ‖y‖ for x⊗ y ∈ X ⊗ Y ,
(iv) ‖A ⊗ B : (X1 ⊗ Y1, α) → (X ⊗ Y, α)‖ ≤ ‖A‖ · ‖B‖ for any bounded

operators A ∈ L(X1, X), B ∈ L(Y1, Y ) and Banach spaces X1, X, Y1, Y .

The α-tensor product X⊗̂αY is the completion of (X ⊗ Y, α). Property (iv)
states that any A ∈ L(X1, X) and B ∈ L(Y1, Y ) induce a bounded linear op-
erator A⊗̂αB : X1⊗̂αY1 → X⊗̂αY . We refer to [DeF93] for a comprehensive
account of tensor norms and tensor products of operators.

Tensor norms and Banach operator ideals are related to each other, but
this correspondence is not complete. For instance, recall that X∗⊗̂εY =
K(X,Y ) if X∗ or Y has the approximation property (see e.g. [DeF93, 5.3]),
while (X⊗̂πY )∗ = L(X∗, Y ) for any pair X, Y . Given A ∈ L(X) and B ∈
L(Y ) one may then identify, under appropriate conditions, the tensor product
operator A∗⊗̂εB with the map LA∗RB and (A⊗̂πB)∗ with LARB∗ . There are
many results which are more natural to state either in terms of multiplication
operators or tensor products of operators. An example of this for tensor
products is the following celebrated result of J. Holub [Ho70], [Ho74] (see also
[DeF93, 34.5]):

• A⊗̂εB is a p-summing operator whenever A and B are p-summing opera-
tors.

References such as e.g. [DiF76], [Pi87], [CDR89], [DeF93, Chapter 34], [Ra92]
and [LSch99] contain qualitative results for tensor products of operators which
resemble some of the results of this section for the multiplication operators.
Since the elementary operators are the main objects of this survey we have
not pursued this aspect.

It is not known whether Vala’s result (Theorem 2.1) holds for arbitrary
Banach operator ideals (alternatively, for arbitrary tensor norms).

Problem 2.15. Let (I, ‖·‖I) be an arbitrary Banach operator ideal. Is LARB

a compact operator I(X2, X3) → I(X1, X4) whenever A ∈ K(X3, X4) and
B ∈ K(X1, X2)?

The tensor version of this problem was discussed by Carl, Defant and Ra-
manujan [CDR89], where one finds a number of partial positive results.

3. Norms and spectra in various settings

This section discusses several results related to the computation of the
operator norm and of various spectra of (classes of) elementary operators.
It has turned out that computing the norm of reasonably general (classes
of) elementary operators is a difficult problem. In fact, only very recently
Timoney [Ti05] provided the first general formula for ‖EA,B‖ on L(`2), see
Theorem 3.10 below.

Recall as our starting point that

‖LARB : L(X) → L(X)‖ = ‖A‖ · ‖B‖
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by (2.10) for any Banach space X and any A,B ∈ L(X). The first non-trivial
results concern the norm of the inner derivations (or commutator maps)

LA −RA : L(X) → L(X); S 7→ AS − SA,

determined by A ∈ L(X). These concrete operators occur in many different
contexts. Since LA−λ − RA−λ = LA − RA for any scalar λ, we immediately
get the general upper bound

(3.1) ‖LA −RA‖ ≤ 2 · inf
λ∈K

‖A− λ‖,

which holds for any X (where the scalar field K is either R or C). Stampfli
[St70] showed that the preceding estimate is exact for the norm of the inner
derivations on L(`2).

Theorem 3.1. Let H be a complex Hilbert space and A ∈ L(H). Then

(3.2) ‖LA −RA‖ = 2 · inf{‖A− λ‖ : λ ∈ C}
Stampfli’s elegant formula also holds in the case of real scalars. Stampfli

[St70] extended it to the generalized derivations (or intertwining operators)
LA −RB on L(`2), where S 7→ AS − SB.

Theorem 3.2. Let H is a complex Hilbert space and A,B ∈ L(H). Then

(3.3) ‖LA −RB‖ = inf{‖A− λ‖+ ‖B − λ‖ : λ ∈ C}
Later Fialkow [Fi79, Example 4.14] observed that the operator A ∈ L(`2),

defined by Ae2n = e2n−1 and Ae2n−1 = 0 for n ∈ N, satisfies

‖LA −RA : C2 → C2‖ < 2 · inf
λ∈C

‖A− λ‖.

Here (en) is the unit coordinate basis of `2 and (C2, ‖ · ‖HS) is the Banach
ideal of L(`2) consisting of the Hilbert-Schmidt operators. Hence (3.2) fails
for arbitrary restrictions LA−RA : J → J , where J is a Banach ideal of L(`2).

Let H be a complex Hilbert space. Fialkow [Fi79] called the operator
A ∈ L(H) S-universal if ‖LA − RA : J → J‖ = 2 · inf{‖A − λ‖ : λ ∈ C} for
all Banach ideals J ⊂ L(H). Barraa and Boumazgour [BB01] obtained, in
combination with earlier results of Fialkow, the following neat characterization
of S-universality. Let W (A) = {(Ax, x) : x ∈ SH} be the numerical range of
A ∈ L(H).

Theorem 3.3. Let H be a complex Hilbert space and A ∈ L(H). Then the
following conditions are equivalent.
(i) A is S-universal,
(ii) ‖LA −RA : C2 → C2‖ = 2 · infλ∈C ‖A− λ‖,
(iii) diam(W (A)) = 2 · infλ∈C ‖A− λ‖,
(iv) diam(σ(A)) = 2 · infλ∈C ‖A− λ‖. (Here σ(A) is the spectrum of A.)

There are several proofs of Stampfli’s formula (3.2), see e.g. [AM03, Section
4.1]. We briefly discuss one of the approaches from [St70] of this fundamental
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result in order to convey an impression of the tools involved here. The maximal
numerical range of A ∈ L(H) is

W0(A) = {λ ∈ C : λ = lim
n

(Axn, xn),where (xn) ⊂ SH and ‖Axn‖ → ‖A‖}.
Here (·, ·) is the inner product on H. The set W0(A) is known to be non-empty,
closed and convex.

Sketch of the proof of Theorem 3.1. We first claim that if µ ∈ W0(A) then

(3.4) ‖LA −RA‖ ≥ 2(‖A‖2 − |µ|2)1/2.

Indeed, by assumption there is a sequence (xn) ⊂ SH so that µ = limn(Axn, xn)
and ‖A‖ = limn ‖Axn‖. Write Axn = αnxn + βnyn for n ∈ N, where
yn ∈ {xn}⊥ and ‖yn‖ = 1. Note that αn = (Axn, xn) → µ and |αn|2+ |βn|2 =
‖Axn‖2 → ‖A‖2 as n →∞. Define the rank-2 operators Vn ∈ L(H) by

Vn = (xn ⊗ xn − yn ⊗ yn) ◦ Pn,

where Pn is the orthogonal projection onto [xn, yn]. Here (u ⊗ v)x = (x, u)v
for u, v, x ∈ H. Thus ‖Vn‖ = 1 for n ∈ N. We obtain that

lim
n
‖AVnxn − VnAxn‖ = lim

n
‖αnxn + βnyn − (αnxn − βnyn)‖

= lim
n

2|βn| = 2(‖A‖2 − |µ|2)1/2

Since ‖LA −RA‖ ≥ lim supn ‖AVnxn − VnAxn‖ it follows that (3.4) holds.
Observe next that if 0 ∈ W0(A − λ0) for some scalar λ0 ∈ C, then (3.4)

yields the lower estimate

‖LA −RA‖ = ‖LA−λ0 −RA−λ0‖ ≥ 2‖A− λ0‖ ≥ 2 inf
λ∈C

‖A− λ‖.

Hence it follows from (3.1) that (3.2) holds.
The non-trivial part of the argument is to find λ0 ∈ C so that 0 ∈ W0(A−

λ0). This part is quite well-documented in the literature so we just refer to
Stampfli [St70] (who included two different approaches), [Fi92, Section 2] or
[AM03, Thm. 4.1.17]). ¤

Stampfli asked whether (3.2) also holds for the inner derivations on L(X),
where X is an arbitrary Banach space. This was disproved by the following
example of Johnson [J71].

Example 3.4. Let 1 < p < ∞ and p 6= 2. Then there is a rank-1 operator
A ∈ L(`p) for which

‖LA −RA‖ < 2 · inf{‖A− λ‖ : λ ∈ C}.
Johnson [J71] also provided examples of spaces X where (3.2) does hold.

Example 3.5. Let `1n(R) = (Rn, ‖ · ‖1). Then

‖LA −RA‖ = 2 · inf{‖A− λ‖ : λ ∈ R}
for any A ∈ L(`1n(R)).



268 EERO SAKSMAN AND HANS-OLAV TYLLI

Above `1n(R) is not uniformly convex. Subsequently Kyle [Ky77] obtained
an elegant connection between Stampfli’s formula and isometric characteriza-
tions of Hilbert spaces within the class of uniformly convex spaces.

Theorem 3.6. Let X be a uniformly convex Banach space over the scalars
K. Then the following conditions are equivalent.
(i) X is isometric to a Hilbert space,
(ii) ‖LA −RA‖ = 2 · infλ∈K ‖A− λ‖ holds for any A ∈ L(X),
(iii) ‖LA−RA‖ = 2 · infλ∈K ‖A−λ‖ holds for any rank-1 operator A ∈ L(X).

There has been much recent work concerning the computation of norms (of
classes) of elementary operators. An optimal outcome would be a formula for

‖
n∑

j=1

LAj
RBj

: L(X) → L(X)‖

which in some sense involves the coefficients A = (A1, . . . , An) ∈ L(X)n,
B = (B1, . . . , Bn) ∈ L(X)n of a given elementary operator EA,B so that their
contribution to the norm is clarified in some non-trivial sense (at least in
the case where X is a Hilbert space). One obvious obstruction is the non-
uniqueness of the representation of such operators. Runde [Run00] observed
that ‖EA,B‖ is not symmetric in the sense that the norms do not remain
uniformly bounded in the flip correspondence EA,B → EB,A (note that this
is not well-defined as a map). Timoney [Ti01] gave the following simplified
version of Runde’s instructive example.

Example 3.7. Suppose that X is a Banach space with a normalized basis
(en) and biorthogonal sequence (e∗n) ⊂ X∗. Put Aj = e∗j⊗e1 and Bj = e∗1⊗ej

for j ∈ N. Then

‖
n∑

j=1

LAj RBj‖ ≥ n, ‖
n∑

j=1

LBj RAj‖ ≤ C, n ∈ N,

where C is the basis constant of (en).

Proof. For S ∈ L(X) one gets that
n∑

j=1

LAj RBj (S) =
n∑

j=1

(e∗j ⊗ e1) ◦ S ◦ (e∗1 ⊗ ej) = (
n∑

j=1

〈e∗j , Sej〉)e∗1 ⊗ e1.

Thus ‖∑n
j=1 LAj RBj‖ ≥ n‖e∗1 ⊗ e1‖ = n by choosing S = IX . Moreover, for

S ∈ L(X) and x ∈ X one obtains that

‖
n∑

j=1

LBj RAj (S)x‖ = ‖〈e∗1, Se1〉
n∑

j=1

e∗j (x)ej‖

≤ ‖S‖ · ‖Pn‖ · ‖
∞∑

j=1

e∗j (x)ej‖ ≤ C · ‖S‖ · ‖x‖.

Above x =
∑∞

j=1 e∗j (x)ej for x ∈ X, Pn denotes the natural basis projection
X → [e1, . . . , en] and C = supm ‖Pm‖ is the basis constant. ¤
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By exercising somewhat more care in the argument (see [Ti01, Thm. 1]) it
is enough above to assume just that the basic sequence (en) spans a comple-
mented subspace of X.

Let X be a Banach space and A,B ∈ L(X). Clearly the symmetrized
elementary operator LARB + LBRA, for which S 7→ ASB + BSA for S ∈
L(X), satisfies

‖LARB + LBRA : L(X) → L(X)‖ ≤ 2‖A‖ · ‖B‖.
For these maps it is natural to look for lower bounds having the form

(3.5) ‖LARB + LBRA : L(X) → L(X)‖ ≥ cX‖A‖ · ‖B‖,
for some constant cX > 0, possibly depending on X. In particular, Mathieu
[Ma89] conjectured that cH = 1. Recently Mathieu’s conjecture was indepen-
dently solved, using different methods, by Timoney [Ti03a] and by Blanco,
Boumazgour and Ransford [BBR04].

Theorem 3.8. Let H be a Hilbert space. Then

‖LARB + LBRA : L(H) → L(H)‖ ≥ ‖A‖ · ‖B‖
for any A,B ∈ L(H).

Earlier Stacho and Zalar [SZ96] showed that Mathieu’s conjecture holds
for self-adjoint A,B ∈ L(H), and that

‖LARB + LBRA : L(H) → L(H)‖ ≥ 2(
√

2− 1)‖A‖ · ‖B‖
for any A,B ∈ L(H). The bound 2(

√
2− 1) occurs naturally in the following

result due Blanco, Boumazgour and Ransford [BBR04, Thm. 5.1 and Prop.
5.3].

Theorem 3.9. In (3.5) one has that cX ≥ 2(
√

2 − 1) for any Banach space
X. The bound 2(

√
2− 1) cannot be improved e.g. on X = (R2, ‖ · ‖∞), `∞ or

`1.

The general estimate in Theorem 3.9 also holds for the norm of the restric-
tions LARB + LBRA : I(X) → I(X), where I is a Banach operator ideal.

Very recently Timoney [Ti05], building on his earlier work [Ti03b], ob-
tained a couple of general formulas for the norm ‖EA,B‖ in the Hilbert space
case. His work provides a solution of the norm problem which involves matrix
numerical ranges and a notion of tracial geometric mean. We briefly describe
his solution, though we are not able to include any details here. The tracial
geometric mean of the positive (semi-definite) n× n-matrices U, V is

tgm(U, V ) = trace

√√
UV

√
U =

n∑

j=1

√
λj(UV ).

Here
√· denotes the positive square root, and (λj(UV )) are the eigenvalues

of UV ordered in non-increasing order and counting multiplicities. For the
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n-tuple A = (A1, . . . , An) ∈ L(H)n and x ∈ H one introduces the scalar
n× n-matrix

Q(A, x) = ((A∗i Ajx, x))n
i,j=1 = ((Ajx,Aix))n

i,j=1.

The first version [Ti05, Thm. 1.4] of Timoney’s formula reads as follows.

Theorem 3.10. For any A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(H)n one
has

‖EA,B : L(H) → L(H)‖ = sup{tgm(Q(A∗, x), Q(B, y)) : x, y ∈ SH},
where A∗ = (A∗1, . . . , A

∗
n).

Next put

‖(x1, . . . , xn)‖S1 = trace
√

((xi, xj))n
i,j=1

for (x1, . . . , xn) ∈ Hn. This defines a norm on Hn, see [Ti05, Lemma 1.7].
For A = (A1, . . . , An) ∈ L(H)n let ‖A‖S1 denote the norm of A considered
as an operator H → (Hn, ‖ · ‖S1). One gets the following alternative formula
[Ti05, Thm. 1.10] for the norm.

Theorem 3.11. For any A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(H)n one
has

‖EA,B : L(H) → L(H)‖ = sup{‖
√

Q(B, y)tA∗‖S1 : y ∈ SH},
where A∗ = (A∗1, . . . , A

∗
n) and Q(B, y)t is the transpose of the matrix Q(B, y).

Timoney [Ti05] also established versions of Theorems 3.10 and 3.11 for
the norm of elementary operators on arbitrary C∗-algebras A. Moreover,
he characterized the compact elementary operators A → A, thus providing
a complete generalization of Theorem 2.2 to the setting of C∗-algebras (see
[AM03, 5.3.26] for earlier results of Mathieu in the case of prime algebras).

For further results about the norms of elementary operators on L(H) or
on classes of C∗-algebras we refer to e.g. [AM03, Sections 4.1,4.2 and 5.4],
[AST05], [Ti05] (and the references therein), as well as to Theorems 4.13 and
4.14 concerning elementary operators on the Calkin algebra.

Let X be a complex Banach space and A,B ∈ L(X). It is an easy exercise
to check that the spectrum σ(LA) = σ(A) = σ(RA) for any operator A. Since
LARB = RBLA it follows immediately from elementary Gelfand theory that
the spectra of LARB and LA −RB satisfy

σ(LARB) ⊂ σ(A)σ(B), σ(LA −RB) ⊂ σ(A)− σ(B),

where σ(A) − σ(B) ≡ {α − β : α ∈ σ(A), β ∈ σ(B)}. Lumer and Rosenblum
[LR59] showed the exact formula

(3.6) σ(
n∑

j=1

Lfj(A)Rgj(B)) = {
n∑

j=1

fj(α)gj(β) : α ∈ σ(A), β ∈ σ(B)},

which holds whenever fj is holomorphic in a neighborhood of σ(A) and gj is
holomorphic in a neighborhood of σ(B) for j = 1, . . . , n. (The result itself
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is attributed to Kleinecke in [LR59].) Hence simple choices in (3.6) of the
holomorphic functions imply that in fact

σ(LARB) = σ(A)σ(B), σ(LA −RB) = σ(A)− σ(B).

For a long time it remained a considerable challenge to compute the spec-
trum σ(EA,B) of general elementary operators. A satisfactory formula was
eventually obtained by Curto [Cu83] for Hilbert spaces X, and this result
was later substantially improved by Curto and Fialkow [CuF87] (again for
Hilbert spaces) and Eschmeier [E88] (for arbitrary Banach spaces). (Some of
these facts were announced by Fainshtein [F84].) Here one expresses the spec-
trum σ(EA,B) and the essential spectrum σe(EA,B) in terms of the Taylor joint
spectrum and the Taylor joint essential spectrum of the n-tuples (A1, . . . , An)
and B = (B1, . . . , Bn). We refer to the survey [Cu92] for further references
to the numerous intermediary results (including those for tensor products of
operators) that culminated in Theorems 3.12 and 3.13 below.

Let A = (A1, . . . , An) ∈ L(X)n be an n-tuple such that the set {A1, . . . , An}
commutes. The Taylor joint spectrum σT (A) consists of λ = (λ1, . . . , λn) ∈
Cn so that the Koszul complex corresponding to A−λ is not exact. Actually
we will not require the precise homological definition here, and we refer e.g.
to [Ta70], [Cu88] or [Mu02] for the details. The set σT (A) ⊂ Cn is compact
and non-empty. We will use below the convenient notation

U ◦ V ≡ {
n∑

j=1

αjβj : (α1, . . . , αn) ∈ U, (β1, . . . , βn) ∈ V }

for subsets U, V ⊂ Cn. It will also be convenient to discuss simultaneously
the spectrum of the restrictions EA,B : I → I, where I ⊂ L(X) is any Banach
ideal, since the results do not depend on I and the arguments are similar.

Theorem 3.12. Let X be a complex Banach space and I ⊂ L(X) be any
Banach ideal. Suppose that A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n are
n-tuples such that {A1, . . . , An} and {B1, . . . , Bn} are commuting sets. Then

(3.7) σ(EA,B : I → I) = σT (A) ◦ σT (B).

The essential spectrum of S ∈ L(X) is

σe(S) = {λ ∈ C : λ− S is not a Fredholm operator}.
Recall that S ∈ L(X) is a Fredholm operator if there are operators T ∈ L(X)
and K1,K2 ∈ K(X) so that ST = IX +K1 and TS = IX +K2. Thus σe(S) is
the spectrum of the quotient element S + K(X) in the corresponding Calkin
algebra L(X)/K(X). The references [E88] and [CuF87] also compute the
essential spectrum σe(EA,B) in the preceding setting. Let A = (A1, . . . , An) ∈
L(X)n be a commuting n-tuple. We recall that the Taylor joint essential
spectrum σTe(A) consists of the λ ∈ Cn for which the Koszul complex of A−λ
is not Fredholm (see again e.g. [E88] or [Cu92] for the precise definition).
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Theorem 3.13. Let X be a complex Banach space and let I ⊂ L(X) be any
Banach ideal. Suppose that A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n are
n-tuples such that {A1, . . . , An} and {B1, . . . , Bn} are commuting sets. Then

(3.8) σe(EA,B : I → I) = σTe(A) ◦ σT (B) ∪ σT (A) ◦ σTe(B).

Theorems 3.12 and 3.13 remain valid for the spectrum and the essential
spectrum of the analogous tensor product operators

∑n
j=1 Aj⊗Bj with respect

to any tensor norm (this is the explicit point of view in [E88]). The arguments
in [E88] and [CuF87] apply multivariable spectral theory and some homolog-
ical algebra (the requisite background is discussed e.g. in the surveys [Cu88]
and [Cu92]). A central idea is to determine the complete spectral picture and
compute, or in the Banach space case to suitably estimate, the Taylor joint
(essential) spectra of the commuting 2n-tuples

(A⊗ IX , IX ⊗B) = (A1 ⊗ I, . . . , An ⊗ I, I ⊗B1, . . . , I ⊗Bn)

or (LA, RB) = (LA1 , . . . , LAn , RB1 , . . . , RBn). Theorems 3.12 and 3.13 are
then obtained by applying the polynomial spectral mapping property to P :
Cn × Cn → C, where P (z, w) =

∑n
j=1 zjwj for z, w ∈ Cn. The references

[E88] and [CuF87] contain plenty of additional information related to other
classical subsets of the spectrum as well as index formulas. By contrast we
will provide below minimalist approaches to (3.7) and (3.8), which are based
on ideas from [S95].

Before proving (3.7) we mention that it is even possible to identify the weak
essential spectrum σw(EA,B) in several situations. Here

σw(S) = {λ ∈ C : λ− S is not invertible modulo W (Y )}
for S ∈ L(Y ). Recall that S ∈ L(Y ) is invertible modulo W (Y ) if there are
T ∈ L(Y ) and V1, V2 ∈ W (Y ) so that ST = IY + V1 and TS = IY + V2. We
refer e.g. to Section 2 and Corollary 4.2 for results about weakly compact
elementary operators. The following results were obtained in [ST94].

Theorem 3.14. (i) Let 1 < p < ∞ and A,B ∈ L(`p). Then

σw(LARB) = σe(A)σe(B).

(ii) Let X be an arbitrary complex Banach space and A,B ∈ L(X). Then

(3.9) σw(A∗)σ(B) ∪ σ(A)σw(B) ⊂ σw(LARB) ⊂ σe(A)σ(B) ∪ σ(A)σe(B).

For instance, if X∗ has the Dunford-Pettis property, then one obtains from
(3.9) that

σw(LARB) = σe(LARB) = σe(A)σ(B) ∪ σ(A)σe(B).

For this equality one has to recall a few well-known facts. Firstly, if Y has
the DPP and V ∈ W (Y ), then IY + V is a Fredholm operator. In fact, by
assumption V 2 ∈ K(Y ) so that IY −V 2 = (IY +V )(IY −V ) = (IY −V )(IY +V )
is a Fredholm operator, whence IY + V is also Fredholm. This yields that
σw(S) = σe(S) for any S ∈ L(Y ). Secondly, X has the DPP if X∗ has this
property. Finally, σe(S∗) = σe(S) for any operator S.
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Subsequently Saksman [S95] extended Theorem 3.14 to the weak essential
spectra of elementary operators in certain cases. We state a couple of results
from [S95].

Theorem 3.15. Let X be a complex Banach space and suppose that A =
(A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n are commuting n-tuples.
(i) If X = `p and 1 < p < ∞, then

σw(EA,B) = σTe(A) ◦ σTe(B).

(ii) If X∗ has the DPP, then

σw(EA,B) = σTe(A) ◦ σT (B) ∪ σT (A) ◦ σTe(B).

The ideas underlying Theorem 3.15, and the earlier Theorem 3.14 for the
case LARB , yield ”elementary” approaches to Theorems 3.12 and 3.13 that do
not use any homological algebra (as was pointed out on [S95, p. 182]). In order
to give the reader some impressions of the techniques involved in computing
the spectra of elementary operators we present here a fairly detailed argument
for Theorem 3.12 along these lines. We also point out the main additional
ideas needed for a proof of Theorem 3.13 using elementary tools, see Remark
3.17 below.

We begin by recalling some classical concepts of joint spectra. Let X be
a complex Banach space and let A = (A1, . . . , An) ∈ L(X)n be a n-tuple of
commuting operators. The (joint) approximative point spectrum σπ(A) of
A = (A1, . . . , An) consists of the points λ = (λ1, . . . , λn) ∈ Cn for which

inf
x∈SX

n∑

j=1

‖(Aj − λj)x‖ = 0.

The joint approximative spectrum of A = (A1, . . . , An) is then

σa(A) = σπ(A) ∪ σπ(A∗),

where A∗ = (A∗1, . . . , A
∗
n). The left spectrum σl(A) of A = (A1, . . . , An)

consists of (λ1, . . . , λn) ∈ Cn such that
∑n

j=1 Sj(Aj−λj) 6= IX for all n-tuples
(S1, . . . , Sn) ∈ L(X)n. Similarly, (λ1, . . . , λn) ∈ σr(A) if

∑n
j=1(Aj − λj)Sj 6=

IX for (S1, . . . , Sn) ∈ L(X)n. The Harte joint spectrum of A = (A1, . . . , An)
is

σH(A) = σl(A) ∪ σr(A).
For a single operator S ∈ L(X) (that is, the case n = 1) one has σT (S) =
σH(S) = σa(S) = σ(S). According to the polynomial spectral mapping
property for the Taylor spectrum one has

σ(P (A1, . . . , An)) = P (σT (A1, . . . , An)).

for any commuting n-tuple A = (A1, . . . , An) ∈ L(X)n and for any scalar
polynomial P : Cn → C. This property also holds for the joint spectra σH(·)
and σa(·). We refer e.g to [Cu88] for a further discussion of multivariable
spectral theory.

The following technical observation will be crucial. This fact goes back to
Curto [Cu86, Thm. 3.15] (see also [S95, Prop. 1]).
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Lemma 3.16. Let A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n be commut-
ing n-tuples, and P : Cn × Cn → C be a polynomial. Then

P (σT (A)× σT (B)) = P (σH(A)× σH(B)) = P (σa(A)× σa(B)).

Proof. We verify the inclusion P (σT (A)× σT (B)) ⊂ P (σa(A)× σa(B)). The
other inclusions are similar (actually, one could also apply the fact that
σa(A) ⊂ σH(A) ⊂ σT (A) for any commuting n-tuple A, see e.g. [Cu88]).

Let P (α0, β0) ∈ P (σT (A)×σT (B)), and consider the polynomial Q1 : Cn →
C, where Q1(z) = P (z, β0). It follows from the polynomial spectral mapping
theorems, and the fact that these spectra coincide for a single operator, that

P (α0, β0) = Q1(α0) ∈ Q1(σT (A)) = σ(Q1(A)) = Q1(σa(A)).

Hence there is α1 ∈ σa(A) so that P (α0, β0) = Q1(α1) = P (α1, β0). By
applying the same argument to Q2 : Cn → C, where Q2(w) = P (α1, w), we
get β1 ∈ σa(B) so that

P (α0, β0) = P (α1, β0) = Q2(β0) = Q2(β1) = P (α1, β1) ∈ P (σa(A)× σa(B)).

¤

Proof of Theorem 3.12. The strategy is to prove the inclusions

(3.10) σH((LA, RB); L(I)) ⊂ σH(A)× σH(B),

(3.11) P (σa(A)× σa(B)) ⊂ σ(P (LA, RB) : I → I),

for any polynomial P : Cn × Cn → C. Above σH((LA, RB); L(I)) denotes
the Harte spectrum of the commuting 2n-tuple (LA1 , . . . , LAn , RB1 , . . . , RBn)
in the algebra L(I). By applying Lemma 3.16 with the choice P (z, w) =∑n

j=1 zjwj to (3.10) and (3.11) we get the desired identities

σ(EA,B : I → I) = σT (A) ◦ σT (B) = σH(A) ◦ σH(B) = σa(A) ◦ σa(B).

It is enough towards (3.10) to verify that

(3.12) σl((LA, RB); L(I)) ⊂ σl(A)× σr(B),

(3.13) σr((LA, RB); L(I)) ⊂ σr(A)× σl(B).

These inclusions were probably first noted by Harte. If λ /∈ σl(A) then there
is an n-tuple S = (S1, . . . , Sn) ∈ L(X)n so that

∑n
j=1 Sj(Aj − λj) = IX . It

follows that
n∑

j=1

LSj LAj−λj +
n∑

j=1

0 ◦RBj−µj = IdI ,

so that (λ, µ) /∈ σl((LA, RB); L(I)). If µ /∈ σr(B) then there is an n-tuple
T = (T1, . . . , Tn) ∈ L(X)n so that

∑n
j=1(Bj − µj)Tj = IX . We get that

n∑

j=1

0 ◦ LAj−λj +
n∑

j=1

RTj RBj−µj = IdI ,

that is, (λ, µ) /∈ σl((LA, RB); L(I)). The verification of (3.13) is similar.
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The proof of the lower inclusion (3.11) is the crucial step of the argument.
Suppose that (λ, µ) ∈ σa(A)× σa(B). We first factorize

P (z, w)− P (λ, µ) =
n∑

j=1

Gj(z, w)(zj − λj) +
n∑

j=1

Hj(z, w)(wj − µj),

where Gj and Hj are suitable polynomials for j = 1, . . . , n, so that

Φ = P (LA, RB)−P (λ, µ) =
n∑

j=1

Gj(LA, RB)◦LAj−λj +
n∑

j=1

Hj(LA, RB)◦RBj−µj

defines a bounded operator on I. Assume next to the contrary that P (λ, µ) /∈
σ(P (LA, RB); I → I), so that Φ is invertible I → I. Since σa(A) = σπ(A) ∪
σπ(A∗), and similarly for σa(B), we get four cases which are all handled
somewhat differently.

Case 1. λ ∈ σπ(A), µ ∈ σπ(B∗). There are sequences (xk) ⊂ SX and
(x∗k) ⊂ SX∗ so that ‖(Aj − λj)xk‖ → 0 and ‖(B∗

j − µj)x∗k‖ → 0 as k → ∞
for each j = 1, . . . , n. Consider the rank-1 operator x∗k ⊗ xk ∈ I, for which
‖x∗k ⊗ xk‖I = 1 for k ∈ N. Hence

‖(LAj−λj )(x
∗
k ⊗ xk)‖I = ‖x∗k‖ · ‖(Aj − λj)xk‖ → 0,

‖(RBj−µj )(x
∗
k ⊗ xk)‖I = ‖(B∗

j − µj)x∗k‖ · ‖xk‖ → 0

as k → ∞ for j = 1, . . . , n. Here ‖ · ‖I is the norm on the Banach ideal I.
Deduce that

Φ(x∗k ⊗ xk) =
n∑

j=1

Gj(LA, RB)(LAj−λj )(x
∗
k ⊗ xk) +

+
n∑

j=1

Hj(LA, RB)(RBj−µj )(x
∗
k ⊗ xk)

converges to 0 in I as k →∞, which contradicts the fact that Φ is invertible.

Case 2. λ ∈ σπ(A∗), µ ∈ σπ(B). There are (xk) ⊂ SX and (x∗k) ⊂ SX∗ so
that ‖(A∗j − λj)x∗k‖ → 0 and ‖(Bj − µj)xk‖ → 0 as k → ∞ for j = 1, . . . , n.
Define a linear functional ψk on I by

ψk(S) = 〈x∗k, Sxk〉, S ∈ I.

Thus ψk ∈ I∗ and ‖ψk‖ = 1 for k ∈ N since I is a Banach ideal. Since
Gj(LA, RB) ◦ LAj−λj = LAj−λj ◦ Gj(LA, RB) and Hj(LA, RB) ◦ RBj−µj =
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RBj−µj ◦Hj(LA, RB) for j = 1, . . . , n we get for any S ∈ I that

|Φ∗ψk(S)| ≤
n∑

j=1

|〈(A∗j − λj)x∗k, (Gj(LA, RB)(S))xk〉|

+
n∑

j=1

|〈x∗k, (Hj(LA, RB)(S))((Bj − µj)xk)〉|

≤ c
n∑

j=1

‖(A∗j − λj)x∗k‖ · ‖S‖I + d
n∑

j=1

‖(Bj − µj)xk‖ · ‖S‖I .

Here c = maxj≤n ‖Gj(LA, RB)‖ and d = maxj≤n ‖Hj(LA, RB)‖ considered
as operators I → I. This implies that ‖Φ∗(ψk)‖ → 0 as k →∞, which again
contradicts the invertibility of Φ.
Case 3. λ ∈ σπ(A), µ ∈ σπ(B). There are (xk) ⊂ SX and (yk) ⊂ SX so
that ‖(Aj − λj)xk‖ → 0 and ‖(Bj − µj)yk‖ → 0 as k → ∞ for j = 1, . . . , n.
Fix x∗, y∗ ∈ SX∗ and consider the normalized rank-1 operators Uk = x∗ ⊗
xk, Vk = y∗ ⊗ yk ∈ I for k ∈ N. Here ‖(Aj − λj)Uk‖I = ‖(Aj − λj)xk‖ →
0 and ‖(Bj − µj)Vk‖I → 0 as k → ∞ for j = 1, . . . , n. Note next that
Φ ◦ LAj−λj = LAj−λj ◦ Φ for each j, since {LA1 , . . . , LAn , RB1 , . . . , RBn}
commutes by assumption. Hence

Φ ◦ LAj−λj ◦ Φ−1 ◦ LUk
= L(Aj−λj)Uk

→ 0

as k →∞, considered as operators on I, for each j. This means that LAj−λj ◦
Φ−1 ◦ LUk

→ 0 as k → ∞, since Φ is invertible on I by assumption. We get
that

RVk
LUk

= RVk
◦ Φ ◦ Φ−1 ◦ LUk

=
n∑

j=1

RVk
◦Gj(LA, RB) ◦ LAj−λj ◦ Φ−1 ◦ LUk

+
n∑

j=1

RVk
◦RBj−µj ◦Hj(LA, RB) ◦ Φ−1 ◦ LUk

→ 0

as k → ∞. Above we also used the fact that Hj(LA, RB) and RBj−µj

commute for each j. This contradicts the fact that ‖RVk
LUk

: I → I‖ =
‖Uk‖ · ‖Uk‖ = 1 for k ∈ N by (2.10).
Case 4. λ ∈ σπ(A∗), µ ∈ σπ(B∗). There are sequences (x∗k), (y∗k) ⊂ SX∗ for
which ‖(A∗j − λj)x∗k‖ → 0 and ‖(B∗

j − µj)y∗k‖ → 0 as k →∞ for j = 1, . . . , n.
Fix x, y ∈ SX and consider Uk = x∗k ⊗ x, Vk = y∗k ⊗ y ∈ I for k ∈ N. Thus
‖Uk(Aj − λj)‖I → 0 and ‖Vk(Bj − µj)‖I → 0 as k → ∞ for j = 1, . . . , n.
By arguing as in Case 3 we get that LUk

◦ Φ−1 ◦ LAj−λj → 0 as k → ∞
for = 1, . . . , n, from which we again deduce the contradiction that ‖LUk

RVk
:

I → I‖ → 0 as k →∞. ¤

Remark 3.17. Perhaps more interestingly, one may also recover an alter-
native proof of Theorem 3.13 by suitably modifying the arguments of [S95,
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Prop. 10 and Thm. 11], see the Remark on [S95, p. 182]. However, the
argument is more delicate than the previous one, and here we just indicate
the main additional ideas. In this case the strategy is to show the inclusions

(3.14) σHe((LA, RB); L(I)) ⊂ σHe(A)× σH(B) ∪ σH(A)× σHe(B),

(3.15) σHe(A)× σa(B) ∪ σa(A)× σHe(B∗) ⊂ σ′′((LA, RB); C(I)).

In (3.15) one meets a crucial observation, that is, the advantage of using the
bicommutant spectrum σ′′((LA, RB); C(I)). Above σ′′((LA, RB); C(I)) is the
algebraic joint spectrum of

(LA1 + K(I), . . . , LAn + K(I), RB1 + K(I), . . . , RBn + K(I))

in the (commutative) bicommutant subalgebra

{LA1 + K(I), . . . , LAn + K(I), RB1 + K(I), . . . , RBn + K(I)}′′

of C(I) = L(I)/K(I) and σHe(A) = σle(A) ∪ σre(A) is the Harte spec-
trum of (LA1+K(X), . . . , LAn+K(X)) computed on the Calkin algebra C(X) =
L(X)/K(X). Another important tool in the proof is the construction of Fred-
holm inverses for operator n-tuples on X assuming their existence on the level
of elementary operators on I.

The following approximation problem for the inverses of elementary opera-
tors has some practical interest. Note that the class E(L(X)) of all elementary
operators is a subalgebra of L(L(X)) for any Banach space X.

Problem 3.18. Does the inverse E−1
A,B ∈ E(L(X)) whenever the elementary

operator EA,B is invertible on L(X)? Here E(L(X)) is the uniform closure of
the subalgebra E(L(X)) in L(L(X)).

For instance, the above holds for invertible generalized derivations LA−RB ,
where A,B ∈ L(X), or for invertible EA,B if A,B ∈ L(H)n are commuting
n-tuples of normal operators on a Hilbert space H. This is seen for LA −RB

by applying an integral representation of (LA − RB)−1 due to Rosenblum
[Ro56, Thm. 3.1]. One should mention here a striking approximation result
due to Magajna [M93, Cor. 2.3]:
• Let A be a C∗-algebra, and suppose that φ : A → A is a bounded linear
operator so that φ(I) ⊂ I for any closed 2-sided ideals I ⊂ A. Then φ ∈
E(A)

SOT
, the closure in the strong operator topology of L(A).

Above E(A) is the class of elementary operators on A. Magajna’s result
yields some information related to Problem 3.18. Suppose that EA,B is invert-
ible on L(`2) for the n-tuples A,B ∈ L(`2)n. By applying Magajna’s result
to φ = E−1

A,B we get that

E−1
A,B ∈ E(L(X))

SOT
.

In fact, K(`2) is the only non-trivial ideal of L(`2) and EA,B(K(`2)) = K(`2)
since (EA,B |K(`2))

∗∗ = EA,B by (4.17) and (4.18).
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Other developments. McIntosh, Pryde and Ricker [MPR88] estimate the
growth of the norm ‖S‖ of solutions to the elementary operator equation

EA,B(S) = Y

for commuting n-tuples A,B ∈ L(X)n consisting of generalized scalar opera-
tors. (Recall that S ∈ L(X) is a generalized scalar operator if there is s ≥ 0
and C < ∞ so that ‖exp(itS)‖ ≤ C(1 + |t|s) for t ∈ R.) Recently Shul-
man and Turowska [ShT05] have obtained an interesting approach to some
operator equations that include those arising from elementary operators.

Moreover, we note that Arendt, Räbiger and Sourour [ARS94] discuss the
spectrum of the map S 7→ AS + SB in the setting of unbounded operators
A,B.

4. Elementary operators on Calkin algebras

Let X be an arbitrary Banach space and let EA,B =
∑n

j=1 LAj RBj be the
elementary operator on L(X) associated to the n-tuples A = (A1, . . . , An),
B = (B1, . . . , Bn) ∈ L(X)n. Since K(X) is a closed 2-sided ideal of L(X) the
operator EA,B induces the related elementary operator

Ea,b; s 7→
n∑

j=1

ajsbj , C(X) → C(X),

on the Calkin algebra C(X) = L(X)/K(X), where we denote quotient el-
ements by s = S + K(X) ∈ C(X) for S ∈ L(X). The quotient norm
‖S‖e ≡ dist(S, K(X)) for S ∈ L(X) is called the essential norm. (We will
change here freely between these notations.)

In this section we will see that the operators Ea,b on the quotient algebra
C(X) has several remarkable properties which are not shared by EA,B on
L(X). Roughly speaking, Ea,b are quite ”rigid” operators and this also tells
something about EA,B . Let H be a Hilbert space. Fong and Sourour [FS79, p.
856] asked whether the compactness of Ea,b : C(H) → C(H) actually implies
that Ea,b = 0, that is, whether the Calkin algebra C(H) admits any non-trivial
compact elementary operators Ea,b.

Clearly such a property does not hold for the elementary operators on
L(X), since already LARB is a non-zero finite rank operator on L(X) when-
ever A 6= 0 6= B are finite rank operators on X. We next recall why the
Fong-Sourour conjecture holds for the simplest operators LaRb to get a feel-
ing for the matter. In fact, if A,B /∈ K(H) then by a simple modification of
the argument of Example 2.6 (for p = 2) one finds A1, A2, B1, B2 ∈ L(H) so
that A1AA2 = IH = B1BB2. It follows that

IC(H) = La1Rb2 ◦ LaRb ◦ La2Rb1 ,

whence LaRb is not weakly compact on C(H).
The Fong-Sourour conjecture was independently solved in the positive by

Apostol and Fialkow [AF86], Magajna [M87] and Mathieu [Ma88]. Apostol
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and Fialkow [AF86, Thm. 4.1] established the stronger result that

(4.1) ‖Ea,b : C(`2) → C(`2)‖ = dist(Ea,b,K(C(`2)))
for arbitrary n-tuples A,B of L(`2). Magajna’s solution is algebraic in nature,
while Mathieu used tools from C∗-algebras. Actually, Mathieu established
the somewhat stronger result that C(`2) does not admit any non-zero weakly
compact elementary operators Ea,b.

It turns out that (4.1) is a particular case of a rigidity phenomenon for
elementary operators Ea,b on the Calkin algebra C(X), where X is any Banach
space having an unconditional Schauder basis. Recall that the normalized
Schauder basis (ej) of X is unconditional if

∑∞
j=1 θjajej converges in X for

any sequence (θj) ∈ {−1, 1}N of signs whenever
∑∞

j=1 ajej converges in X.
The unconditional basis constant of (ej) is

C = sup{‖Mθ‖ : θ = (θj) ∈ {−1, 1}N},
where the diagonal operators Mθ ∈ L(X) are given by Mθ(

∑∞
j=1 ajej) =∑∞

j=1 θjajej for
∑∞

j=1 ajej ∈ X. The basis (ej) is 1-unconditional if C = 1.
An important consequence of unconditionality is that X admits plenty of nice
projections: for any non-empty subset A ⊂ N

PA(
∞∑

j=1

ajej) =
∑

j∈A

ajej for
∞∑

j=1

ajej ∈ X,

defines a projection PA ∈ L(X) such that ‖PA‖ ≤ C. Recall that the class of
Banach spaces having an unconditional basis is substantial: it contains e.g.
the sequence spaces `p (1 ≤ p < ∞) and c0, as well as the function spaces
Lp(0, 1) (1 < p < ∞) and H1. By contrast, L1(0, 1) and C(0, 1) do not have
any unconditional bases, cf. [LT77, 1.d.1] or [Wo91, II.D.10 and II.D.12].

The following result from [ST99, Thm. 3] extends the Apostol-Fialkow
formula (4.1) to spaces X having an unconditional basis. If the unconditional
constant C > 1 for X, then the identity (4.1) is here replaced by inequalities
between ‖Ea,b‖ and dist(Ea,b,K(C(X))) that involve C.

Theorem 4.1. Suppose that X is a Banach space having an unconditional
basis (ej) with unconditional basis constant C. Let A,B ∈ L(X)n be arbitrary
n-tuples. Then the elementary operators EA,B : L(X) → L(X) and Ea,b :
C(X) → C(X) satisfy

(4.2) dist(Ea,b,W (C(X))) ≥ C−4‖Ea,b : C(X) → C(X)‖,

(4.3) dist(EA,B ,W (L(X))) ≥ C−4‖Ea,b : C(X) → C(X)‖.
In particular, if (ej) is a 1-unconditional basis, then

‖Ea,b : C(X) → C(X)‖ = dist(Ea,b,K(C(X))) = dist(Ea,b,W (C(X))),

and

(4.4) ‖Ea,b‖ ≤ dist(EA,B ,W (L(X))) ≤ ‖EA,B : L(X) → L(X)‖.
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Recall that e.g. `p (1 ≤ p < ∞), c0 and direct sums such as `p ⊕ `q

(1 ≤ p < q < ∞) have 1-unconditional bases, but the unconditional constant
of any unconditional basis of Lp(0, 1) for 1 < p < ∞, p 6= 2, is strictly greater
that 1 (see e.g. [Wo91, II.D.13 and p. 68]).

In particular, Theorem 4.1 solves a generalized version of the Fong-Sourour
conjecture for elementary operators on C(X) for this class of Banach spaces.
Part (ii) should be compared with Proposition 2.5.

Corollary 4.2. Suppose that X is a Banach space having an unconditional
basis (ej), and let A, B ∈ L(X)n be arbitrary n-tuples.
(i) If Ea,b is weakly compact C(X) → C(X), then Ea,b = 0.
(ii) If EA,B is weakly compact L(X) → L(X), then Ea,b = 0 (and consequently
EA,B(L(X)) ⊂ K(X)).

Surprisingly enough, it is actually possible to improve the estimate (4.4)
from Theorem 4.1 in the case X = `p.

Theorem 4.3. Let 1 < p < ∞ and A,B ∈ L(`p)n be arbitrary n-tuples.
Then

‖Ea,b : C(`p) → C(`p)‖ = dist(EA,B ,W (L(`p))) = dist(EA,B ,K(L(`p))).

The proof of (4.1) in [AF86] is based on Voiculescu’s non-commutative
Weyl - von Neumann theorem (see e.g. [Da96, Section II.5] for a description
of this result). By contrast, the proof of Theorem 4.1 is quite different and it
draws on fundamental properties of unconditional bases. The following simple
facts will also be used here.
• if (xn) ⊂ X is a normalized weak-null sequence, then

(4.5) ‖S‖e ≥ lim sup
n→∞

‖Sxn‖ for S ∈ L(X)

(This holds since ‖Uxn‖ → 0 as n →∞ for any compact operator U ∈ K(X).)
• Let (ej) be a Schauder basis for X so that ‖Qn‖ = 1 for all n ∈ N, where
Qn is the natural basis projection X → [er : r ≥ n + 1] (this property holds
e.g. if (ej) is a 1-unconditional basis). Then

(4.6) ‖S‖e = lim
n→∞

‖QnS‖ for S ∈ L(X).

Proof of Theorem 4.1 (sketch). For notational simplicity we may assume that
the basis (ej) is 1-unconditional on X. Otherwise we just pass to the equiva-
lent norm | · | on X, where

|x| = sup{‖Mθx‖ : θ = (θj) ∈ {−1, 1}N}, x ∈ X,

and (ej) is an 1-unconditional basis in (X, | · |). Above ‖x‖ ≤ |x| ≤ C‖x‖ for
x ∈ X, where C is the unconditional constant of the basis (ej) in (X, ‖ · ‖).

Suppose that after normalization one has ‖Ea,b : C(X) → C(X)‖ = 1 for
the n-tuples A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(X)n. In order to show
(4.2) we are required to verify that

(4.7) dist(Ea,b,W (C(X))) ≥ 1.
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The strategy of the argument is to construct, for any given ε > 0, an operator
T ∈ L(X) and a sequence (Sj) ⊂ L(X) so that

(4.8) 1 = ‖T‖e ≤ ‖T‖ < 1 + ε,

(4.9) 1 = ‖Sj‖e = ‖Sj‖, j ∈ N,

(4.10) sup
j
|λj | ≤ ‖

∞∑

j=1

λjSj‖e ≤ ‖
∞∑

j=1

λjSj‖ ≤ 2 · sup
j
|λj | for all (λj) ∈ c0,

(4.11) dist(EA,B(TSj),K(X)) ≥ 1− ε, j ∈ N.

To verify (4.7) from these conditions suppose that V ∈ W (C(X)) is arbi-
trary. By (4.10) the closed linear span [sj : j ∈ N] ⊂ C(X) is isomorphic to
c0, so that sj

w−→ 0 in C(X) as n → ∞. Since c0 has the DPP and V ◦ Lt

is weakly compact on C(X), it follows that ‖V(tsj)‖ → 0 as j → ∞. As
‖tsj‖ ≤ ‖T‖e · ‖Sj‖e ≤ 1 for j ∈ N we get that

‖Ea,b − V‖ ≥ lim sup
j→∞

‖Ea,b(tsj)− V(tsj)‖ ≥ lim sup
j→∞

‖Ea,b(tsj)‖ ≥ 1− ε

from (4.11). The verification of (4.3) follows a similar outline, since [Sj : j ∈
N] ⊂ L(X) is also linearly isomorphic to c0 by (4.10).

The heart of the argument lies in the construction of T ∈ L(X) and
(Sj) ⊂ L(X) which satisfy (4.8) - (4.11). We indicate some of the ideas
for completeness. Let Pm ∈ L(X) be the natural basis projection of X onto
[e1, . . . , em], and Qm = I − Pm for m ∈ N. Moreover, put P(m,n] = Pn − Pm

for m < n, where (m,n] = {m + 1, . . . , n].
Since ‖Ea,b‖ = 1 there is T ∈ L(X) such that 1 = ‖T‖e ≤ ‖T‖ < 1 + ε

and ‖EA,B(T )‖e ≥ 1 − ε
8 . By an inductive process it is possible to choose

increasing sequences (mk), (nk) ⊂ N and normalized sequences (yj) ⊂ SY and
(y∗j ) ⊂ SY ∗ so that the following properties are satisfied:

(4.12) 0 = m1 < n1 < m2 < n2 < . . . ,

(4.13) Q∗ky∗k = y∗k, k ∈ N,

(4.14) 〈y∗k, EA,B(TUk)yk〉 > 1− ε

2
, k ∈ N,

(4.15) |〈y∗k, EA,B(TUl)yk〉| ≤ ε · 2−l−k, k, l ∈ N, k 6= l.

Above we have denoted Uk = P(mk,nk] for k ∈ N. The induction is fairly
lengthy and delicate, and we are forced to refer to [ST99, pp. 8-9] for the
actual details.

The operators (Sj) will be chosen as suitable disjointly supported basis
projections on X that are obtained by ”cut-and-paste” as follows. First fix a
disjoint partition N = ∪∞i=1Ni into infinite sets, and let Mi = ∪k∈Ni(mk, nk]
for i ∈ N. Put

Sj = PMj for j ∈ N,
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the basis projection on X related to Mj ⊂ N. It follows from the 1-uncondition-
ality of (ej) that ‖Mλ‖ = supj=1 |λj | for any bounded real-valued λ = (λj) ∈
`∞, so that (by splitting into real and imaginary parts)

sup
j∈N

|λj | ≤ ‖Mλ‖ ≤ 2 · sup
j∈N

|λj | for all λ = (λj) ∈ `∞.

Since the sets Mj are pairwise disjoint this fact yields that

‖
∞∑

j=1

λjSj‖e ≤ ‖
∞∑

j=1

λjSj‖ ≤ 2 · sup
j
|λj |, (λj) ∈ c0.

To obtain the lower bound in (4.10) fix k ∈ N and enumerate Nk = {k(m) :
m ∈ N}. From (4.5) we get that ‖∑∞

j=1 λjSj‖e ≥ lim supm→∞ |λk|·‖Skek(m)‖
= |λk|. Thus (4.10) holds.

Finally, (4.13) - (4.15) are used to enforce (4.11). Put again Nk = {k(m) :
m ∈ N} for k ∈ N. Since Sk =

∑∞
m=1 Uk(m) in the strong operator topology

in L(X), we get from (4.13) - (4.15) that

‖Qk(m)EA,B(TSk)‖ ≥ |〈y∗k(m), Qk(m)EA,B(TSk)yk(m)〉|
= |〈y∗k(m), EA,B(TSk)yk(m)〉|
≥ |〈y∗k(m), EA,B(TUk(m))yk(m)〉| −

∑

l;l 6=m

|〈y∗k(m), EA,B(TUk(l))yk(m)〉|

≥ 1− ε

2
− ε

∑

l;l 6=m

2−k(m)−k(l) > 1− ε.

Finally, since ‖Qk(m)‖ = 1 for each m by the 1-unconditionality we get

dist(EA,B(TSk),K(X)) ≥ lim sup
m→∞

‖Qk(m)EA,B(TSk)‖ ≥ 1− ε.

from (4.6) and the preceding estimate. ¤

Theorem 4.1 remains valid if X has an unconditional finite-dimensional
Schauder decomposition (the Schatten classes Cp for 1 ≤ p < ∞ are concrete
examples of spaces having this property, but failing to have an unconditional
basis, cf. [DJT95, pp. 364-368]). The exact class of Banach spaces for which
Theorem 4.1 holds remains unknown.

Problem 4.4. Does Theorem 4.1 hold for C(X) if X is a (classical) Banach
space that fails to have any unconditional structure, e.g. if X = L1(0, 1) or
X = C(0, 1)? An obvious starting point is to check if dist(LaRb,K(C(X))) is
comparable to ‖LaRb‖.

In [ST98, Thm. 7] one obtains a somewhat complementary rigidity result
for non-zero elementary operators Ea,b on C(X), where X is a reflexive space
having an unconditional basis. For such spaces one gets an alternative ap-
proach to the Fong-Sourour type results in Corollary 4.2 by showing that the
non-zero operators Ea,b are automatically non strictly singular (note that this
yields yet another proof of the original conjecture for C(`2)). The argument
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does not give any information about ‖Ea,b‖, but it is a simpler variant of the
ideas underlying Theorem 4.1.

For S ∈ L(Y ) let R(S) ∈ L(Y ∗∗/Y ) be the operator defined by

R(S)(y∗∗ + Y ) = S∗∗y∗∗ + Y, y∗∗ ∈ Y ∗∗.

It is a general fact that if S is bounded below on the subspace M ⊂ Y
then R(S) is bounded below on the subspace M∗∗/M ⊂ Y ∗∗/Y , see e.g.
[GST95, Prop. 1.4]. We will apply this observation to the restriction ẼA,B =
EA,B |K(X), for which

(4.16) R(ẼA,B) = Ea,b.

This holds in trace duality for any A = (A1, . . . , An), B = (B1, . . . , Bn) ∈
L(X)n, provided e.g. X is a reflexive Banach space having an unconditional
basis. In fact, in this case C(X)∗ = K(X)⊥, and from (2.6) - (2.7) we get that

(4.17) (EA,B : K(X) → K(X))∗ = EA∗,B∗ : N(X∗) → N(X∗),

(4.18) (EA∗,B∗ : N(X∗) → N(X∗))∗ = EA,B : L(X) → L(X)),

where A∗ = (A∗1, . . . , A
∗
n), B∗ = (B∗

1 , . . . , B∗
n) (see the discussion following

Proposition 2.5).

Theorem 4.5. Suppose that X is a reflexive Banach space having an uncon-
ditional basis (ej), and let A,B ∈ L(X)n be arbitrary n-tuples. If Ea,b 6= 0,
then Ea,b fixes a copy of the non-separable quotient space `∞/c0: there is a
subspace M ⊂ C(X) so that M is isomorphic to `∞/c0 and Ea,b is bounded
below on M .

Sketch. Assume without loss of generality that ‖Ea,b‖ = 1. Let ε > 0 and
pick T ∈ L(X) so that 1 = ‖T‖e ≤ ‖T‖ < 1 + ε and ‖EA,B(T )‖ > 1− ε.

By a gliding hump argument (see [ST98, p. 233] for the details) one obtains
an increasing sequence (mk) ⊂ N and a sequence (yk) ⊂ SX so that

(4.19) ‖EA,B(TUj)yj‖ > 1− ε, j ∈ N,

where Uj = P(mj ,mj+1] for all j. (Here we retain the notation from Theorem
4.1.) Unconditionality implies that

‖
∞∑

j=1

λjUj‖ ≈ sup
j
|λj | for all (λj) ∈ c0.

Thus Uj
w−→ 0 in K(X) as j → ∞, so that (TUj) and (EA,B(TUj)) are

weak-null sequences of K(X), but (EA,B(TUj)) is not norm-null by (4.19).
Hence the Bessaga-Pelczynski basic sequence selection principle [LT77, 1.a.12]
produces a subsequence (Ujk

) so that both (TUjk
) and (EA,B(TUjk

)) are basic
sequences in K(X). This means that

‖
∞∑

k=1

λjTUjk
‖ ≈ ‖

∞∑

k=1

λjEA,B(TUjk
)‖ ≈ sup

k
|λk| for all (λk) ∈ c0,
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so that the restriction ẼA,B = EA,B |K(X) is bounded below on the subspace
N = [TUjk

: k ∈ N] ≈ c0 in K(X). It follows from the facts cited prior to this
theorem that Ea,b is bounded below on the subspace N∗∗/N ≈ `∞/c0. ¤

The circle of results (Theorems 4.1 and 4.5) related to the Fong-Sourour
conjecture concern the non-existence of small non-zero elementary operators
Ea,b on a natural class of Calkin algebras. We next discuss a different rigid-
ity property from [ST98] for Ea,b on C(X) for more special spaces X. These
properties are related to the size of the kernel Ker(Ea,b) and the cokernel
C(X)/Im(Ea,b). We first recall some earlier results which served as motiva-
tion. Gravner [G86] noted the following surprising facts, which contain earlier
results on C(`2) by Fialkow for the generalized derivation La−Rb and by We-
ber for LaRb. The operators EA,B do not enjoy such rigidity properties on
L(X) for any space X (just consider a left multiplication LA).

Fact 4.6. Let A = (A1, . . . , An), B = (B1, . . . , Bn) ∈ L(`2)n be n-tuples so
that {A1, . . . , An} or {B1, . . . , Bn} are commuting sets in L(`2).

(i) If Ea,b is injective on C(`2), then Ea,b is actually bounded below on C(`2).
(ii) If the range Ea,b(C(`2)) is dense in C(`2), then Ea,b is a surjection C(`2) →
C(`2).

Results from [LeS71] and [AT86] yield similar mapping results for the basic
maps La, Rb and LaRb on C(X) for a number of classical Banach spaces X.

Fact 4.7. Suppose that A, B ∈ L(X).

(i) Let X = `p (1 ≤ p < ∞), c0 or Lp(0, 1) (1 ≤ p < ∞). Then La is injective
C(X) → C(X) if and only if La is bounded below on C(X).

(ii) Let X = `p (1 < p ≤ ∞), c0, or Lp(0, 1) (1 < p ≤ ∞). Then Rb is
injective C(X) → C(X) if and only if Rb is bounded below on C(X).

(iii) Let X = `p (1 < p < ∞), c0, or Lp(0, 1) (1 < p < ∞). Then LaRb is
injective C(X) → C(X) if and only if LaRb is bounded below on C(X).

Note that part (iii) follows easily from (i) and (ii), since LaRb = RbLa.
In fact, if LaRb is injective on C(X), then La and Rb are both injective and
consequently also bounded below on C(X).

Fact 4.7 originated in studies of properties of the semi-Fredholm classes
Φ+(X) and Φ−(X) in C(X). Recall that the operator S ∈ Φ+(X) if its range
Im(S) is closed in X and its kernel Ker(S) is finite-dimensional, while S ∈
Φ−(X) if Im(S) has finite codimension in X (thus Φ(X) = Φ+(X) ∩ Φ−(X)
are the Fredholm operators). We refer e.g. to [LeS71], [AT86], [AT87] and
[T94] for a more careful discussion and for further results about the classes
Φ±(X) modulo the compact operators.

Facts 4.6 and 4.7 suggest the question whether similar rigidity facts would
hold for general elementary operators Ea,b on C(X). The following unexpected
example from [AT87] demonstrates that some limitations apply.
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Example 4.8. There is a reflexive Banach space X, which fails to have the
compact approximation property, and an isometric embedding J ∈ L(X) so
that
(i) Lj is one-to-one but not bounded below on C(X),
(ii) Rj∗ is one-to-one but not bounded below on C(X∗).

In contrast with Example 4.8 it was shown in [ST98, Thm. 3 and 4] that
one has the following striking dichotomies for arbitrary elementary operators
Ea,b on C(`p). We stress that the generality is much greater compared to
Fact 4.6 also in the classical case p = 2, since there are no commutativity
assumptions on the n-tuples.

Theorem 4.9. Let 1 < p < ∞ and A = (A1, . . . , An), B = (B1, . . . , Bn) ∈
L(`p)n be arbitrary n-tuples. If Ea,b is not bounded below on C(`p), then its
kernel Ker(Ea,b) is non-separable. In particular, if Ea,b is injective on C(`p)
then there is c > 0 so that

‖EA,B(S)‖e ≥ c‖S‖e, S ∈ L(`p).

Theorem 4.10. Let 1 < p < ∞ and A = (A1, . . . , An), B = (B1, . . . , Bn) ∈
L(`p)n be arbitrary n-tuples. If the range Ea,b(C(`p)) 6= C(`p), then the quo-
tient

C(`p)/Im(Ea,b)
is non-separable. In particular, if Ea,b(C(`p)) is dense in C(`p), then Ea,b is a
surjection.

Proof of Theorem 4.9 (sketch). Let A = (A1, . . . , An), B = (B1, . . . , Bn) ∈
L(`p)n be n-tuples so that Ea,b is not bounded below on C(`p). Recall that by
(4.16) we have R(ẼA,B) = Ea,b, where ẼA,B = EA,B |K(`p) is the restriction to
K(`p) and

R(ẼA,B)(S + K(`p)) = EA,B(S) + K(`p), S + K(`p) ∈ C(`p).

By the crucial fact cited prior to Theorem 4.5 our assumption yields that ẼA,B

is not bounded below on K(`p).
Let Pn and Qn = I − Pn again denote the natural basis projections with

respect to the unit vector basis (ek) in `p for n ∈ N.
Step 1. We claim that for any ε > 0 and m ∈ N there is S ∈ K(`p) so that

‖S‖ = 1, QmSQm = S, and ‖ẼA,B(S)‖ < ε.

Fix m ∈ N and put Em = Qm(`p) = [es : s ≥ m + 1]. The key observation
here is that the related elementary operator

Eajm,qmb : C(Em) → C(`p)

fails also to be bounded below. Here Jm denotes the inclusion Em ⊂ `p and
AJm = (A1Jm, . . . , AnJm), QmB = (QmB1, . . . , QmBn). One should check
that Eajm,qmb is obtained from the restriction ẼAJm,QmB : K(Em) → K(`p) in
trace duality, that is

R(ẼAJm,QmB) = Eajm,qmb.
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Note that with only a minor loss of precision one may view the operators
Eajm,qmb and Ea,b as practically the same. This is so because Qm = I −
Pm, where Pm has finite rank and the codimension of Em is finite – hence
one expects that these differences are wiped away at the Calkin level. In
particular, we thus know that Eajm,qmb is not bounded below on C(Em). From
the above cited general fact we infer that EAJm,QmB also fails to be bounded
below on K(Em), and we may pick a normalized S0 ∈ K(Em) so that

‖EAJm,QmB(S0)‖ = ‖ẼA,B(JmS0Qm)‖ < ε.

Finally, S = JmS0Qm ∈ K(`p) is the desired operator. We refer the reader
to [ST98, pp. 221-222] for a precise version of the above partly heuristic
argument.
Step 2. By a gliding hump argument we next obtain an increasing sequence
(mk) ⊂ N and a normalized sequence (Sk) ⊂ K(`p) of finite rank operators
so that

(4.20) P(mk,mk+1]SkP(mk,mk+1] = Sk,

(4.21) ‖ẼA,B(Sk)‖ < 1/2k

for all k ∈ N. Above P(r,s] ≡ Ps − Pr ∈ L(`p) is the natural projection
onto [er+1, . . . , es] for r, s ∈ N and r < s. Here (4.20) states that (Sk) is a
block-diagonal sequence on `p.

We outline the general step of the induction for completeness. Suppose that
we have already found m1 = 1 < m2 < . . . < mn+1 and S1, . . . , Sn ∈ K(`p)
that satisfy (4.20) - (4.21). From Step 1 we get S ∈ K(`p) so that

S = Qmn+1SQmn+1 , ‖S‖ = 1 and ‖ẼA,B(S)‖ < 1/2n+2.

For r > mn+1 put S = PrSPr + Zr, where Zr ≡ QrS + SQr −QrSQr → 0 as
r →∞, since S is a compact operator on `p (and 1 < p < ∞). By continuity
we may then pick r = mn+2 > mn+1 so that

‖Pmn+2SPmn+2‖ ≈ 1 and ‖ẼA,B(Pmn+2SPmn+2)‖ < 1/2n+2.

Then Sn+1 = ‖Pmn+2SPmn+2‖−1Pmn+2SPmn+2 satisfies (4.20) and (4.21).
Step 3. We next explain how to build an isometric copy of `∞ inside the
kernel Ker(Ea,b). First fix a countable partition N =

⋃
r Nr into infinite sets

Nr and consider the operators Ur =
∑

k∈Nr
Sk ∈ L(`p) for r ∈ N (the Ur are

defined in the strong operator topology). One must verify the following facts
for any (cr) ∈ `∞:

(4.22) ‖
∞∑

r=1

crUr‖e = ‖
∞∑

r=1

crUr‖ = sup
r
|cr|,

(4.23)
∞∑

r=1

crur ∈ Ker(Ea,b).

The equality (4.22) is quite easy to verify on `p as one may essentially treat
the disjoint normalized blocks Sk as diagonal elements (cf. the proof of (4.10)).
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The inclusion (4.23) in turn follows by observing that
∑∞

r=1 crEA,B(Ur) ∈
K(`p), since the sum can formally be rewritten as

∑∞
k=1 akEA,B(Sk), where

|ak| ≤ ‖(cr)‖∞ for each k and where we have norm convergence thanks to
(4.21). We leave the details to the reader. ¤

The strategy of the proof of Thm. 4.10 is to embed `∞ isomorphically into
the quotient C(`p)/Im(Ea,b) whenever Ea,b is not surjective on C(`p). For this
purpose one builds certain block diagonal sequences in the nuclear operators
N(`p′), where p′ is the dual exponent of p, as well as a related sequence
(φr) ⊂ K(`p)⊥ = C(`p)∗ of norm-1 functionals which are used to norm the
desired `∞-copy. We refer to [ST98, Thm. 4] for the details.

To illustrate Theorem 4.10 in a simple special case recall that 1 = I`2 +
K(`2) /∈ Im(La − Ra) for any A ∈ L(`2) by a well-known commutator
fact. It follows from Theorem 4.10 that the quotient C(`2)/Im(La −Ra) is
non-separable, and so is L(`2)/Im(LA −RA) + K(`2). (Apparently Stampfli
[St73] first noticed that L(`2)/Im(LA −RA) is non-separable for any A ∈
L(`2)). This fact should be contrasted with the following remarkable result
of Anderson [A73], which is based on C∗-algebraic tools.

Theorem 4.11. There are A ∈ L(`2) for which

I`2 ∈ Im(LA −RA),

that is, there is (Sn) ⊂ L(`2) so that ‖I`2 − (ASn − SnA)‖ → 0 as n →∞.

It remains unclear how far the techniques behind Theorems 4.9 and 4.10 can
be pushed beyond `p. We state this as a problem, where the case X = Lp(0, 1)
for p 6= 2 would be particularly interesting.

Problem 4.12. Do Theorems 4.9 and 4.10 hold in the class of reflexive Ba-
nach spaces X having an unconditional basis?

It was pointed out in [ST98, p. 226] that Theorem 4.9 remains valid for X =
`p⊕ `q, where 1 < p < q < ∞, and also for X = c0. The technical obstruction
in the argument of Theorem 4.9 is the following: given a block diagonal
sequence (Ur) as in Step 3 above the sum

∑
k ckUk does not always define

a bounded operator on X for (ck) ∈ c0. (There is an analogous obstruction
related to Theorem 4.10.) This phenomenon already occurs for `p ⊕ `q, but
in that case it can be circumvented.

Other developments. Magajna [M95] obtained a surprising formula for the
norm of an arbitrary elementary operator Ea,b on the Calkin algebra C(`2)
in terms of the completely bounded norm. (Clearly this result is also closely
related to Section 3.) We refer e.g. to [P03, Section 1] for a discussion of the
cb-norm.

Theorem 4.13. Let A,B ∈ L(`2)n be arbitrary n-tuples. Then

‖Ea,b : C(`2) → C(`2)‖ = ‖Ea,b‖cb.
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Subsequently Archbold, Mathieu and Somerset [AMS99, Thm. 6] charac-
terized the precise class of C∗-algebras where the preceding identity holds.
Recall for this that the C∗-algebra A is antiliminal if no non-zero positive
element x ∈ A generates an abelian hereditary C∗-subalgebra. (The C∗-
subalgebra B of A is hereditary if x ∈ B whenever y ∈ B+, 0 ≤ x ≤ y and
x ∈ A. Here B+ is the positive part of B.) The Calkin algebra C(`2) is
an antiliminal algebra, see [AM03, pp. 34-35]. The C∗-algebra A is called
antiliminal-by-abelian, if there are C∗-algebras J and B so that J is abelian,
B is antiliminal and

0 −→ J −→ A −→ B −→ 0
is a short exact sequence. Finally, recall that the map LaRb; s 7→ asb is a
bounded linear operator A → A for any a, b ∈ M(A), the multiplier algebra of
A. (Roughly speaking, M(A) is the maximal unital C∗-algebra which contains
A as a closed 2-sided ideal, cf. [AM03, pp. 27-28].) Thus Ea,b =

∑n
j=1 Laj Rbj

defines a bounded elementary operator A → A for any a = (a1, . . . , an), b =
(b1, . . . , bn) ∈ M(A)n.

Theorem 4.14. The following conditions are equivalent for any C∗-algebra
A:
(i) ‖Ea,b‖ = ‖Ea,b‖cb for any n-tuples a, b ∈ M(A)n,
(ii) A is antiliminal-by-abelian.

We refer to [M95] and [AMS99], or [AM03, Sect. 5.4] for the proofs of
Theorems 4.13 and 4.14.

5. Concluding remarks

There is a rich and well-developed structural theory of special elementary
operators on L(`2) to which we have paid less attention because of the re-
straints of this survey. A good introduction is found in [Fi92].

Recall that if A, B ∈ L(X), then the commutator AB − BA cannot have
the form λIX + K for λ 6= 0 and K ∈ K(X). A classical result of Brown and
Pearcy completely identifies the set of commutators on L(`2):

{AB−BA : A,B ∈ L(`2)} = {S ∈ L(`2) : S 6= λIX+K for K ∈ K(`2), λ 6= 0}.
This characterization was subsequently extended by Apostol [Ap72], [Ap73]
to the case of X = `p for 1 ≤ p < ∞ and X = c0, but the picture for other
classical Banach spaces remains incomplete.
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[ARS94] W. Arendt, F. Räbiger and A. Sourour, Spectral properties of the operator equation
AX + XB = Y , Quart. J. Math. Oxford 45 (1994), 133-149.

[AT86] K. Astala and H.-O. Tylli, On semiFredholm operators and the Calkin algebra, J.
London Math. Soc. 34 (1986), 541-551.

[AT87] K. Astala and H.-O. Tylli, On the bounded compact approximation property and
measures of noncompactness, J. Funct. Anal. 70 (1987), 388-401.

[BB01] M. Barraa and M. Boumazgour, Inner derivations and norm equality, Proc. Amer.
Math. Soc. 130 (2001), 471-476.

[BR97] R. Bhatia and P. Rosenthal, How and why to solve the operator equation AX −
XB = Y , Bull. London Math. Soc. 29 (1997), 1-21.

[BBR04] A. Blanco, M. Boumazgour and T.J. Ransford, On the norm of elementary oper-
ators, J. London Math. Soc. 70 (2004), 479-498.
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INTERPOLATION OF BANACH SPACES BY THE
γ-METHOD

JESÚS SUÁREZ AND LUTZ WEIS

Abstract. In this note we study some basic properties of the γ-
interpolation method introduced in [6] e.g. interpolation of Bochner
spaces and interpolation of analytic operator valued functions in the
sense of Stein. As applications we consider the interpolation of almost
summing operators (in particular γ-radonifying and Hilbert-Schmidt op-
erators) and of γ-Sobolev spaces as introduced in [6]. We also compare
this new interpolation method with the real interpolation method.

1. Introduction

In [6] a new method of interpolation was introduced, which in contrast
to the classical complex and real interpolation method is based on almost
summing sequences and gaussian averages. This becomes necessary in order
to characterize the boundedness of the holomorphic functional calculus of
sectorial operators in terms of the interpolation of the domains of its fractional
powers (see [6, 7]). This is not possible using the real or complex interpolation
method. Some information on this new method can be found in [6, 7]. In
particular, it has equivalent formulations modelled after the complex, the real
and discrete interpolation methods. Furthermore, in a Hilbert space, it agrees
with the complex method.
In this note we provide some basic information concerning the γ-interpolation
method. We show that interpolating Bochner spaces we obtain the ’right’
result (see theorem 3.1) and that Stein’s interpolation schema for analytic
families of operators is still applicable (see theorem 4.2). With these tools
we interpolate spaces γ(Hi, Xi) of almost summing operators (or radonifying
operators), with respect to the complex and the γ-method, where Hi are
Hilbert spaces and Xi are B-convex Banach spaces. As a corollary we obtain
an improvement of a result of Cobos and Garćıa-Dav́ıa [3] on the interpolation
of Hilbert-Schmidt operators (see corollary 5.1) and show that the γ-Sobolev
spaces introduced in [6] form an interpolation scale. Finally we compare the
γ-method with the real interpolation method: the possible inclusions between

The work of the first author was supported in part by a Marie Curie grant HPMT-
GH-01-00286-04 at Karlsruhe University under the direction of Prof. L. Weis and in part
during a visit to the IMUB at Barcelona University.

Keywords: Interpolation of spaces of vector valued functions, γ-radonifying operators.
AMS-classification: 46B70, 47B07, 46E40.
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interpolation spaces depend on the geometry of the Banach spaces, namely
their type and cotype properties.

2. Definitions and Basic Properties

We will always work with an infinite dimensional separable Hilbert space
and will reserve the letter H for this. In what follows, F(Y, X) will denote the
space of all finite rank operators from Y into X. Given (ej) an orthonormal
basis in H, we define the γ-norm of a finite rank operator u ∈ F(H,X) given
by u =

∑n
j=1 xj ⊗ ej and acting as u(h) =

∑n
j=1(h, ej)xj , in the form

‖u‖γ := E‖
n∑

j=1

gjxj‖X =




∫

Ω

‖
n∑

j=1

gj(ω)xj‖2XdP (ω)




1
2

,

where {gn} is a sequence of standard Gaussian variables on a fixed probability
space (Ω, σ, P ).

To extend this notation to operators of possibly infinite rank we proceed
as follows. If v : H → X is any bounded operator, we define

‖v‖γ := sup {‖vu‖γ : u ∈ F(H,H), ‖u‖ ≤ 1}
and then form the spaces

γ+(H, X) := {v ∈ L(H, X) : ‖v‖γ < ∞}
and

γ(H, X) := F(H,X)
γ

We call γ(H, X) the space of radonifying operators. The following result can
be found in [6]:

Proposition 2.1. Let be X a Banach space, then γ(H,X) = γ+(H, X) if
and only if X contains no copy of c0.

Now we sketch the basic ideas of the γ-method as developed in [6]. Assume
that X = (X0, X1) is a compatible pair of Banach spaces.

First, we introduce admissible classes A and A+ of operators.
Let u : L2(dt) + L2(e−2tdt) → X0 + X1 be a bounded operator, we will say
u ∈ A iff u ∈ γ(L2(e−2jtdt), Xj) for j = 0, 1, and set

‖u‖A := max
j=0,1

‖uj‖γ(L2(e−2jtdt),Xj).

We will say u ∈ A+ iff u ∈ γ+(L2(e−2jtdt), Xj) for j = 0, 1, and set

‖u‖A+
:= max

j=0,1
‖uj‖γ+(L2(e−2jtdt),Xj),

where in all cases uj denotes the operator u on L2(e−2jtdt) for j = 0, 1. These
spaces are complete under their corresponding norm.
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As in [6] we define the interpolation space (X0, X1)
γ
θ , which we will briefly

call Xγ
θ , as follows :

if x ∈ X0 + X1 we introduce the norm

‖x‖γ
θ = inf {‖u‖A : u ∈ A, u(eθ) = x} ,

where eθ denotes the function eθ(t) = eθt. Now (X0, X1)
γ
θ is the space of all

x ∈ X0 + X1 such that ‖x‖γ
θ < ∞ equipped with ‖ · ‖γ

θ .
The same definitions work by replacing γ by γ+ and by interchanging the
roles of A and A+, respectively. The resulting interpolation space we denote
by X

γ+
θ .

Proposition 2.2. Suppose that (X0, X1) and (Y0, Y1) are compatible pairs of
Banach spaces. Suppose that S : X0 + X1 → Y0 + Y1 is a bounded operator
such that S(X0) ⊂ Y0 and S(X1) ⊂ Y1. Then S : (X0, X1)

γ
θ → (Y0, Y1)

γ
θ is a

bounded operator with

‖S‖Xγ
θ→Y γ

θ
≤ ‖S‖1−θ

X0
‖S‖θ

X1
.

The same holds true replacing γ by γ+. See [6] for a detailed proof.

It is important for us that the interpolation we have described has
an alternative formulation as a complex method. Denote by S the strip
{z : 0 < <(z) < 1} and consider the space A(X0, X1) of all analytic functions
F : S → X0 + X1 which are of the form F(z) = u(ezt) where u ∈ A. We
define a norm on this space by ‖F‖A = ‖u‖A. Then we have the formula

‖x‖γ
θ = inf {‖F‖A : F(θ) = x} .

Most of the proofs involved in the paper use density arguments, so it is
interesting to observe that:

Lemma 2.1. The set of finite-rank operators is dense in A.

As a consequence we get:

Corollary 2.1. For θ ∈ (0, 1), X0 ∩X1 is dense in Xγ
θ .

See a proof of this facts in [6].
Closer to the ”complex spirit” is the following lemma:

Lemma 2.2. Suppose F : S → X0 + X1 is a bounded analytic function such
that the boundary values F(j + it) = limξ→j F(ξ + it) exists t-a.e. and are in
Xj for j = 0, 1. Suppose the functions Fj(it) := F(j + it) are Xj strongly
measurable and Fj ∈ γj(Xj) := γ(L2(e−2jtdt), Xj) for j = 0, 1. Then F ∈ A
and

‖F‖A = (2π)
1
2 max

j=0,1
‖Fj‖γj .

By Fj ∈ γj(Xj) we mean that the operator uj : L2(e−2jtdt) → Xj defined
by

uj(h) :=
∫

R
h(t)Fj(t)dt
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for h ∈ L2(e−2jtdt) belongs to γj(Xj) and ‖Fj‖γj = ‖uj‖γj . See [6] for a
detailed proof.
Lemma 2.1 guarantees that the space of functions

A0(X0, X1) :=
{
F ∈ A(X0, X1) : F(z) = u(ezt), u ∈ A, rank(u) < ∞}

is dense in A(X0, X1). This is also true for

A00(X0, X1) := {F ∈ A(X0, X1) : Range(F) ⊆ X0 ∩X1} .

3. Interpolation of Lp spaces

The interpolation of Lp spaces by the γ-method follows basically the ar-
guments of the proof for the complex method. Two technical lemmas are
needed.

Lemma 3.1. For 1 ≤ p < ∞, γ(H,Lp(Ω, A)) and Lp(Ω, γ(H, A)) are iso-
morphic Banach spaces.

Proof. A family of finite dimensional maps T (ω) =
∑n

j=1 fj(ω) ⊗ en with
fj ∈ Lp(Ω, A) can be thought of as an element of both spaces, Lp(Ω, γ(H,A))
and γ(H, Lp(Ω, A)). With Kahane’s inequalities [4] we obtain:

‖T‖p
Lp(Ω,γ(H,A)) =

∫

Ω

‖Tω‖p
γ(H,A)dµ(ω)

∼
∫

Ω

(∫

S

∥∥∥
∑

Tω(en)gn(s)
∥∥∥

p

A
dP (s)

)
dµ(ω)

=
∫

S

(∫

Ω

∥∥∥
∑

Tω(en)gn(s)
∥∥∥

p

A
dµ(ω)

)
dP (s)

=
∫

S

∥∥∥
∑

Tω(en)gn(s)
∥∥∥

p

Lp(Ω,A)
dP (s)

∼ ‖T‖p
γ(H,Lp(Ω,A)),

where ∼ stands for ”equivalent norms”. Since such elements T are dense in
both spaces, the claim follows. ¤

The second lemma is essentially Hadamard’s three line lemma.

Lemma 3.2. For F ∈ A0(X0, X1), we have

‖F(θ)‖γ
θ ≤ (2π)

1
2 ‖F0‖1−θ

γ0
‖F1‖θ

γ1
.

Proof. Note that the analytic function

Φ(z) = (log ‖F0‖γ0) (1− z) + (log ‖F1‖γ1)z

has real part (1 − θ) log ‖F0‖γ0 + θlog‖F1‖γ1 for z = θ + it. Let θ ∈ (0, 1),
then by lemma 2.2 e−Φ(z)F(z) is a function in A(X0, X1) and

(2π)−
1
2 ‖e−Φ(θ)F(θ)‖γ

θ ≤ max
j=0,1

[
‖e− log ‖Fj‖γj Fj‖γj

]

≤ max
j=0,1

[
e− log ‖Fj‖γj ‖Fj‖γj

]
≤ 1.
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With all this we have

log ‖(2π)−
1
2 F(θ)‖γ

θ ≤ <Φ(θ) ≤ (1− θ) log ‖F0‖γ0 + θ log ‖F1‖γ1 .

This gives the desired inequality. ¤

Corollary 3.1. For x ∈ X0 ∩X1,

‖x‖γ
θ = (2π)

1
2 inf{‖F0‖1−θ

γ0
‖F1‖θ

γ1
: F(θ) = x}.

Theorem 3.1. Assume that A0 and A1 are Banach spaces and that 1 ≤ p0 <
∞, 1 ≤ p1 < ∞, θ ∈ (0, 1), if 1

p = 1−θ
p0

+ θ
p1

then

(Lp0(Ω, A0), Lp1(Ω, A1))
γ
θ = Lp(Ω, (A0, A1)

γ
θ )

with equivalent norms.

Proof. If we denote S the space of simple functions with values in A0∩A1, then
S is dense in Lp0(Ω, A0) ∩ Lp1(Ω, A1) and thus in (Lp0(Ω, A0), Lp1(Ω, A1))

γ
θ

and then also in Lp(Ω, (A0, A1)
γ
θ ) simply because A0∩A1 is dense in (A0, A1)

γ
θ .

So it is enough to consider functions a in S.

Let us see that ‖a‖(Lp0 (Ω,A0),Lp1 (Ω,A1))
γ
θ
≤ (2π)

1
2 K‖a‖Lp(Ω,Aγ

θ ) where the
constant K comes from Kahane’s inequality [4]. Given a simple function,
a ∈ S, and given ε > 0 there are functions g(·, ω) ∈ A0(A0, A1) for ω ∈ Ω
(which are also steps functions with respect to ω) such that ‖g(·, ω)‖A0 ≤
(1 + ε)‖a(ω)‖Aγ

θ
with x ∈ Ω and g(θ, ω) = a(ω).

We set

F(z, ω) := g(z, ω)

(
‖a(ω)‖Aγ

θ

‖a‖Lp(Ω,Aγ
θ )

)p( 1
p0
− 1

p1
)(θ−z)

.

Using Lemma 3.1, we have that

‖F(i·, ·)‖p0
γ(Lp0 (Ω,A0))

∼
∫

Ω

‖F(i·, ω)‖p0
γ(A0)

dµ(ω)

≤
∫

Ω

‖g(i·, ω)‖p0
γ(A0)

A(ω)dµ(ω)

≤ (1 + ε)p0‖a‖p0
Lp(Ω,Aγ

θ )
,

where A(ω) = ‖a(ω)‖p0p( 1
p0
− 1

p1
)θ

Aγ
θ

‖a‖−p0p( 1
p0
− 1

p1
)θ

Lp(Ω,Aγ
θ )

.
The same idea works to show that

‖F(1 + i·, ·)‖γ(Lp1 (Ω,A1)) ≤ K(1 + ε)‖a‖Lp(Ω,Aγ
θ );

thus, it follows that:

‖a‖(Lp0 (Ω,A0),Lp1 (Ω,A1))
γ
θ
≤ (2π)

1
2 K‖a‖Lp(Ω,Aγ

θ ).
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Conversely, since a ∈ S there are functions F(·, ω) ∈ A0(A0, A1) with
F(θ, ω) = a(ω) for ω ∈ Ω (which are step functions with respect to ω) and

‖a‖Lp(Ω,Aγ
θ ) =

(∫

Ω

‖a(ω)‖p
Aγ

θ
dµ(ω)

) 1
p

≤
(∫

Ω

‖F(θ, ω)‖p
Aγ

θ
dµ(ω)

) 1
p

Using Lemma 3.2 and Hölder’s inequality with 1−θ
pp0

+ θ
pp1

= 1, we obtain:

≤ (2π)
1
2

(∫

Ω

‖F(·, ω)‖(1−θ)p
γ(A0)

‖F(·, ω)‖θp
γ(A1)

dµ(ω)
) 1

p

≤ (2π)
1
2

(∫

Ω

‖F(·, ω)‖p0
γ(A0)

dµ(ω)
) 1−θ

p0
(∫

Ω

‖F(·, ω)‖p1
γ(A1)

dµ(ω)
) θ

p1

≤ (2π)
1
2 K‖F‖1−θ

γ(Lp0 (Ω,A0))
‖F‖θ

γ(Lp1 (Ω,A1))

≤ (2π)
1
2 K‖F‖A(Lp0 (Ω,A0)Lp1 (Ω,A1)),

where we applied Lemma 3.2 to the operators in γ(L2(e−2jtdt), Lpj (Ω, Aj))
defined by F. This finishes the proof. ¤

Following [4], we call by Rad(X) the completion of the space of finite
sequences, (xn) ⊆ X under the norm

‖(xn)‖ := E‖
∞∑

n=1

rnxn‖X =

(∫ 1

0

‖
∞∑

n=1

rn(t)xn‖2Xdt

) 1
2

.

As usually rn(·) denotes the nth-Rademacher function.

Corollary 3.2. If Xi is B-convex for i = 0, 1, then

(Rad(X0), Rad(X1))
γ
θ = Rad(Xγ

θ )

with equivalent norms.

Proof. B-convexity implies that the canonical projections P : L2([0, 1], Xi) −→
Rad(Xi) are bounded for i = 0, 1, by a result of G. Pisier (see [4]) for dyadic
simple functions f : [0, 1] → X0 ∩X1 the projection P is defined by

Pf :=
∑

n

(∫ 1

0

rn(u)f(u)du

)
rn.

By [13, Th. 1.2.4], P defines a projection of L = (L2([0, 1], X0), L2([0, 1], X1))
γ
θ

onto the closed span R of the finite Rademacher sequences in L. Furthermore,
R is isomorph to (Rad(X0), Rad(X1))

γ
θ . By theorem 3.1 the norms of L and

L2([0, 1], Xγ
θ ) are equivalent on R and therefore R is isomorphic to Rad(Xγ

θ ).
¤
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Corollary 3.3. If Xi has type pi > 1 and cotype qi for i = 0, 1 and 1
p =

1−θ
p0

+ θ
p1

, 1
q = 1−θ

q0
+ θ

q1
then (X0, X1)

γ
θ has type p and cotype q.

Proof. That Xi has type pi means that the natural mapping lpi(Xi) −→
Rad(Xi) is bounded, so we have that the following operator is bounded too:

lp(X
γ
θ ) = (lp0(X0), lp1(X1))

γ
θ −→ (Rad(X0), Rad(X1))

γ
θ = Rad(Xγ

θ )

A similar argument works for the cotype. ¤

Theorem 3.1 admits the following generalization:

Theorem 3.2. Let A0, A1 be Banach spaces and let 1 ≤ p0 < ∞, 1 ≤ p1 <

∞, θ ∈ (0, 1), if 1
p = 1−θ

p0
+ θ

p1
and µ = µ

(1−θ)p
p0

0 µ
θp
p1
1 then

(Lp0(Ω(µ0), A0), Lp1(Ω(µ1), A1))
γ
θ = Lp(Ω(µ), (A0, A1)

γ
θ )

with equivalent norms.

Proof. For a given F ∈ A(Lp0(Ω(µ0), A0), Lp1(Ω(µ1), A1)) we set

F̃(z, ω) = µ0(ω)
(1−z)p

p0 µ1(ω)
zp
p1 F(z, ω).

The mapping F → F̃ is clearly an isomorphism between
A(Lp0(Ω(µ0), A0), Lp1(Ω(µ1), A1)) and A(Lp0(Ω(µ), A0), Lp1(Ω(µ), A1)).

Now the arguments in the preceding theorem with obvious modifications go
through. ¤

4. Abstract Stein interpolation

In this section (X0, X1) and (Y0, Y1) are interpolation couples. Let us recall
the following theorem that can be found in [14]:

Theorem 4.1. Let {Tz : z ∈ S} be a family of linear mappings Tz : X0∩X1 →
Y0 + Y1 with the following properties:

(1) ∀x ∈ X0∩X1 the function T(·)x : S → Y0+Y1 is continuous, bounded,
and analytic on S.

(2) For j = 0, 1, x ∈ X0 ∩ X1, the function R 3 s → Tj+isx ∈ Yj is
continuous and

Mj := sup{‖Tj+isx‖Yj : s ∈ R, x ∈ X0 ∩X1, ‖x‖Xj ≤ 1} < ∞.

Then for all t ∈ [0, 1], Tt(X0 ∩X1) ⊂ Y[t] and

‖Ttx‖[t] ≤ M1−t
0 M t

1‖x‖[t]
for all x ∈ X0 ∩X1.

In order to formulate the analogous Stein interpolation result for the γ-
method, we need the notion of γ-boundedness. A set of operators τ ⊆ B(X, Y )
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is γ-bounded, if there is a constant C such that for all T1, ..., Tn ∈ τ and
x1, ..., xn ∈ X we have:

E‖
n∑

k=1

gkTkxk‖ ≤ CE‖
n∑

k=1

gkxk‖.

The smallest constant C possible in this inequality is denoted by R(τ).

Theorem 4.2. Let {Tz : z ∈ S} be a family of linear mappings Tz : X0∩X1 →
Y0 + Y1 with the following properties:

(1) ∀x ∈ X0∩X1, the function T(·)x : S → Y0+Y1 is continuous, bounded
and analytic on S.

(2) For j = 0, 1, x ∈ X0 ∩X1, the function s 7→ Tj+isx ∈ Yj is strongly
measurable, continuous and the operators Tj+is ∈ B(Xj , Yj) thereby
defined on Yj satisfy for j = 0, 1:

Mj = R ({Tj+it : t ∈ R}) < ∞.

Then, for every θ ∈ (0, 1), we have:
(1) Tθ (X0 ∩X1) ⊆ Y γ

θ .
(2) ‖Tθx‖Y γ

θ
≤ M1−θ

0 Mθ
1 ‖x‖Xγ

θ
for all x ∈ X0 ∩X1.

Proof. It is enough to consider M0 = M1 = 1, otherwise replacing T by
Mz−1

0 M−z
1 T (z). We define Tθ : A00(X0, X1) → A(Y0, Y1) by F 7→ T(·)F(·).

Indeed , by the γ-boundedness of {Tj+it : t ∈ R} and an estimate in [6] we
have

‖Tj+i·F(j + i·)‖A(Y0,Y1)
≤ ‖F(j + i·)‖A00(X0,X1)

for j = 0, 1. The set {F ∈ A00(X0, X1) : F(θ) = 0} is dense in {F ∈
A(X0, X1) : F(θ) = 0} (compare [14, Th. 1.1]) and T(·) maps the first set into
{F ∈ A(X0, X1) : F(θ) = 0}. Therefore for x ∈ X0∩X1 and F ∈ A00(X0, X1)
with F(θ) = x we have:

‖T (θ)x‖Y γ
θ
≤ ∥∥T(·)F(·)∥∥A(Y0,Y1)

≤ ‖F‖A00(X0,X1)

and taking infimum over such all F gives the result. ¤

Remark: Let us state a special case where the γ-boundedness assumption
of theorem 4.2 can be checked directly.
If the functions s → Tj+is ∈ B(Xj , Yj) are differentiable and satisfy

M̃j = ‖Tj‖
+ ej

∫

R
‖Tj+is‖B(Xj ,Yj)

√
j + 4s2e−s2

ds

+ ej

∫

R
‖ d

ds
Tj+is‖B(Xj ,Yj)e

−s2
ds < ∞ ,

for j = 0, 1 then, for x ∈ X0 ∩X1 we still can conclude:

‖Tθx‖Y γ
θ
≤ M̃1−θ

0 M̃θ
1 ‖x‖Xγ

θ
.
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Proof. Consider the analytic function Sz = e−θ2
ez2

Tz with Sθ = Tθ. Our
assumption implies that

‖Sj‖+
∫

R
‖ d

ds
Tj+is‖B(Xj ,Yj)ds ≤ M̃j .

By [8, Sect. 3] we conclude that R({Sj+it : t ∈ R}) ≤ M̃j and we may apply
the theorem. ¤

5. Interpolation of γ(H,X)

We are ready to obtain our stability results for the class of γ-radonifying
operators.

Theorem 5.1. Let H0,H1 be separable Hilbert spaces with H0 ∩H1 dense in
Hi for i = 0, 1. If X0, X1 are B-convex, then

(γ(H0, X0), γ(H1, X1))[θ] = γ((H0,H1)[θ], (X0, X1)[θ])

with equivalent norms.

Proof. Step 1 : Representation of (H0,H1)[θ].

Let (en) be an orthonormal basis of H0 ∩ H1 with respect to the inner
product (h, g) = (h, g)0+(h, g)1 where (·, ·)j is the inner product of Hj so that
(en) is also a complete orthogonal system in Hj for j = 0, 1. To construct such
(en) inductively, assume that e1, ...eN are already chosen. Then pick some h0

in the kernel of the map h ∈ H0 ∩ H1 → {(h, en)j}n=1,...N ;j=0,1 ∈ C2N and
normalize h0 with respect to (·, ·) to obtain eN+1.
Then clearly

Hj =

{∑
n

βnen :
∑

n

|βn|2α2
j,n < ∞

}
,

where αj,n = ‖en‖Hj and we get

(H0,H1)[θ] =

{∑
n

βnen :
∑

n

|βn|2α2(1−θ)
0,n α2θ

1,n < ∞
}

with orthonormal basis (α(1−θ)
0,n αθ

1,n)−1en, n ∈ N. To see this, identify H0∩H1

with l2 via the maps βn →
∑

βnen and use e.g. [1, Sect. 5.6].

Step 2 : Operators of dimension m.

By Hm
0 we denote the subspace of Hm

0 spanned by the e1, ..., em. Let
Radm(Xj) be the span of the

∑m
n=1 rnxn with x1, ..., xm ∈ Xj . Note that

γ(H0, X0)∩γ(H1, X1) and γ(H0, X0)+γ(H1, X1) can be seen as continuously
embedded subspaces of γ(H0∩H1, X0+X1) (due to the operator ideal property
of γ) and Rad(X0)∩Rad(X1) and Rad(X0)+Rad(X1) are naturally embedded
into L2([0, 1], X0 + X1). For a fixed m ∈ N and all z ∈ S we define maps

Tm
z : γ(Hm

0 , X0) ∩ γ(Hm
1 , X1) −→ Radm(X0) + Radm(X1)
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by Tm
z (S) :=

(
α−1+z

0,n α−z
1,nS(en)

)m

n=1
. For z = j + it with j ∈ [0, 1] and t ∈ R

and all S ∈ γ(Hm
j , Xj) we obtain by the contraction principle

‖Tm
j+it(S)‖Radm(Xj) ≤ E‖

m∑
n=1

rnα−1+j+it
0,n α−j+it

1,n S(en)‖Xj

≤ 2E‖
m∑

n=1

rnα−1+j
0,n α−j

1,nS(en)‖Xj = 2‖S‖γ(Hm
j ,Xj).

The remaining assumptions of theorem 4.2 follow directly from the special
form of Tm

z . Hence for θ ∈ (0, 1) there is a map

Tm
θ : (γ(Hm

0 , X0), γ(Hm
1 , X1))[θ] → (Radm(X0), Radm(X1))[θ]

with ‖Tm
θ ‖ ≤ 2. By interpolating in a similar way the ’inverse’ functions

(Tm
z )−1 : Radm(X0) ∩Radm(X1) → γ(Hm

0 , X0) + γ(Hm
1 , X1)

which assign to (x1, ..., xm) the operator S = (Tm
z )−1(xn) given by S(en) =

α1−z
0,n αz

1,nxn with n = 1, ..., m it follows that Tm
θ is an isomorphism with

‖(Tm
θ )−1‖ ≤ 2 for all θ ∈ (0, 1).

Step 3 : Infinite dimensional operators.

Since X0 and X1 are B-convex Banach spaces, we have

(Rad(X0), Rad(X1))[θ] = Rad(X[θ])

with equivalent norms (see the argument in the proof of Corollary 3.2). Notice
that we have consistent retractions

Pj : Rad(Xj) → Radm(Xj)

given by (xn)n∈N → (xn)m
n=1 with ‖Pj‖ = 1 and hence by [13, Sect. 1.2.4]

there is a constant M which depends on X but not on m or θ so that for
x1, ..., xm ∈ X0 ∩X1

M−1‖(xn)‖Radm(X[θ]) ≤ ‖(xn)‖(Radm(X0),Radm(X1))[θ]
≤ M‖(xn)‖Radm(X[θ]).

Next we observe that the consistent retractions Qj : γ(Hj , Xj) →
γ(Hm

j , Xj) given by S → S|span[e1,...,em] have norm 1 and, again by
[13, Sect. 1.2.4], ensure that the inclusion (γ(Hm

0 , X0), γ(Hm
1 , X1))[θ] ⊆

(γ(H0, X0), γ(H1, X1))[θ] becomes an isometric embedding.
For x1, ..., xm ∈ X0 ∩X1 and the associated operator S = (Tm

θ )−1(xn) given
by S(en) = α1−θ

0,n αθ
1,nxn with xk = 0 for k = m + 1,m + 2, ... we obtain

‖S‖(γ(H0,X0),γ(H1,X1))[θ]
= ‖S‖(γ(Hm

0 ,X0),γ(Hm
1 ,X1))[θ]

∼M ‖(xn)‖Radm(X[θ]) = E‖
m∑

n=1

rnxn‖X[θ]

= E‖
m∑

n=1

rnαθ−1
0,n α−θ

1,nS(en)‖X[θ] = ‖S‖γ(H[θ],X[θ]).
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Hence the norms of γ(H[θ], X[θ]) and (γ(H0, X0), γ(H1, X1))[θ] are equiv-
alent on all finite dimensional operators H0 ∩ H1 → X0 ∩ X1. Since these
operators are dense in both spaces the result follows. ¤

For the γ-method this results holds under an additional assumption:

Definition 1. A Banach space has Pisier’s property (α) e.g. [8] if for all
αi,j ∈ C we have

E′E‖
∑

i,j

αijr
′
irjxij‖ ≤ sup

i,j
|αij |E′E‖

∑

i,j

r′irjxij‖

where (r′i) and (rj) are two independent Bernoulli sequences.

Theorem 5.2. Let H0,H1 be separable Hilbert spaces with H0 ∩H1 dense in
Hi for i = 0, 1. If X0 and X1 are B-convex and have property (α) then

(γ(H0, X0), γ(H1, X1))
γ
θ = γ((H0,H1)

γ
θ , (X0, X1)

γ
θ )

with equivalent norms.

Proof. First we recall that (H0,H1)
γ
θ = (H0,H1)[θ] with equivalent norms

for Hilbert spaces Hj , j = 0, 1. Using theorem 4.2 in place of theorem
4.1 we can now repeat the proof of theorem 5.1. Property (α) comes in
since we have to check the γ-boundedness of the sets {Tm

j+it : t ∈ R} in
B(γ(Hm

j , Xj), Radm(Xj)) with a constant independent of m. Indeed for
S1, ..., SN ∈ γ(Hm

j , Xj) and t1, ..., tN ∈ R we have

E‖
N∑

n=1

rnTj+itn(Sn)‖Radm(Xj) = EE′‖
m∑

l=1

N∑
n=1

r′lrnα−1+j+itn

0,n α−j−itn

1,n Sn(el)‖

≤ CEE′‖
m∑

l=1

N∑
n=1

r′lrnα−1+j
0,n α−j

1,nSn(el)‖

≤ CE‖
N∑

n=1

rnSn‖γ(Hm
j ,Xj),

where the constant C only depends on the property (α) constant of X [8,
Section 4]. ¤

Corollary 5.1. Let H0,H1 be separable Hilbert spaces with H0 ∩ H1 dense
in Hi for i = 0, 1. IfX0, X1 are Hilbert spaces and S2 denotes the Hilbert-
Schmidt class, then:

(S2(H0, X0),S2(H1, X1))[θ] = S2((H0,H1)[θ], (X0, X1)[θ]),

(S2(H0, X0),S2(H1, X1))
γ
θ = S2((H0,H1)

γ
θ , (X0, X1)

γ
θ ).

This corollary improves a result of [3, Prop. 5.1.] which states:
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Let H1 ⊂ H0, X1 ⊂ X0 be Hilbert spaces with H1 dense in H0, X1 dense
in X0 and the inclusions being compact, then

(S2(H0, X0),S2(H1, X1))[θ] = S2

(
(H0,H1)[θ], (X0, X1)[θ]

)
.

with equal norms.

We recall that we obtain isometries in Corollary 5.1 since all the constants
appearing in the proofs of theorems 5.1 and 5.2 derive from the B-convexity
constants and Kahane’s contraction principle and will be 1 in the Hilbert case.
For a more direct proof of Corollary 5.1 see [12].

In [7] ”Sobolev spaces” of the following kind were introduced:

γs(Rn, X) := γ(Hs, X)

where Hs is the completion of S(Rn), the Schwartz class, in the norm

‖f‖s = ‖F−1[(1 + | · |2) s
2 f̂(·)]‖L2(Rn).

Theorems 5.1 and 5.2 allow us to extend the well known interpolation results
for Hs to γs(Rn, X):

Corollary 5.2. Let X0, X1 be B-convex Banach spaces. If s = (1−θ)s0+θs1

for sj ∈ R, j = 0, 1, then

(γs0(Rn, X0), γs1(Rn, X1))[θ] = γs(Rn, X[θ])

with equivalent norms. The same is true for γ-interpolation method if X0 and
X1 have in addition property (α).

The same is of course true if we replace the Hs in the definition of γs(Rn, X)
by another scale of Sobolev spaces, e.g. the scale defined by Riesz potentials
instead of Bessel potentials.
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6. Comparison with the real interpolation method

If (X0, X1) is an interpolation couple so that X0 and X1 have finite cotype,
then the interpolation space Xγ

θ has also a discrete description (cf. [6, 7]):
Xγ

θ consists of all x ∈ X0+X1 which can be represented as a sum x =
∑

n∈Z xn

convergent in X0 + X1 with xn ∈ X0 ∩X1 satisfying

‖x‖θ = inf

{
‖(xn)‖ : x =

∑

n∈Z
xn, xn ∈ X0 ∩X1

}
< ∞

where
‖(xn)‖ = max

j=0,1
E‖

∑

n∈Z
rn2n(j−θ)xn‖Xj (∗)

defines an equivalent norm on Xγ
θ .

If we replace in (∗) the Rademacher averages with:

max
j=0,1

(∑

n∈Z
‖2n(j−θ)xn‖pj

Xj

) 1
pj

we obtain a well known characterization of the Lions-Peetre interpolation
space (X0, X1)θ,p0,p1 , [9, Chapitre 2]. By using the well known equality
(X0, X1)θ,p0,p1 = (X0, X1)θ,p with 1

p = 1−θ
p0

+ θ
p1

, see [11], and the defini-
tion of type and cotype we obtain immediately the following observation:

Theorem 6.1. Let (X0, X1) be an interpolation couple so that Xj has
Rademacher type pj ≥ 1and cotype qj < ∞ for j = 0, 1, then for 1

p = 1−θ
p0

+ θ
p1

, 1
q = 1−θ

q0
+ θ

q1
with θ ∈ (0, 1) we have continuous embeddings

(X0, X1)θ,p ⊂ (X0, X1)
γ
θ ⊂ (X0, X1)θ,q.

A corresponding result for the complex method making the stronger as-
sumption of Fourier type is due to Peetre [10].
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[2] A.P. CALDERÓN, Intermediate spaces and interpolation, the complex method, Studia
Math. 24 (1964), 113-190.
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d’interpolation, Ric. Mat. 12, 248-261 (1963).
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SOLVABILITY OF AN INTEGRAL EQUATION IN BC(R+)

J. CABALLERO, B. LÓPEZ AND K. SADARANGANI

Abstract. The aim of this paper is to prove the existence of solutions of
an integral equation in the space of continuous and bounded functions on
R+. The main tool used in our considerations is the technique associated
with measures of noncompactness.

1. Introduction

Integral equations comprise a very important and significant part of
mathematical analysis and their applications to real world problems ([1, 3, 10,
12, 13], among others). The theory of integral equations is now well developed
with the help of several tools of functional analysis, topology and fixed-point
theory. In this paper we study the existence of solutions of an integral equation
in the space of continuous and bounded functions on R+. The main tool used
in our study is associated with the technique of measures of noncompactness
which has already been successfully applied in the solvability of some integral
equations [8, 9, 10].

2. Notation and auxiliary facts

Assume E is a real Banach space with norm ‖ · ‖ and zero element 0.
Denote by B(x, r) the closed ball centered at x and with radius r and by Br

the ball B(0, r). If X is a nonempty subset of E we denote by X, ConvX
the closure and the closed convex closure of X, respectively. The symbols
λX and X + Y denote the usual algebraic operations on sets. Finally, let us
denote by ME the family of nonempty bounded subsets of E and by NE its
subfamily consisting of all relatively compact sets.

Throughout this paper, we will also adopt the following definition of mea-
sure of noncompactness [7].

Definition 1. . A function µ : ME −→ R+ = [0,∞) is said to be a measure
of noncompactness in the space E if it satisfies the following conditions:

(1) The family kerµ = {X ∈ ME : µ(X) = 0} is nonempty and kerµ ⊂
NE .

(2) X ⊂ Y ⇒ µ(X) ≤ µ(Y ).
(3) µ(X) = µ(ConvX) = µ(X).
(4) µ(λX + (1− λ)Y ) ≤ λµ(X) + (1− λ)µ(Y ) for λ ∈ [0, 1].

1991 Mathematics Subject Classification. (2000) Primary: 45M99. Secondary: 47H09.
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(5) If {Xn}n is a sequence of nonempty, bounded and closed subsets of
E such that Xn ⊃ Xn+1 (n = 1, 2, ...) and limn→∞ µ(Xn) = 0 then
the set X∞ =

⋂∞
n=1 Xn is nonempty.

Now let us assume that Ω is a nonempty subset of a Banach space E and
T : Ω → Ω is a continuous operator transforming bounded subsets of Ω to
bounded ones. We say that T satisfies the Darbo condition with constant
k ≥ 0 with respect to a measure of noncompactness µ if

µ(TX) ≤ kµ(X)

for each X ∈ ME such that X ⊂ Ω.
If k < 1 then T is called a contraction with respect to µ.

In what follows we will need the following fixed point theorem which is
a version of the classical fixed point theorem for strict contractions in the
context of measures of noncompactness [7].

Theorem 1. Let Ω be a nonempty bounded closed and convex subset of E,
µ a measure of noncompactness in E and T : Ω −→ Ω a contraction with
respect to µ. Then T has at least one fixed point in Ω.

For further facts concerning measures of noncompactness and fixed point
theory we refer to [7, 4, 11, 14, 15].

In the sequel, we will work in the space BC(R+) consisting of all real
functions which are bounded and continuous on R+. The space BC(R+) is
equipped with the standard norm ‖x‖ = sup{|x(t)| : t ≥ 0}.

In our considerations we will use a measure of noncompactness which ap-
pears in [7] and is defined by

µ(X) = w0(X) + lim
t→∞

sup diamX(t)

where
diamX(t) = sup{|x(t)− y(t)| : x, y ∈ X},

w(x, ε) = sup {| x(t)− x(s) | : t, s ∈ R+, | t− s |≤ ε},
w(X, ε) = sup {w(x, ε) : x ∈ X}

w0(X) = lim
ε→0+

w(X, ε).

3. Existence Theorem

In this section we will study the solvability of the following integral
equation

(1) x(t) = h(t) + (Tx)(t)
∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds

for t ∈ R+. Equations of such kind have been studied in other papers
([2, 5, 6]).
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We will assume that the functions involved in equation (1) satisfy the
following conditions.

(i) h ∈ BC(R+) and is uniformly continuous.
(ii) The operator T : BC(R+) → BC(R+) is continuous and satisfies the

Darbo condition with respect to the measure of noncompactness µ
(defined in section 2) and with constant Q.

(iii) The function φ : R+ × R+ → R is continuous.
(iv) The function f : Imφ → R is continuous.
(v) There exist nonnegative constants c and d such that

‖Tx‖ ≤ c + d‖x‖,
for each x ∈ BC(R+).

(vi) There exist continuous functions a, b : R+ → R+ such that
• lim

t→∞
a(t) = 0,

• b is a bounded function and b ∈ L1(R+), and
• |f(φ(t, s))| ≤ a(t) · b(s).

(vii) There exists a function ϕ : R+ → R+, ϕ ∈ L1(R+) such that

|f(φ(t, s))− f(φ(t′, s))| ≤ ϕ(s) · |t− t′|,
for t, t′, s ∈ R+.

(viii) There exists r0 > 0 such that ‖h‖ + (c + d · r0) · ‖a‖ · ‖b‖1 · r0 ≤ r0

and (‖a‖ · ‖b‖1 · r0) ·Q < 1.
Before we formulate our main result we present some remarks and prelim-

inary results.

Remark 1. Note that assumption (vi) implies that the function a is bounded
and by ‖a‖ we denote the supremum of the function a on R+.

Remark 2. As a(t) and b(s) are bounded, by assumption (vi) we get

|f(φ(t, s))| ≤ ‖a‖ · ‖b‖.
Now we will prove the following lemmas which will be needed further on.

Lemma 1. Suppose that x ∈ BC(R+) and ε > 0. Then

w(x, ε) = sup
L>0

wL(x, ε)

where wL(x, ε) = sup{|x(t)− x(s)| : t, s ∈ [0, L], |t− s| ≤ ε}.
The proof is rather straighforward.

Lemma 2. Suppose that x ∈ BC(R+) and we define

(Gx)(t) = max
[0,t]

|x(τ)| for t ∈ R+.

Then Gx ∈ BC(R+).
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Proof. Without loss of generality we can assume that x ≥ 0 and let L be a
positive number. Now, we will prove that for ε > 0

wL(Gx, ε) ≤ wL(x , ε).

Suppose the contrary. This means that there exist t1, t2 ∈ [0, L], t1 ≤ t2,
t2 − t1 ≤ ε such that

(2) w(x, ε) < |(Gx)(t2)− (Gx)(t1)| ,
and, as Gx is an increasing function, we have

(3) 0 < (Gx)(t2)− (Gx)(t1).

By the continuity of x we can find 0 ≤ τ2 ≤ t2 with the property (Gx)(t2) =
x(τ2). Taking into account the inequality (3) and that t1 ≤ τ2 (if τ2 < t1,
(Gx)(t1) = (Gx)(t2) and this contradicts (3)) we get

(Gx)(t2)− (Gx)(t1) = x(τ2)− (Gx)(t1) ≤ x(τ2)− x(t1)

and as, τ2 − t1 ≤ t2 − t1 ≤ ε

(Gx)(t2)− (Gx)(t1) ≤ x(τ2)− x(t1) ≤ wL(x, ε),

which is a contradiction.
Thus, for ε > 0

(4) wL(Gx, ε) ≤ wL(x, ε).

As x is continuous on R+, in particular x is a continuous function on [0, L]
for every L > 0. From (4), we can deduce that Gx is a continuous function
on [0, L], for each L > 0. Finally, as L is arbitrary, we obtain that Gx is
continuous on R+.

On the other hand, it is obvious that if x is bounded on R+, then Gx is
also bounded. This completes the proof.

¤

Lemma 3. Let (xn), x ∈ BC(R+). Suppose that xn → x in BC(R+). Then
Gxn → Gx in BC(R+).

Proof. Note that for t ∈ R+ and y ∈ BC(R+)

(Gy)(t) = ‖y|[0,t]‖
where y|[0,t] denotes the restriction of the function y on the interval [0, t] and
the norm is considered in the space C([0, t]). In view of this fact we can
deduce

‖Gxn −Gx‖ = sup
t∈R+

|(Gxn)(t)− (Gx)(t)| =
= sup

t∈R+

∣∣‖xn|[0,t]‖ − ‖x|[0,t]‖
∣∣ ≤

≤ sup
t∈R+

‖(xn − x)|[0,t]‖ ≤ ‖xn − x‖.

As xn → x in BC(R+) we obtain the desired result. ¤

Now, we present our existence result
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Theorem 2. Under assumptions (i) − (viii), equation (1) has at least one
solution in BC(R+).

Proof. Let us define the operator A on the space BC(R+) by

(Ax)(t) = h(t) + (Tx)(t)
∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds.

Now we will prove that if x ∈ BC(R+) then Ax ∈ BC(R+).
To do this, it is sufficient to prove that if x ∈ BC(R+) then Bx ∈ BC(R+),
where

(Bx)(t) =
∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds.

In fact, let t0 ∈ R+ and ε > 0. Then, there exist two possibilities:

a) t0 6= 0.
b) t0 = 0.

a) Let us assume ‖x‖ 6= 0 (in contrary case (Bx)(t) ≡ 0).

Let δ < min
(

ε

2‖x‖‖ϕ‖1 ,
ε

2‖a‖‖b‖
)

and |t − t0| < δ (we can con-

sider t > t0), then

|(Bx)(t)− (Bx)(t0)| =
=

∣∣∣∣
∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds−
∫ t0

0

f(φ(t0, s)) max
[0,s]

|x(τ)|ds

∣∣∣∣ ≤

≤
∣∣∣∣
∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds−
∫ t

0

f(φ(t0, s))max
[0,s]

|x(τ)|ds

∣∣∣∣ +

+
∣∣∣∣
∫ t

0

f(φ(t0, s))max
[0,s]

|x(τ)|ds−
∫ t0

0

f(φ(t0, s))max
[0,s]

|x(τ)|ds

∣∣∣∣ ≤

≤
∫ t

0

|f(φ(t, s))− f(φ(t0, s))|max
[0,s]

|x(τ)|ds+

+
∫ t

t0

|f(φ(t0, s))|max
[0,s]

|x(τ)|ds ≤

≤ ‖x‖
∫ t

0

|t− t0|ϕ(s)ds + ‖a‖‖b‖‖x‖(t− t0) ≤

≤ ‖x‖(t− t0)‖ϕ‖1 + ‖a‖‖b‖‖x‖(t− t0) ≤
≤ ‖x‖‖ϕ‖1δ + ‖a‖‖b‖‖x‖δ < ε.

b) Let t0 = 0, then (Bx)(0) = 0 and let consider δ <
ε

‖a‖‖b‖‖x‖ . Then,

if t < δ

|(Bx)(t)− (Bx)(t0)| = |(Bx)(t)| ≤
∫ t

0

|f(φ(t, s))max
[0,s]

|x(τ)|ds ≤
≤ ‖a‖‖b‖‖x‖t < ε.
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In the sequel we show that Ax is a bounded function for x ∈ BC(R+).
In fact, for t ∈ R+ and taking into account our assumptions we can get

|(Ax)(t)| ≤ ‖h‖+(c+d‖x‖)·‖a‖·‖x‖
∫ t

0

b(s)ds ≤ ‖h‖+(c+d‖x‖)·‖a‖·‖x‖·‖b‖1.

Using assumptions (i) and (vi), we get that Ax is bounded for x ∈ BC(R+).
Moreover, by (viii) we obtain that A transforms the ball Br0 into itself.

Now, we prove that the operator A is continuous on Br0 . Let {xn} be a
sequence in Br0 , such that xn → x, we will prove that Axn → Ax. For each
t ∈ I we have

|(Axn)(t)− (Ax)(t)| ≤

≤
∣∣∣∣(Txn)(t)

∫ t

0

f(φ(t, s))max
[0,s]

|xn(τ)|ds−

−(Tx)(t)
∫ t

0

f(φ(t, s))max
[0,s]

|xn(τ)|ds

∣∣∣∣ +

+ |(Tx)(t)|
∫ t

0

|f(φ(t, s))|
∣∣∣∣max
[0,s]

|xn(τ)| −max
[0,s]

|x(τ)|
∣∣∣∣ ds ≤

≤ ‖Txn − Tx‖ · ‖a‖ · r0 · ‖b‖1 + (c + d · r0) · ‖a‖ · ‖b‖1 · ‖xn − x‖
As T is continuous, ‖Txn − Tx‖ → 0 as n → ∞, so ‖Axn − Ax‖ → 0 as
n →∞.

In the sequel, we prove that the operator A satisfies the Darbo condition
with respect to the measure of noncompactness µ introduced in section 2.

Let X be a nonempty subset of Br0 . Fix ε > 0, x ∈ X, L > 0 and
t1, t2 ∈ [0, L] such that t2 − t1 ≤ ε and t1 < t2. Then we obtain

|(Ax)(t2)− (Ax)(t1)| ≤
≤ |h(t2)− h(t1)|+ |(Tx)(t2)− (Tx)(t1)|

∫ t2
0

a(t2) · b(s) · r0ds+

+ |(Tx)(t1)|
∫ t2
0
|f(φ(t2, s))− f(φ(t1, s))| · r0ds+

+ |(Tx)(t1)|
∫ t2

t1
|f(φ(t1, s))| · r0ds ≤ wL(h, ε) + wL(Tx, ε) · ‖a‖‖b‖1 · r0+

+ (c + d · r0)‖ϕ‖1(t2 − t1) + (c + d · r0) · ‖a‖ · ‖b‖ · r0 · (t2 − t1) ≤
≤ wL(h, ε) + (‖a‖ · ‖b‖1 · r0)wL(Tx, ε) + ε · (c + dr0) · ‖ϕ‖1+
ε‖a‖ · ‖b‖ · r0 · (c + dr0).

Thus we have,

wL(Ax, ε) ≤ wL(h, ε) + (‖a‖ · ‖b‖1 · r0)wL(Tx, ε) + ε · (c + dr0) · ‖ϕ‖1+
+ ε‖a‖ · ‖b‖ · r0 · (c + dr0)

and taking the supremum over L > 0, we obtain by Lemma 1

w(Ax, ε) ≤ w(h, ε) + (‖a‖ · ‖b‖1 · r0)w(Tx, ε) + ε · [(c + dr0) · ‖ϕ‖1+
+ ‖a‖ · ‖b‖ · r0 · (c + dr0)]
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Consequently, applying supremum in x ∈ X and applying limit when ε → 0

w0(AX) ≤ (‖a‖ · ‖b‖1 · r0)w0(TX)

and by assumption (ii), as the operator T satisfies the Darbo condition with
constant Q, then

(5) w0(AX) ≤ (‖a‖ · ‖b‖1 · r0) ·Q · w0(X).

In the sequel, we study the term related to the diameter which appears in the
expression of the measure µ.
Let us take a nonempty subset X of Br0 , x, y ∈ X and t ∈ R+. Then

|(Ax)(t)− (Ay)(t)| =

=
∣∣∣∣(Tx)(t)

∫ t

0

f(φ(t, s)) max
[0,s]

|x(τ)|ds− (Ty)(t)
∫ t

0

f(φ(t, s))max
[0,s]

|y(τ)|ds

∣∣∣∣ ≤

≤
∣∣∣∣(Tx)(t)

∫ t

0

f(φ(t, s)) max
[0,s]

|x(τ)|ds− (Ty)(t)
∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds

∣∣∣∣ +

+
∣∣∣∣(Ty)(t)

∫ t

0

f(φ(t, s))max
[0,s]

|x(τ)|ds− (Ty)(t)
∫ t

0

f(φ(t, s))max
[0,s]

|y(τ)|ds

∣∣∣∣ ≤

≤ |(Tx)(t)− (Ty)(t)| ·
∫ t

0

|f(φ(t, s))|max
[0,s]

|x(τ)|ds+

+|(Ty)(t)| ·
∫ t

0

|f(φ(t, s))| ·
∣∣∣∣max
[0,s]

|x(τ)| −max
[0,s]

|y(τ)|
∣∣∣∣ ds ≤

≤ |(Tx)(t)− (Ty)(t)| · r0 · a(t) · ‖b‖1 + (c + dr0) · a(t) · ‖b‖1 · ‖x− y‖ ≤
≤ |(Tx)(t)− (Ty)(t)| · r0 · a(t) · ‖b‖1 + (c + dr0) · a(t) · ‖b‖1 · 2 · r0.

Applying supremum in X we obtain

diam(AX)(t) ≤ diam(TX)(t) · r0 · a(t)‖b‖1 + (c + dr0)a(t)‖b‖12r0.

Taking the upper limit when t → ∞, and taking into account that a(t) → 0
as t →∞, we obtain

(6) lim sup
t→∞

diam(AX)(t) = 0.

Now, combining (5) and (6) we obtain

µ(AX) ≤ (‖a‖ · ‖b‖1 · r0) ·Q · µ(X).

Finally, by hypothesis (viii) and applying Theorem 1 we complete the proof.
¤

Remark 3. If we replace the assumptions (i), (ii) and (viii) of the previous
Theorem with:

(i’) h ∈ BC(R+)
(ii’) The operator T : BC(R+) −→ BC(R+) is continuous and satisfies

that for each ball Br there exists a constant kr such that

‖Tx− Ty‖ ≤ kr‖x− y‖, ∀x, y ∈ Br ⊂ BC(R+)
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(viii’) There exists r0 > 0 such that ‖h‖+(c+ d · r0) · ‖a‖ · ‖b‖1 · r0 ≤ r0 and
‖a‖‖b‖1(c + (d + kr0)r0) < 1

we can prove, in the same way that the proof of Theorem 2, that the operator
A is a contraction in Br0 . Consequently, we guarantee the uniqueness of the
solution of the equation (1) in this ball.

4. Some Remarks

In this section, we are going to give some examples which show the relevance
of the hypotheses of theorem 2.

Example 1. Let h(t) = 1. This function verifies assumption (i). Take
(Tx)(t) = 1

2 . It is continuous and satisfies the Darbo condition with Q = 0,
also this operator satisfies (v) with c = 1

2 and d = 0. Let φ(t, s) = s which is a
continuous function. Finally take f(u) = 1

u . This function is not continuous
at u = 0, so it doesn’t verify assumption (iv). Nor does it satisfy assumption
(vi), because b(s) = 1

s is not a bounded function. If we take ϕ(s) ≡ 0,
assumption (vii) is satisfied.

In this case, our equation is:

x(t) = 1 +
1
2

∫ t

0

1
s

max
[0,s]

|x(τ)|ds.

We have that x(0) = 1 and

x(t) ≥ 1 +
1
2
|x(0)|

∫ t

0

1
s
ds = 1 +

1
2
|x(0)|(ln t− ln k),

we deduce that x(t) →∞ as k → 0. So x(t) 6∈ BC(R+).

Example 2. Consider h(t) = 1 which satisfies assumption (i). Let (Tx)(t) =
1
2 . It is continuous and satisfies the Darbo condition with Q = 0, also this
operator satisfies (v) with c = 1

2 and d = 0. Take φ(t, s) = t+s and f(u) = u,
they do not satisfy assumptions (vi) and (vii).

In this case, our equation is:

x(t) = 1 +
1
2

∫ t

0

(t + s)max
[0,s]

|x(τ)|ds.

We deduce that x(0) = 1 and x(t) ≥ 1+ 1
2 |x(0)|

∫ t

0

(t+ s)ds = 1+
1
2
|x(0)|3t2

2
so x(t) is not a bounded solution.

In what follows we present an example where existence can be established
by using theorem 2.

Example 3. Consider the integral equation

(7) x(t) =
1
2

cos t +
1
2

∫ t

0

e−s · cos s

1 + t
max
[0,s]

|x(τ)|ds.
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Observe that in this case, we can consider the function φ defined by

φ(t, s) =
e−s · cos s

1 + t

and f(y) = y for each y ∈ Imφ.
It is easy to prove that f ◦φ satisfies assumptions (iii) and (iv) with constant

M = 1. Moreover, (f◦φ)(t, s) =
1

t + 1
·(e−s·cos s), so f◦φ satisfies assumption

(vi) with a(t) =
1

t + 1
and b(s) = (e−s · cos s). Obviously, f ◦ φ satisfies

assumption (vii) with ϕ(s) = b(s).
The function h is given by the expression

h(t) =
1
2

cos t

and satisfies assumption (i).

Observe that operator T is given by (Tx)(t) =
1
2

which satisfies (ii) and (v)

with c =
1
2
, d = 0 and Q =

1
2
.

Finally, inequalities of (viii) are satisfied with r0 = 1.
Theorem 2 tells us that our equation (7) has a solution in BC(R+) which

belongs to the set B1 = B(0, 1).
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HARALD BOHR MEETS STEFAN BANACH

ANDREAS DEFANT AND CHRISTOPHER PRENGEL

Abstract. We relate the early work of Harald Bohr on Dirichlet se-
ries with modern Banach space theory, in particular with questions on
unconditionality for m-homogeneous polynomials or holomorphic func-
tions on Banach spaces.

1. Introduction

We use various methods from analysis (local Banach space theory, com-
binatorial methods, probability theory, complex analysis in one and several
variables, the theory of infinite dimensional holomorphy and number theory)
in order to relate and to discuss

• Bohr’s study of vertical strips in the complex plane on which Dirichlet
series

∑
an

1
ns converge uniformly but not absolutely,

• the study of multidimensional variants of Bohr’s power series theorem
(originally a theorem on power series in one complex variable),

• the study of “Dineen’s problem” which asked for the existence of in-
finite dimensional Banach spaces X and m ≥ 2 such that the Banach
space of m-homogeneous polynomials on X has an unconditional ba-
sis,

• the study of maximal subsets of a given Reinhardt domain R located
in a Banach sequence space X on which each holomorphic function f
has a convergent monomial expansion.

This article surveys on recent research on each of these topics, and in partic-
ular on joint work of the authors with J. C. Diaz, D. Garcia, L. Frerick, N.
Kalton and M. Maestre. Eight problems are posed.

2. Preliminaries

Standard notation and notions from Banach space theory are used, as pre-
sented e.g. in [32], [45] and [18]. See [26], and [30] for all needed background
on polynomials and holomorphic functions on Banach spaces.

All considered Banach spaces X are assumed to be complex; the open
unit ball is denoted by BX . As usual `n

p , 1 ≤ p ≤ ∞ and n ∈ N, stands
for Cn together with the p-norm ‖z‖p := (

∑n
k=1 |zk|p)

1
p (with the obvious

317
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modification whenever p = ∞), and `p for the infinite dimensional version of
these spaces.

Recall that the Banach-Mazur distance of two n-dimensional Banach spaces
X and Y is given by d(X, Y ) := inf ‖R‖ ‖R−1‖, the infimum taken over all
linear bijections R : X −→ Y (see e.g. [45]).

As usual a sequence (xk) of a Banach space X is said to be a (Schauder)
basis if each x ∈ X has a unique series representation x =

∑∞
k=1 µkxk (in this

case, the coefficient functionals x∗k defined by x∗k(x) = µk are continuous).
A basis (xk) of a Banach space X is said to be unconditional if each series
representation x =

∑∞
k=1 µkxk converges unconditionally, or equivalently, if

there is a constant c > 0 such that for each choice of finitely many µ1, . . . , µn ∈
C ∥∥∥

n∑

k=1

|µk|xk

∥∥∥ ≤ c
∥∥∥

n∑

k=1

µkxk

∥∥∥ ;

in this case the best constant c is denoted by χ((xk)) and called unconditional
basis constant of (xk). We say that (xk) is a 1-unconditional basis whenever
χ((xk)) = 1. Moreover, the unconditional basis constant of X is defined to be
χ(X) := inf χ((xk)) ∈ [1,∞], the infimum taken over all unconditional bases
(xk) of X.

By a Banach sequence space X we mean a Banach space X ⊂ CN of
sequences in C such that the closed unit ball BX is closed in the topology
of pointwise convergence and the canonical unit vectors en = (δnk)k form a
1-unconditional basis in X. The n-dimensional space Xn := span{e1, · · · , en}
is then said to be the nth section of X. A Banach sequence space X is
called symmetric if every x ∈ CN belongs to X if and only if its decreasing
rearrangement x∗ belongs to X, and in this case they have equal norm. For
1 ≤ p < ∞ a Banach sequence space X is said to be p-convex if there exists a
constant c > 0 such that for each choice of finitely many elements x1, · · · , xn ∈
X ∥∥∥

( n∑

i=1

|xi|p
)1/p∥∥∥

X
≤ c

( n∑

i=1

‖xi‖p
X

)1/p

;

X has non-trivial convexity if it is p-convex for some 1 ≤ p < ∞.
Finally, we recall that λX(n) := ‖∑n

i=1 ei‖X stands for the fundamental
function of X, and

X · Y := {xy | x ∈ X, y ∈ Y }
defines the product space of two Banach sequence spaces X and Y ; here the
product of two sequences x, y ∈ CN is meant coordinatewise.

3. Dirichlet series and power series in infinitely many variables

An (ordinary) Dirichlet series is a series of the form

(3.1)
∞∑

n=1

an

ns
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with coefficients an ∈ C and s a complex variable. Series of this type form
an important tool in analytic number theory, and their structure theory helps
understanding the Riemann zeta function given by

(3.2) ζ(s) =
∞∑

n=1

1
ns

.

The maximal domains where Dirichlet series converge absolutely, uniformly
or conditionally are half planes [Re s > σ] where σ = a, u or c is called the
abscissa of absolute, uniform or conditional convergence, respectively. More
precisely, define σ := inf σ0, the infimum taken over all σ0 such that on
[Re s > σ0] we have convergence of the requested type.

We have c ≤ u ≤ a, but contrary to the situation for power series these
values may differ from each other. For example for the series in (3.2) we
have c = a = 1 whereas the alternating series

∑
(−1)n+1/ns has conditional

convergence abscissa c = 0 and absolute convergence abscissa a = 1. In both
cases we have u = a.

In general a − c ≤ 1 and by the example above this estimate is optimal,
i. e. sup a− c = 1, the least upper bound taken over all Dirichlet series as in
(3.1).

Dirichlet series were studied extensively by Harald Bohr during his lifetime
and one of his major problems was to determine the value

(3.3) T := sup a− u .

This problem arised from the so called “absolute convergence problem” for
Dirichlet series, i. e. to derive the position of the absolute convergence ab-
scissa from simple analytic properties of the function defined by

f(s) =
∞∑

n=1

an

ns
.

In a rather ingenious fashion Bohr shifted the problem of finding the precise
value of T into a problem formulated entirely in terms of power series in
infinitely many variables. Using the fundamental theorem of arithmetic he
established a one to one correspondence between Dirichlet series and power
series in infinitely many variables, given by

(3.4)
∑

α∈N(N)
0

cαzα !
∑

n

an

ns
, cα = apα

where p = (pn) is the sequence of primes. Then he defined

(3.5) S := inf q ,

the infimum taken over all q > 0 such that
∑|cα| εα < ∞ for every ε ∈

`q ∩ ] 0 , 1[ N and every power series
∑

cαzα bounded in the domain [|zi| ≤ 1],
i. e. with

(3.6) sup
n

sup
|zi|≤1

∣∣ ∑

α∈Nn
0

cα zα
∣∣ < ∞ ,
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and used the prime number theorem to prove that

(3.7) T =
1
S

.

Now the problem was to find the exact value of S and Bohr [11] proved the
following theorem.

Theorem 3.1. Let
∑

cαzα be a power series bounded in the domain [|zi| ≤ 1]
and ε ∈ `2 ∩ ] 0 , 1[ N. Then

∑

α∈N(N)
0

|cα| εα < ∞ ,

in other words: S ≥ 2.

Bohr did not know if 2 was the exact value of S, not even if S < ∞.
In 1915 Toeplitz [44] proved S ≤ 4 by constructing for every δ > 0 an
ε ∈ `4+δ ∩ ] 0 , 1[ N and a 2-homogeneous polynomial

∑
|α|=2 cαzα bounded

on [|zi| ≤ 1] with
∑
|α|=2|cα|εα = ∞. Then after some time Bohnenblust

and Hille [10] proved in 1931 that 2 is in fact the exact value of S. They
showed that the upper bound 4 of Toeplitz is best possible if one just con-
siders 2-homogeneous polynomials instead of arbitrary power series, and they
constructed examples of m-homogeneous polynomials for arbitrary m to get
the result.

Thus the final conclusion is that the maximal possible width of the strip
of uniform but non-absolute convergence of a Dirichlet series

∑ an

ns is

T =
1
2

The inequality S ≤ 2 was reproved by Dineen and Timoney [28] in 1989;
this will be explained in section 7.

4. Multidimensional versions of Bohr’s power series theorem

Bohr’s problem to find an upper bound for S lead him to investigate the
relation between the absolute value of a power series in one variable and the
sum of the absolute values of the individual terms. In 1913 he published the
following result, now known as Bohr’s power series theorem [12].

Theorem 4.1. Let
∑

cnzn be a power series in C with

(4.1)
∣∣
∞∑

n=1

cnzn
∣∣ ≤ 1

for all |z| < 1. Then for all |z| < 1/3
∞∑

n=1

|cnzn| ≤ 1 ,

and the value 1/3 is optimal, i. e. for every r > 1/3 there is a power series∑
cnzn satisfying (4.1) and

∑∞
n=1|cn|rn > 1.
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How can this theorem be extended to power series
∑

α∈Nn
0

cαzα in n com-
plex variables?

The domains of convergence of such power series are Reinhardt domains.
By a Reinhardt domain R ⊂ Cn we mean a non empty open set which satisfies
the following property: If z ∈ R and u ∈ Cn with |u| ≤ |z| then u ∈ R. In the
literature one usually only assumes R to be open and n-circular (i. e. z ∈ R
and u ∈ Cn with |u| = |z| implies u ∈ R) and the additional assumption that
λR ⊂ R for every λ ∈ C with |λ| ≤ 1 is called completeness of R. Thus our
Reinhardt domains are always complete.

Examples of Reinhardt domains are unit balls of `n
p -spaces, or more gen-

erally of finite dimensional Banach spaces (Cn, ‖ · ‖) such that the canonical
unit vectors form a 1-unconditional basis (see section 5).

Bohr’s power series theorem motivates the following definition due to Boas
and Khavinson [9].

Definition 4.2. The Bohr radius K(R) of a Reinhardt domain R ⊂ Cn is
defined to be the least upper bound of all r ≥ 0 such that every power series∑

α∈Nn
0

cαzα with
∣∣ ∑

α∈Nn
0

cαzα
∣∣ ≤ 1

for all z ∈ R satisfies ∑

α∈Nn
0

|cαzα| ≤ 1

for all z in the scaled domain rR. If only m-homogeneous polynomials∑
|α|=m cαzα are considered instead of arbitrary power series, then we write

Km(R), the mth Bohr radius of R.

Now Bohr’s power series theorem in this terminology reads as follows:

(4.2) K(D) = 1/3 ,

D as usual the open unit disc in C.
Obviously, Km(D) = 1 for all m, hence the following result from [16, Theo-

rem 2.2] is a sort of abstract multi dimensional variant of Bohr’s power series
theorem.

Proposition 4.3. Let R be a bounded Reinhardt domain in Cn. Then

1
3

inf
m

Km(R) ≤ K(R) ≤ min
{

1
3
, inf

m
Km(R)

}
.

Clearly, the upper estimate is trivial from what was explained so far, so
that the following problem arises.

Problem 4.4. Decide whether or not

K(R) =
1
3

inf
m

Km(R) .
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The first multidimensional extension of Bohr’s theorem for the n-dimen-
sional polydisc was obtained by Dineen and Timoney [27] in 1989. They
studied the existence of absolute monomial bases for spaces of holomorphic
functions on locally convex spaces and saw a possibility to solve their basis
problem with the help of a polydisc version of Bohr’s theorem. Their result
can be stated as follows: For all ε > 0 there is a constant cε > 0 such that for
all n

(4.3) K(B`n∞) ≤ cε

√
nε

n
.

In 1997 Boas and Khavinson [9] improved this estmate by showing that

(4.4)
1
c

1√
n
≤ K(B`n∞) ≤ c

√
log n

n
,

and Aizenberg [2] established the `1-case

(4.5)
1
c
≤ K(B`n

1
) ≤ c.

So, essentially the sequence (K(B`n∞))n of Bohr radii of the n-dimensional
polydiscs B`n∞ decreases to 0 like 1√

n
whereas for the n-dimensional hypercones

B`n
1

this sequence remains strictly larger than 0. In [8] Boas was then able to
give the following asymptotic estimates for the scale of all finite dimensional
`p-spaces:

(4.6)
1
c

(
1
n

)1− 1
min{p,2}

≤ K(B`n
p
) ≤ c

(
log n

n

)1− 1
min{p,2}

,

c > 0 again a constant independent of n.
The proofs for the lower bounds use techniques which can be traced back to

the original papers of Bohr, and are based on clever estimates for the moduli
of the coefficients of the power series considered as a holomorphic function.

So far all known non trivial upper estimates for multi dimensional Bohr
radii use probabilistic methods, and the log-term in the preceding estimates
is a consequence of these methods. Boas in [8, p. 239] conjectured that pre-
sumably this logarithmic factor, an artifact of the proof, should not really be
present (see also [8, section 7, Problem 1] and the discussion in [9]).

We will see in section 6 that contrary to this commonly held opinion the
lower estimate in (4.6) can be improved by a combination of Bohr’s methods
and methods from local Banach space theory.

We now discuss some upper and lower estimates for K(R) for some more
general classes of n-dimensional Reinhardt domains R. Note first that since
each Reinhardt domain is the union of polydiscs (with varying radii) the Bohr
radius of the n-dimensional polydisc is an extreme case in the following sense
(see [9, Theorem 3]): For each n-dimensional Reinhardt domain R

(4.7) K(B`n∞) ≤ K(R).
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In order to improve this estimate we need a further notation which allows
to compare the Bohr radii of two Reinhardt domains R1 and R2 in Cn:

S(R1, R2) := inf{b > 0 : R1 ⊂ bR2}.
To see an example, if R is a bounded Reinhardt domain in Cn, then we have

(4.8) S(R, B`n
p
) = sup

z∈R

( n∑

k=1

|zk|p
)1/p

, 1 ≤ p ≤ ∞

With this terminology at hands the following useful device can be formulated:

(4.9) K(R1) ≤ S(R1, R2)S(R2, R1)K(R2) ,

R1 and R2 again two Reinhardt domains in Cn.
Now from (4.7) and (4.9) the following general lower bound is immediate

–a result which in almost all concrete cases at least up to a log-term in n
seems to lead to optimal estimates.

Corollary 4.5. There is a constant c > 0 such that for each bounded Rein-
hardt domain R in Cn

max
{

K(B`n∞) ,
c

S(R,B`n
1
)S(B`n

1
, R)

}
≤ K(R) .

Reasonable upper bounds for Bohr radii of general n-dimensional Rein-
hardt domains are technically more delicate. The following result is from [15,
Theorem 4.2] and [16, Theorem 2.8].

Theorem 4.6. For each bounded Reinhardt domain R in Cn we have

K(R) ≤ e323/2
√

log n
S(R, B`n

2
)

S(R, B`n
1
)

.

Clearly, a combination of Corollary 4.5, Theorem 4.6 and (4.8) leads to the
asymptotic of Boas given in (4.6) (with a slightly worse log-term).

In the 1-dimensional case the proof of the upper estimate, K(D) ≤ 1/3, is
simple, and uses Moebius transforms z−a

1−az , 0 < a < 1 (see e.g. [8, section 2]).
But in higher dimensions special power series which lead to reasonable upper
estimates for K(R), so far can only be generated by probabilistic arguments.
This idea originates in [8], [9], and [27].

An m-homogeneous polynomial
∑
|α|=m cαzα is said to be unimodular

whenever the moduli of all coefficients cα equal 1. It is well-known (see e.g.
[17, Theorem 2.3]) that each unimodular m-homogeneous polynomial satisfies
the following lower norm estimate

cmn
m+1

2 ≤ sup
z∈B`n∞

|
∑

|α|=m

cαzα| ,

cm a constant only depending on the degree m and not on the number of
variables n. The famous Kahane-Salem-Zygmund Theorem then states that
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this estimate is optimal in the following sense: For each n there exist signs εα

such that
sup

z∈B`n∞

|
∑

|α|=m

εαzα| ≤ cmn
m+1

2 ,

and it is this type of polynomials which is needed to establish the estimates
from (4.4) and (4.6) (in [8, 5.2] Boas uses instead of the Kahane-Salem-
Zygmund Theorem a closely related result proved by probabilistic techniques
due to Mantero and Tonge from [38]).

The main tool for the proof of Theorem 4.6 is of independent interest–it is
an upper estimate for the expectation of the sup norm of a Gaussian random
polynomial, the sup norm taken on bounded circled domains in Cn. For its
proof which is based on Slepian’s lemma for Gaussian random processes, see
[15] and [17].

Theorem 4.7. Let U be a bounded circled set in Cn and (gα)|α|=m and (gi)n
i=1

two families of independent standard Gaussian random variables on a proba-
bility space (Ω, µ). Then for each choice of coefficients cα, |α| = m

∫
sup
z∈U

∣∣ ∑

|α|=m

cαgαzα
∣∣dµ

≤ Cm sup
|α|=m

{
|cα|

√
α!
m!

}
sup
z∈U

( n∑

i=1

|zi|2
)m−1

2
∫

sup
z∈U

∣∣
n∑

i=1

gizi

∣∣dµ

where C > 0 is an absolut constant.

Note that since Gaussian averages dominate Rademacher averages this re-
sult for U = B`n∞ gives the above mentioned (special case of the) Kahane-
Salem-Zygmund Theorem.

Parts of this result cannot be improved. For example the term
√

α!/m!
cannot be replaced by α!/m!; if yes, then the log-term in (4.4) would be
superfluous (see the proof of Theorem 4.6 in [15]), but this is not the case by
Theorem 6.3.

We finish this section illustrating that our results for large classes of X
lead to almost optimal estimates. The following corollary is an immediate
consequence of Corollary 4.5 and Theorem 4.6.

Corollary 4.8. Let R be a bounded Reinhardt domain in Cn such that B`n
1
⊂

R ⊂ B`n
2
. Then we have

1
c

1
supz∈R

∑n
k=1 |zk| ≤ K(R) ≤ c

√
log n

1
supz∈R

∑n
k=1 |zk| ,

c > 0 an absolute constant.

For “up to a log-term in the dimension” optimal estimates of the Bohr ra-
dius for concrete n-dimensional (convex and non convex) Reinhardt domains
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R see again [15] and [16]. Recently much work has been done about multi-
dimensional Bohr radii; for more information see [2], [3], [4], [5], [7], [8], [9],
[13], [15], [16], [27], [29], [39].

5. Unconditionality in spaces of m-homogeneous polynomials

Let X be a Banach space and m ∈ N. A function p : X → C is said to be
an m-homogeneous polynomial if there is an m-linear form ϕ :

∏m
k=1 X → C

such that for all x ∈ X

p(x) = ϕ(x, . . . , x).
As usual we denote by P(mX) the vector space of all m-homogeneous contin-
uous polynomials p on X which together with the norm

‖p‖ := sup
‖x‖≤1

|p(x)|

forms a Banach space. For m functionals x∗1, . . . , x
∗
m ∈ X∗ the definition

x∗1 ⊗ · · · ⊗ x∗m(x) :=
m∏

k=1

x∗k(x), x ∈ X

gives the prototype of an m-homogeneous continuous polynomial on X. The
closure of all linear combinations of such monomials leads to Pappr(mX), the
subspace of all so called approximable m-homogeneous polynomials on X.

The above given basis free definition of an m-homogeneous polynomial on
infinite dimensional Banach spaces dates from 1932 and was given indepen-
dently by Michal and Banach. Indeed, Banach intended to write a second
volume of his famous book devoted to the non linear theory with this def-
inition in its center. Dineen in his recent book [26, 2.6 Notes] claims that
the development of the theory of polynomials on Banach spaces can be dev-
ided into two periods. The first period starts in the thirties of the last century
and, although mainly motivated externally through holomorphic and differen-
tial functions on infinite dimensional spaces, it identified interesting concepts
and results on polynomials in infinitely many variables. The second period
begins in the eighties. It did not represent a break in the scientific sense but
was more of a psychological change of attitude notable for the appearance of
polynomials as the main object of study.

For a finite dimensional Banach space X = (Cn, ‖ · ‖) we obviously have
that P(mX) coincides with all polynomials of the form

∑
|α|=m cαzα in n

complex variables zk, and the monomials zα, α ∈ Nn
0 and |α| = m, clearly

form a linear basis.
In infinite dimensions the question whether P(mX) allows a Schauder basis

is more involved. Let X be a Banach space, (x∗k) a sequence of functionals
in its dual X∗, and α = (α1, . . . , αn) ∈ N(N)

0 a multi index. Then we call the
function

x∗α(x) := x∗α1
⊗ · · · ⊗ x∗αn

(x), x ∈ X

a monomial. If the order |α| equals m, then x∗α ∈ P(mX). When do these
monomials form a basis of P(mX)?
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The following result was 1980 stated in Ryan [42] (although its proof in
[42] contains a gap which was recently closed in [25], [31] and [41]).

Proposition 5.1. Let X be a Banach space such that X∗ has a basis (x∗k).
Then the monomials (x∗α)

α∈N(N)
0

under an appropriate order of N(N)
0 form a

basis of Pappr(mX).

Such an order can be defined inductively as follows: For α ∈ N(N)
0 define

n(α) := max{k | αk 6= 0} and α by

αn :=

{
αn − 1 n = n(α)

αn otherwise .

Then for multiindices α, β of order m

α ≤ β : ⇐⇒ (1) n(α) < n(β)

or (2) n(α) = n(β) and α ≤ β .

This order was used in [25], [31] and [41]. It is established as the socalled
square order of the monomials, though it is different from the order defined
by Ryan in [42] for which he originally used this name (that even the latter
order works is more difficult to see and was also proved in [41]).

Hence, the monomials form a basis for the whole space P(mX) provided
Pappr(mX) = P(mX). For reflexive spaces X even the converse holds as was
shown by Alencar [1].

Proposition 5.2. Let X be a reflexive Banach space such that X∗ has a basis
(x∗k). Then the following are equivalent:

(1) The monomials (x∗α) form a basis of P(mX).
(2) Pappr(mX) = P(mX).
(3) P(mX) is reflexive.

See [26] for a collection of results on the reflexivity of spaces of m-homogeneous
polynomials on Banach spaces; for example, a result of PeÃlczyński [40] from
1957 states that P(m`p) is reflexive if and only if m < p. As a consequence,
the monomials (square order) form a basis of P(m`p) if and only if m < p.

The following questions became to be known as Dineen’s problem: Let
(xk) be an unconditional basis of the infinite dimensional Banach space X,
and let (x∗k) be the sequence of its coefficient functionals in X∗. Can the
monomials with respect to the coefficient functionals form an unconditional
basis of P(mX)? Can P(mX) at all have an unconditional basis?

Dineen writes in [26, p. 305]: ... however, it is rarely, and perhaps never,
the case that the monomials form an unconditional basis for P(mX) when X
is an infinite dimensional Banach space ....

The following theorem is the main result of [19].

Theorem 5.3. Let X be a Banach space with an unconditional basis and
m ≥ 2. Then the Banach space P(mX) of all m-homogeneous polynomials on
X has an unconditional basis if and only if X is finite dimensional.
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The proof of this result consists of three steps of independent interest which
we briefly sketch:

The first step towards the solution of Dineen’s problem was established in
[14]. Following a program originally initiated by Gordon and Lewis it is proved
that for each Banach space X which has a dual X∗ with an unconditional basis
(x∗k), the approximable polynomials Pappr(mX) have an unconditional basis if
and only if the monomial basis with respect to (x∗k) is an unconditional basis.

Let us give this equivalence a more quantitative formulation. A Banach
space invariant closely related to χ(X) is the Gordon-Lewis constant invented
in the classical paper [33]. A Banach space X is said to be a Gordon-Lewis
space (or to have the Gordon-Lewis property) if every 1-summing operator
T : X −→ `2, i.e.

π1(T ) := sup

{
n∑

i=1

‖Txi‖ | ‖
n∑

i=1

λixi‖ ≤ 1, n ∈ N, |λi| ≤ 1

}
< ∞ ,

allows a factorization T : X
R−→ L1(µ) S−→ `2 (µ some measure, R and S

bounded operators). In this case, there is a constant c ≥ 0 such that for all
T : X −→ `2

γ1(T ) := inf ‖R‖‖S‖ ≤ c π1(T ) ,

and the best such c is called the Gordon-Lewis constant of X and denoted by
gl(X) ∈ [0,∞].

A fundamental tool for the study of unconditionality in Banach spaces is
the so called Gordon-Lewis inequality from [33] (see also [24, 17.7]):

(5.1) gl(X) ≤ 2χ(X).

Recall that χ(Pappr(mX)) stands for the unconditional basis constant of
Pappr(mX), and write χmon(Pappr(mX)) for the unconditional basis constant
of the monomials with respect to (x∗k). The following inequality was proved
in [14, Theorem 1]); for our special situation it is a sort of converse of (5.1).

Proposition 5.4. Let X be a Banach space and (x∗k) a 1-unconditional basis
of X∗. Then for all m

χmon(Pappr(mX)) ≤ cm gl(Pappr(mX)) ≤ 2cm χ(Pappr(mX)),

where cm ≤ (m4m/m!)2m.

In the second step of the proof of Theorem 5.3 we use this result to
derive asymptotically optimal estimates for the unconditional basis constants
of spaces of m-homogeneous polynomials on finite dimensional sections of
Banach sequence spaces ([15, 6.2] and [14, Theorem 3]).

Proposition 5.5. Let X be a Banach sequence space and let Xn be the linear
span of {ek | 1 ≤ k ≤ n}, n ∈ N. Then

χ(P(mXn))
m³ χmon(P(mXn))

m³ d(X, `n
1 )m−1

provided X satisfies one of the following two conditions:
(1) X is a subset of `2 and has non-trivial convexity.
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(2) X is symmetric and 2-convex.
In particular, for each 1 ≤ p ≤ ∞
(5.2) χ(P(m`n

p ))
m³ χmon(P(m`n

p ))
m³ n1− 1

min(p,2) .

Here
m³ means that the right and the left side are equivalent up to constants

only depending on m.

A well known result of Tzafriri [46] states that each infinite dimensional Ba-
nach space X with an unconditional basis contains uniformly complemented
`n
p ’s for some p ∈ {1, 2,∞}.

Since the Gordon-Lewis constant is invariant under complemented sub-
spaces, Proposition 5.3 combined with (5.2) assures that X can neither con-
tain all `n

2 ’s nor all `n
∞’s uniformly complemented whenever we assume that

χ(P(mX)) < ∞.
But this contradicts the following independently interesting result from [19,

Proposition 3.2] which is the third step completing the proof of Theorem 5.3.

Proposition 5.6. Suppose X has an unconditional basis and m ≥ 2. If
P(mX) is separable, then either X contains uniformly complemented `n

2 ’s or
X contains uniformly complemented `n

∞’s.

Let us finish with some remarks on the proof of this result which relies on
a refinement of Tzafriri’s theorem (just mentioned) using recent results on so
called greedy bases.

A normalized basic sequence (xk)∞k=1 in a Banach space X is called demo-
cratic if there is a constant C such that if A, B are finite subsets of N with
|A| ≤ |B| then

‖
∑

k∈A

xk‖ ≤ C‖
∑

k∈B

xk‖.

A basic sequence which is both unconditional and democratic is called greedy.
In fact, greedy bases were originally defined in terms of approximation rates,
and it is a theorem of Konyagin and Temlyakov [34] that this is equivalent to
our definition. We refer to [22] and [23] for more information on greedy bases.

If (xk)∞k=1 is a greedy basic sequence then for its fundamental function we
have that

λX(n) = sup{‖
∑

j∈A

xk‖ : |A| ≤ n}.

An important principle needed for the proof of the preceding theorem is
the following special case of [22, Proposition 5.3] (proved by use of Ramsey
theory): Suppose X is a Banach space with non-trivial cotype and (xk)∞k=1 is
an unconditional basis of X. Then (xk)∞k=1 has a subsequence (xkn)∞n=1 which
is greedy.

Combined with this general principle the following modification of Tza-
friri’s result mentioned above easily implies Proposition 5.6 ([19, Theorem
3.1]).
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Proposition 5.7. Suppose X has a greedy basis (xk)∞k=1. Suppose X has
non-trivial cotype q < ∞ and that for some p > 1 we have

lim inf
n→∞

n−
1
p λX(n) = 0.

Then X contains uniformly complemented `n
2 ’s.

Two problems remain open.

Problem 5.8. Let X be an infinite dimensional Banach space with an uncon-
ditional basis and m ≥ 2. Can the monomials with respect to the coefficient
functionals of this basis form an unconditional basis of Pappr(mX)?

The discussion of this section suggests that the answer is no. It is interest-
ing to remark that the monomials can form an unconditional basic sequence
in Pappr(mX) (or, equivalently, in PmX)). It can be seen easily that this
happens for X = `1, but as shown in [19, Theorem 4.3] there are Lorentz
spaces d(ω, 1) different from `1 which never the less fulfill this property.

In this context the following equivalence from [19, Proposition 4.1] seems
to be interesting, its proof has as its main ingredient again Proposition 5.4.

Proposition 5.9. Let X be a Banach space with an unconditional basis (xk)
and coefficient functionals (x∗k). Then for each m the following are equivalent:

(1) The monomials (x∗α) form an unconditional basic sequence in P(mX).
(2) P(mX) is isomorphic to a Banach lattice.

Problem 5.10. Characterize those Banach spaces X with an unconditional
basis for which P(mX) is isomorphic to a Banach lattice.

6. Bohr’s power series theorem and local Banach space theory

In this section we link the preceding cycle of ideas on the unconditionality
of spaces of m-homogeneous polynomials on Banach spaces X with our study
of multidimensional variants of Bohr’s power series theorem from section 4.

In order to motivate our basic link between these topics recall from (4.6)
that K(B`n

p
) up to an absolute constant and up to a log-term in n equals

1

n1− 1
min{p,2}

,

whereas χmon(P(m`n
p )) up to an absolute constant by (5.2) equals

(n1− 1
min{p,2} )m−1 .

Hence, for large degrees m the mth root of χmon(P(m`n
p )) approximates

K(B`n
p
)−1. It will turn out that this even holds for every Banach space X =

(Cn, ‖ · ‖) for which the canonical basis vectors ek form a 1-unconditional
basis. Again we start with a definition.
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Definition 6.1. Let X = (Cn, ‖ · ‖) be a Banach space such that the ek’s
form a 1-unconditional basis (i. e., BX is a Reinhardt domain). Then we
define

r(X) := sup
m

χmon(P(mX))
1
m .

A straight forward caculation shows that for each m

Km(BX) =
1

m
√

χmon(P(mX))

(see [15, Lemma 2.1]), hence we obtain as an immediate consequence of Propo-
sition 4.3 the following basic link between Bohr radii and radii of uncondi-
tionality (see [15, Theorem 2.2]).

Theorem 6.2. Let X = (Cn, ‖ · ‖) be a Banach space for which the ek’s form
a 1-unconditional basis. Then we have

1
3

1
r(X)

≤ K(BX) ≤ min
{

1
3
,

1
r(X)

}
.

This “bridge” allows to use methods from Banach space theory, in partic-
ular the local theory, to study Dirichlet series, Bohr radii or related topics,
e.g. from infinite dimensional holomorphy, and vice versa, it helps to use
results from complex analysis in order to study unconditionality in spaces of
m-homogeneous polynomials or holomorphic functions on Banach spaces.

We give two examples which stress this opinion.
The following lower estimate for the Bohr radii for the scale of Reinhardt

domains B`n
p
, 1 ≤ p ≤ ∞ , was given in [21]. It shows that–at least up to

a log log-term in the dimension n–the log-terms in the estimates from (4.4),
(4.6), Theorem 4.6 and Corollary 4.8 are not superfluous.

Theorem 6.3. There is a constant c > 0 such that for each 1 ≤ p ≤ ∞ and
all n

1
c

(
log n/ log log n

n

)1− 1
min(p,2)

≤ K(B`n
p
) .

The proof of this result uses complex analysis (in particular, ideas of Bohr)
to establish the estimate

χmon(P(m`n
p ))

1
m ≤ c

(
1 +

n

m

)1− 1
min(p,2)

,

and alternatively, results from the local Banach space theory to show that

χmon(P(m`n
p ))

1
m ≤ 4e n1− 1

min(p,2)
1

(
n

1
m

)1− 1
min(p,2)

.

A synthesis of both estimates together with the “bridge” from Theorem 6.2
leads to Theorem 6.3.

Problem 6.4. Decide whether the term log log n in Theorem 6.3 is superflu-
ous.
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Aizenberg’s result from (4.5) shows that among the scale of all domains
B`n

p
the unit ball of `n

1 plays a special role, it is the only one for which the
sequence (K(B`n

1
))n of Bohr radii does not converge to 0. Moreover, recall

that
d(`n

p , `n
1 )

n³ n1− 1
min(p,2)

(see e.g. [45]). Hence, (4.6) and its improvement Theorem 6.3, but also the
results from Theorem 6.2 combined with Proposition 5.5, suggest that for
each Banach space X = (Cn, ‖ · ‖) (such that the ek’s form a 1-unconditional
basis) the following “asymptotic equality”

(6.1) K(BX) ³ 1
d(X, `n

1 )
,

might be true (up to absolute constants and a log-term in the dimension n).
The next theorem collects some results in this direction.

Theorem 6.5.
(1) There is an absolute constant c > 0 such that for all Banach spaces

X = (Cn, ‖ · ‖) for which the ek’s form a 1-unconditional basis, the
following estimates hold:

1
c

1
d(X, `n

1 )
≤ K(BX) ≤ c

√
log n

sup‖z‖X≤1(
∑n

k=1 |zk|2)1/2

sup‖z‖X≤1

∑n
k=1 |zk| .

(2) There is c > 0 such that for all X as in (1)
1
c

1
d(X, `n

1 )
≤ K(BX) ≤ c

√
log n

1
d(X, `n

1 )1/2
.

(3) There is c > 0 such that for all X as in (1) which satisfy BX ⊂ B`n
2

or are the nth section of a symmetric and 2-convex Banach sequence
space, we have

1
c

1
d(X, `n

1 )
≤ K(BX) ≤ c

√
log n

1
d(X, `n

1 )
.

The lower estimate from (1) was proved in [21, 4.1], the upper estimate is
an obvious reformulation of Theorem 4.6 and was proved in [15, 4.2]. The
results from (2) and (3) are consequences of (1), see [15, 5.1, 5.2, 5.3].

Problem 6.6. Decide whether or not (6.1) holds up to absolute constants
and a log-term in the dimension n.

Finally, we mention a problem which is very much related with Problem
5.10 but also with the content of the forthcoming section.

Problem 6.7. Let X be a Banach sequence space, and denote by Xn its
nth section. Does X equal `1 if infn K(BXn) > 0? Equivalently, is X = `1
whenever we have a constant c such that χmon(P(mXn)) ≤ cm for all n,m?
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7. Domains of convergence in infinite dimensional holomorphy

Most of the results of this section are taken from the forthcoming PhD-
thesis [41] of the second named author–parts of the results of this thesis will
also be contained in [20].

Let R be a Reinhardt domain in Cn. Then every holomorphic function f
on R has a power series expansion which converges to f in every point of R.
More precisely, for every f ∈ H(R) we can find a unique family of scalars
(cα)α∈Nn

0
such that

f(z) =
∑

α∈Nn
0

cαzα

for every z ∈ R, and the coefficients can be calculated by

(7.1) cα =
∂αf(0)

α!
=

(
1

2πi

)n ∫

[|z|=r]

f(z)
zα+1

dz ,

where r ∈ Rn
>0 is such that the polydisc [|z| ≤ r] is contained in R.

Now we consider the infinite dimensional situation. As in finite dimensions
a Reinhardt domain R in a Banach sequence space X is a non empty open
set for which u ∈ R whenever u ∈ CN and z ∈ R with |u| ≤ |z|. Note
that if R ⊂ X is a Reinhardt domain, then all its finite dimensional sections
Rn = R ∩Xn are Reinhardt domains in Cn.

Let f be a holomorphic function on a Reinhardt domain R in a Banach
sequence space X. Then f has a power series expansion

∑
α∈Nn

0
c
(n)
α zα on

every finite dimensional section Rn of R, and for example from the Cauchy
formula (7.1) we can see that c

(n)
α = c

(n+1)
α for α ∈ Nn

0 ⊂ Nn+1
0 . Thus we can

find a unique family (cα)
α∈N(N)

0
such that

(7.2) f(z) =
∑

α∈N(N)
0

cαzα

for all z ∈ Rn and all n ∈ N. The power series
∑

cαzα is called the monomial
expansion of f , and cα = cα(f) are the monomial coefficients of f ; they satisfy
(7.1) whenever α ∈ Nn

0 .
Moreover, the set of all points z ∈ R where the monomial expansion of f

converges, is said to be the domain of convergence of f , notation

dom(f) .

The monomial expansion converges to f(z) for all z ∈ dom(f), since the en’s
form a basis of X. Different from the finite dimensional situation we in general
have that dom(f) 6= R.

In this section we discribe the domain of convergence domF(R) for subsets
F(R) ⊂ H(R) of holomorphic functions, that means the set

domF(R) :=
⋂

f∈F(R)

dom(f)

of all elements z ∈ R for which the monomial expansion of each function
f ∈ F(R) converges, and our main interest lies in determining the special sets
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• domH∞(R), H∞(R) all bounded holomorphic functions on R,
• domP(X), P(X) all polynomials on X, and
• domP(mX), P(mX) all m-homogeneous polynomials on X.

Note that convergence (of the net of finite sums) in (7.2) of course means
unconditional = absolute convergence, hence the “size” of domF(R) some-
what measures the “remaining unconditionality” of the function space F(R).
Recall from Theorem 5.3 that P(mX) has no unconditional basis unless X is
finite dimensional.

Observe that the Bohr radius K(D) of the open unit disc (which by Bohr’s
power series theorem equals 1/3, Theorem 4.1) easily can be written in terms
of holomorphic functions:

K(D) = sup{r > 0 | ∀f ∈ H∞(D) :
∞∑

n=1

|cn(f)|rn ≤ ‖f‖D} ,

and from this point of view the following definition gives another natural multi
dimensional Bohr radius for Reinhardt domains R in Cn; it will be our main
tool in order to “estimate” individual sequences z ∈ domF(R) (see 7.5).

Definition 7.1. Let R be a Reinhardt domain in Cn and λ ≥ 1. Then we
define

Aλ(R) := sup{ 1
n

n∑

i=1

ri | r ∈ Rn
≥0 ,∀f ∈ H∞(R) :

∑

α∈Nn
0

|cα(f)|rα ≤ λ‖f‖R} ,

and call A(R) := A1(R) the arithmetic Bohr radius of R.

Obiously, we have

(7.3) K(B`n∞) ≤ A(B`n∞) ;

in fact the result from (4.3) originally was more an estimate for A(B`n∞) than
for K(B`n∞). In [28] Dineen and Timoney used their polydisc version of Bohr’s
theorem to reprove the estimate S ≤ 2 in the way that Bohr originally might
have thought of; they showed that if ε ∈] 0 , 1[ N is such that

∑|cα|εα < ∞ for
all power series

∑
cαzα bounded on [|zi| ≤ 1], then ε ∈ `2+δ for all δ > 0 (a

sort of converse of Theorem 3.1). In order to prove (4.3) Dineen and Timoney
used a probabilistic method from [38] which goes back to the mid 70’s (see the
discussion in the preceding section) and which of course was not accessible to
Bohr.

The relation (7.3) can be extended to arbitrary bounded Reinhardt do-
mains.

Proposition 7.2. Let R be a bounded Reinhardt domain in Cn. Then

A(R) ≥ S(R, B`n
1
)

n
K(R) .
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Recall Bohr’s definition of the number S from (3.5); in terms of bounded
holomorphic functions it is not difficult to see that S can be rewritten as

S = sup{q > 0 | `p ∩Bc0 ⊂ dom H∞(Bc0)} .

Thus with our notation the results of Theorem 3.1 and Dineen–Timoney from
[28] (see also the end of section 3) can be stated as follows:

For all ε > 0

(7.4) `2 ∩Bc0 ⊂ domH∞(Bc0) ⊂ `2+ε ∩Bc0 .

In 1999 Lempert [36] extended results of Ryan [43] from 1987 on the dual
case; they proved that the monomial expansion of a holomorphic function on
B`1 (more generally on rB`1 , 0 < r ≤ ∞) converges uniformly absolutely on
compact subsets of B`1 , hence in particular the following equality holds:

(7.5) dom H∞(B`1) = B`1 .

It will turn out that (7.4) and (7.5) reflect extreme cases of more general
(and up to some point precise) descriptions for domains of convergence for
bounded Reinhardt domains R located in certain symmetric Banach sequence
spaces X.

First we have the following general lower inclusion.

Theorem 7.3. Let R be a Reinhardt domain in a Banach sequence space X.
Then

(`1 ∪ (X · `2)) ∩R ⊂ domH∞(R).

For the proof of this theorem we use a careful analysis of the above cited
Ryan-Lempert results for `1 and Bohr’s Theorem 3.1 for c0.

The next theorem shows that in many situations the preceding lower in-
clusions are optimal “up to an ε” .

Theorem 7.4. Let R be a bounded Reinhardt domain in a symmetric Banach
sequence space X and ε > 0.

(1) If X ⊂ `2, then

`1 ∩R ⊂ domH∞(R) ⊂ `1+ε ∩R .

(2) If X is 2-convex and satisfies
( 1

λX(n)nδ

)
n
∈ X for every δ > 0 ,

then

(X · `2) ∩R ⊂ dom H∞(R) ⊂ (X · `2+ε) ∩R .

In particular, if R is a bounded Reinhardt domain in `p, 1 ≤ p < ∞ or c0

(p = ∞), then

`1 ∩R ⊂ domH∞(R) ⊂ `1+ε ∩R if p ≤ 2

`q ∩R ⊂ domH∞(R) ⊂ `q+ε ∩R if p ≥ 2 ,
1
q

=
1
2

+
1
p

.
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For the proof of the upper inclusions in the preceding theorem we use the
arithmetic Bohr radius, the probabilistic arguments collected in Theorem 4.7,
and apply the technique of Dineen and Timoney from [28] to our more general
situation. The key is the following link between the elements of dom H∞(R)
and the arithmetic Bohr radius from 7.1 which can be proved with a Baire
argument.

Lemma 7.5. Let R be a Reinhardt domain in a Banach sequence space X
and Rn := R∩Xn its n-dimensional section. Then for every z ∈ domH∞(R)
we can find a λ ≥ 1 such that for all n ∈ N

1
n

n∑

i=1

|zi| ≤ Aλ(Rn) .

Now for Aλ(Rn) we have the following estimates.

Proposition 7.6. Let Rn ⊂ Cn be a bounded Reinhardt domain and λ ≥ 1.
Then

max
{

1
3n

1
s1,n

,
sn,1

n
K(Rn)

}
≤ Aλ(Rn) ≤ 17 λ2/ log n

√
log n

n
sn,2

where
sp,n = S(B`n

p
, Rn) , sn,p = S(Rn, B`n

p
) .

¿From this and Lemma 7.5 we can deduce an asymptotic upper bound for
the decreasing rearrangement of the elements of domH∞(R).

Proposition 7.7. Let R be a bounded Reinhardt domain in a symmetric
Banach sequence space X. Then for every z ∈ domH∞(R) there is a constant
c > 0 such that for all n

z∗n ≤ c

√
log n

n
‖id : Xn −→ `n

2‖ .

This immediately implies the upper inclusion in Theorem 7.4 whenever
X ⊂ `2 since in this case the inclusion mapping is automatically continuous.
For the upper inclusion in (2) some properties of the product space X · `p

have to be investigated.
In [36] Lempert treated the problem of solving the ∂-equation in an open

subset of a Banach space. He was able to prove a result for (0, 1)-forms on
balls rB`1 in `1. A crucial step in his study is that, as already mentioned, each
bounded holomorphic function on rB`1 has a pointwise convergent monomial
expansion, i.e., dom H∞(rB`1) = rB`1 . Some years earlier monomial expan-
sions of holomorphic functions in infinitely many variables had already been
investigated by Ryan [43], and as in Lempert’s work the sequence space `1
plays a special role.

Lempert in [36] asks “Why `1 of all Banach spaces?”, and points out how
from the technical point of view his approach depends on the structure of `1.
Our (probabilistic) techniques permit to state the following partial answer.
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Theorem 7.8. Let X be a symmetric Banach sequence space. If X contains a
bounded Reinhardt domain R such that domH∞(R) is absorbant, in particular
if domH∞(R) = R, then

`1 ⊂ X ⊂ `1+ε

for all ε > 0.

Proof. Factoring through `n
∞ we get from Corollary 7.7 that

z∗n ≤ c

√
log n

n
n1/2 = c

√
log n

n1/2

for all z ∈ dom H∞(R). This implies dom H∞(R) ⊂ `2+ε, and thus X ⊂ `2+ε

for all ε > 0 since by the assumption for all z ∈ X there is a λ > 0 such that
λz ∈ domH∞(R). But now since the embedding X ↪→ `2+ε is automatically
continuous, factorization through `n

2+ε gives

‖id : Xn −→ `n
2‖ ≤ n1/2−1/(2+ε)

for all ε > 0. Thus the estimate in Proposition 7.7 implies that dom H∞(R)
and hence X is contained in `1+ε for all ε > 0. ¤

This raises the following question.

Problem 7.9. Does a symmetric Banach sequence space X equal `1 provided
domH∞(BX) = BX? Or more generally, is it possible to take ε = 0 in
Theorem 7.8 ?

Surprisingly, the following equivalences show that this is a reformulation
of Problem 6.7.

Proposition 7.10. Let R be a bounded Reinhardt domain in a symmetric Ba-
nach sequence space X and F(R) a closed subspace of H∞(R) which contains
the space P(X) of all polynomials on X. Equivalent are:

(1) tBX ⊂ domF(R) for some t > 0.

(2) domF(R) is absorbant.

(3) There is an 0 < r < 1 and a constant λ > 0 such that

sup
z∈rBX

∑

α∈N(N)
0

|cα(f)zα| ≤ λ‖f‖R

for all f ∈ F(R).

(4) There is a constant c > 0 such that for all m

sup
n

χmon(P(mXn)) ≤ cm .

Note that for domP(X) a description can be given which is completely
analoguous to Theorem 7.4. But in this case it is quite astonishing that there
exists X different from `1 for which domP(X) = X holds (this is the space
mentioned after Problem 5.8).
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Similar descriptions as for dom H∞(R) and domP(X) can be proved for
the domain of convergence domP(mX) of all m-homogeneous polynomials,
which in this case of course depend on m.

For X = `p we have the following result. Note that in accordance with
Theorem 5.3 the upper inclusions again show that the monomials in P(m`p)
do not form an unconditional basis.

Theorem 7.11. Let m ≥ 2 and 1 ≤ p ≤ ∞. Define qm by 1
qm

= 1
p + 1

2 (1− 1
m ).

Then
(1) For p = ∞:

`2(1− 1
m )−1 ⊂ domP(mc0) ⊂ `2(1− 1

m )−1+ε

(2) For 2 ≤ p < ∞:

`qm ⊂ domP(m`p) ⊂ `qm,∞

(3) For 1 ≤ p ≤ 2:

`max{1,qm} ⊂ domP(m`p) ⊂ `(mp′)′,∞

For case (3) we conjecture the following.

Problem 7.12. Show that for 1 < p < 2

`(mp′)′ ⊂ domP(m`p) .

Again this is closely connected with the topic from section 5, uncondition-
ality in spaces of m-homogeneous polynomials. The conjecture is equivalent
to the fact that

(7.6) sup
n

χmon(id : P(m`n
p ) −→ P(m`n

(m p′)′) < ∞ ,

where χmon(id : P(mXn) −→ P(mYn)) for Banach sequence spaces X and
Y is defined to be the best constant c > 0 such that for all µα, εα ∈ K with
|εα| ≤ 1 ∥∥ ∑

|α|=m

εαµαzα
∥∥
P(mYn)

≤ ∥∥ ∑

|α|=m

µαzα
∥∥
P(mXn)

.

Recall that P(mXn) is isometrically isomorphic to the symmetric injective
tensor product ⊗m

εs
X ′

n. It can be seen that (7.6) for 2 < p < ∞ is equivalent
to

sup
n

χmon(id : ⊗m
ε `n

p −→ ⊗m
ε `n

m p) < ∞ ,

with χmon(id : ⊗m
ε Xn −→ ⊗m

ε Yn) the best constant c > 0 satisfying the
inequality ∥∥∑

i∈I

εiµiei

∥∥
⊗m

ε Yn
≤ c

∥∥∑

i∈I

µiei

∥∥
⊗m

ε Xn

for all µi, εi ∈ K with |εi| ≤ 1, i ∈ I := {1, · · · , n}m; here ei := ei1 ⊗ · · ·⊗ eim ,
i ∈ I.
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SELECTED PROBLEMS ON THE STRUCTURE OF
COMPLEMENTED SUBSPACES OF BANACH SPACES

ALEKSANDER PEÃLCZYŃSKI

Abstract. We discuss several old and more recent problems on bases,
complemented subspaces and approximation properties of Banach spaces

Introduction and notation

This paper is based on author’s lecture at the conference “Contemporary
Ramifications of Banach Space Theory” in honor of Joram Lindenstrauss and
Lior Tzafriri, (Jerusalem, June 19-24, 2005). We present several open prob-
lems, some more than 20 years old, some recent. They mainly concern prop-
erties of various classes of Banach spaces expressed in terms of the structure
of complemented subspaces of the spaces, bases and approximation by finite
rank operators. The paper consists of 5 sections. In Section 1 we outline the
proof of the classical Complemented Subspaces Theorem due to Lindenstrauss
and Tzafriri [LT1] which characterizes Hilbert spaces among Banach spaces.
We follow the presentation by Kadec and Mityagin [KaMy] emphasizing some
points which are omitted in their approach. Section 2 is devoted to some
problems which naturally arise from the Complemented Subspace Theorem.
In Section 3 we discuss spaces which have few projections; their properties
are on the other extreme from the assumption of the Complemented Subspace
Theorem. Section 4 is devoted to approximation properties of some special
non-separable function spaces and spaces of operators. Section 5 has a differ-
ent character; it concerns bases for Lp(G) consisting of characters where G is
either a Torus group, or the Dyadic group.

We employ standard Banach space notation and terminology (cf. [LT1]).
In particular, “subspace” means “closed linear subspace”, “operator” means
“bounded linear operator”, “basis” means “Schauder basis”, “projection’ means
“bounded linear idempotent” and “c-complemented subspace” means “the
range of projection of norm at most c”. The symbols R,C,Z,N stand for real
numbers, complex numbers, integers and positive integers, respectively. By
#A we denote the number of elements of a finite set A. The symbol F(X)

Keywords: Banach and Hilbert spaces; complemented subspaces, projections, bases,
approximation property, finite rank operator, character of compact Abelian group.
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denotes the family of all finite-dimensional subspaces of a Banach space X;
d(E,F ) stands for the multiplicative Banach-Mazur distance between the Ba-
nach spaces E and F .

1. Complemented subspace theorem (CST)

Solving the problem which had been open more than 40 years Lindenstrauss
and Tzafriri proved in 1971 [LT1]

Theorem 1.1. (CST). A Banach space X is isomorphic to a Hilbert space if
and only if

(1.1) every subspace of X is complemented.

Outline of the proof. Without loss of generality we assume that dimX =
∞.

Step I: By a standard construction of finite dimensional Schauder decom-
positions we get (1.1) =⇒ (1.2), where

(1.2) ∃K ≥ 1 : ∀E ∈ F(X) ∃ projection P : X
onto−→ E with ||P || ≤ K.

Step II: Given E ∈ F(X) and ε > 0 there exist F ∈ F(X) and projections
p : E + F

onto→ E and q : E + F
onto→ F such that

max(||p||, ||q||) ≤ 1 + ε, pq = qp = 0, d(F, `2dim E) < 1 + ε.

Using first a standard trick which goes back to S. Mazur we construct a
subspace X1, which is the intersection of the kernels of finitely many linear
functionals on X each attaining its norm on points of an ε/2−net of the unit
sphere of E, to get an infinite dimensional subspace almost orthogonal to a
given finite dimensional subspace. Let p1 : E + X1 → X1 be defined by
p1(e + x) = x for e ∈ E and x ∈ X1. The projection p is the restriction of p1

to a subspace E +F of E +X1 where F is a suitable n−dimensional subspace
of E + X1; we put q = Id− p.

The construction of F is more sophisticated. It is an “almost hilbertian”
subspace of X1 with the property that the restriction h|F of the quotient map

h : E + X1
onto→ (E + X1)/E is an “almost isometry”. The construction uses

the Dvoretzky Theorem on spherical sections (cf.[DV]) and the Krasnosielski-
Krein-Milman lemma [KKrM] which is an easy consequence of the Borsuk-
Ulam antipodal theorem; we refer to [P1, Added in proof]. The first proof of
Step II is due to Figiel (cf.[P1]) and is based upon V. Milman’s concentration
of measure spectrum theorem [Mi].

By an inessential change of norm one may assume

(1.3) d(F, `2dim E) = 1 and ||p|| = ||q|| = 1.

Step III:

Main Lemma. Let E, F satisfy (1.3). Let dim E = n. Let T : E → `2n
be an isomorphism. Let s : F → `2n be an isometry. Put d := d(E, `2n).
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Let K be the common upper bound of the norms of minimal projections from
G := E ⊕ F onto its subspaces. Then

d ≤ 4K2.

Proof. (after Kadec and Mityagin [KaMy] (1973)). Let D = {e + s−1Te : e ∈
E} ⊂ G. Let R : G

onto−→ D be a projection with ||R|| ≤ K. Define the map
T̃ : D → `22n = `2n ⊕ `2n by

T̃ e = (Te, sq
√

µRe),

where µ > 0 will be chosen later. Clearly

||T̃ e|| =
√
||Te||2 + µ||sqRe||2 ≤

√
||T ||2 + µK2||e||.

To estimate ||T̃ e|| from below use the identity

(1.4) Te = sqRe + TpRs−1Te for e ∈ E.

Then

||T̃ e|| =
√
||Te||2 + µ||Te− TpRs−1Te||2

≥
√
||pRs−1Te||2
||pRs−1T ||2 +

||e− pRs−1Te||2
µ−1||T−1||2

≥ ||pRs−1Te||+ ||e− pRs−1Te||√
||pRs−1||2 + µ−1||T−1||2 (by Cauchy-Schwarz inequality)

≥ ||e||√
K2 + µ−1||T−1||2 .

Thus T̃ is invertible. A subspace of a Hilbert space is itself a Hilbert space;
hence

d ≤ ||T̃ ||||T̃−1|| ≤
√

(||T ||2 + K2µ)(K2 + µ−1||T−1||2).
Choosing T so that ||T ||||T−1|| = d and ||T || = ||T−1|| we get

d ≤
√

(d + K2µ)(K2 + µ−1d).

Putting µ = d/K2 which minimizes the right hand side of the latter in-
equality we get d ≤ 2K

√
d.

It remains to verify (1.4). By the definition of R there are e0 and e1 in E
such that

(1.5) Re = e0 + s−1Te0; Rs−1Te = e1 + s−1Te1.

Since R is a projection onto D, adding by sides the identities (1.5) we get

e + s−1Te = R(e + s−1Te) = (e0 + e1) + s−1T (e0 + e1),

which implies the equality of the “coordinates”



344

(1.6) e = e0 + e1; Te = T (e0 + e1).

Since qe0 = 0, qs−1 = s−1, pe1 = e1, ps−1 = 0, it follows from (1.5) that

sqRe = sqe0 + sqs−1Te0 = Te0; TpRs−1Te = Tpe1 + Tps−1Te1 = Te1.

Adding by sides these identities and invoking (1.6) we get (1.4). ¤

Step IV: Proof of (CST). It follows from the previous steps that if
X satisfies (1.2) and dimX = ∞ then every finite dimensional subspace of
X is within Banach-Mazur distance 4K2 from a Hilbert space. This yields
d(X, H) ≤ 4K2, where H is a Hilbert space of suitable density character (cf.
e.g. [L] (1963)). ¤

2. Open problems related to (CST)

2.1. Lindestrauss-Tzafriri vs. Kakutani-Bohnenblust. The proof of
(CST) presented here gives for dim X = ∞ that if X satisfies (1.2) for some
K ≥ 1 then d(X, H) ≤ 4K2. Kakutani (1939) [Kk], for the real case, and
Bohnenblust (1941) [Bo], for the complex case, proved:

Theorem 2.1. If dim X ≥ 3 and every 2−dimensional subspace of X is
1−complemented then d(X,H) = 1.

However, a transparent proof in the complex case would be welcome. We
put

Φdim X(K) = d(X, `2dim X) if X satisfies (1.2) for given K ≥ 1.

Kadec and Mityagin [KaMy] essentially asked

Problem 2.1. Describe the function K → Φdim X(K).

Very recently Kalton [Kal] showed that the function K → Φdim X(K) is
continuous at 1. In particular he fully described the function for dimX = ∞
when K is close to 1. Precisely he proved

Theorem 2.2. There exists constants 0 < c < C < ∞ so that

c
√

K − 1 ≤ Φ∞(K) ≤ C
√

K − 1 for 1 ≤ K ≤ 2.

2.2. Operator version of (CST).

Definition 2.3. Let X, Y be Banach spaces. An operator T : X → Y is said
to be fully decomposable, in symbols T ∈ FD, provided that

∀E ∈ F(X) ∃TE : X → T (E) such that TE extends the restriction T|E : E → T (E).
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Here ιE , ιT (E) denote the set theoretical inclusions.
For K ≥ 1 let

FDK =
{

T : X → Y (X, Y -Banach spaces) such that

∀E ∈ F(X)∃TE : X → T (E) extending T|E with ||TE || ≤ K
}

.

Then
T ∈ FD ⇔ T ∈ FDK for some K ≥ 1.

For the implication “⇒” assume to the contrary the existence of a T ∈
FD \ ⋃

K≥1 FDK . Similarly as in Step 1 (using Mazur’s trick described in
Step 2) one constructs a subspace E∞ of X which admits a Schauder decom-
position (cf. [LT2], vol.I p.47 for definition) (En)∞n=1such that En ∈ F(X)
but T|En

has no extension TE : X → T (En) with ||TE || ≤ n. Thus T|E∞ does
not extend to a bounded operator from X into T (E∞); otherwise all T|En

would have extensions with uniformly bounded norms. A contradiction.

The implication “⇐” is a routine application of a standard compactness
argument and the following

Fact. If T ∈ FDK for some K ≥ 1 then T is weakly compact.

Outline of the proof. If there were a non weakly compact T ∈ FDK

for some K ≥ 1 then, by [?, Theorem 8.1], (Σ) ∈ FDC for some C ≥ 1
where (Σ) : `1 → `∞ is defined by (Σ)((aj)∞j=1) = (

∑n
j=1 aj)∞n=1. Thus (

∫
) ∈

FD2C , where (
∫

) : L1(0, 1) → C(0, 1) is defined by (
∫

)(f)(t) =
∫ t

0
f(s)ds

for 0 ≤ t ≤ 1. Hence V ∈ FD4C , where V : L1(T) → C(T) ( T denotes the
circle group) is defined by V (eint) = 1

ineint for n = ±1,±2, . . . and V (1) = 0.
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We get a contradiction by showing that V /∈ ⋃
K≥1 FDK . For n = 1, 2, . . .

let H1
n (resp. An) denote the subspace of the space L1(T) (resp. C(T))

spanned by the characters eijt for j = 1, 2, . . . , n. Let Vn : L1(T) → An be
an extension of the restriction V|H1

n
. Since V|H1

n
is translation invariant, by

averaging we get the translation invariant extension, say Ṽn : L1(T) → An;
moreover ||Ṽn|| ≤ ||Vn||. It is easy to see that Ṽn is the operator of convolution
by the function gn =

∑n
j=1

1
ij eijt. Let Fn denote the n−th Fejer kernel. Then

||Fn||L1(T) = 1. The divergent of the harmonic series yields

sup
n
||Ṽn(Fn)||C(T) ≥ sup

n
|Ṽn(Fn)(0)| = +∞.

Thus no sequence (Vn) of extensions (V|H1
n
) has uniformly bounded norms.

Hence V /∈ ⋃
K≥1 FDK . ¤

A similar argument gives

Proposition 2.4. Fully decomposable operators are weakly compact.

Proposition 2.4 was discovered by T. Figiel and myself; it was published
with our permission by Mascioni [Ma] in 1990. He invented an alternative
proof.

Recall that an operator T : X → Y is hilbertian if it factors through a
Hilbert space, i.e. T = BA for some Hilbert space H and operators A : X →
H and B : H → Y . Obviously if T is hilbertian then T ∈ FD.

Problem 2.2. Is every fully decomposable operator hibertian?

A restatement of (CST) says that the identity on a Banach space is fully
decomposable if and only if it is hilbertian. An analysis of the proof of (CST)
shows that to get a positive solution of Problem 2.2 it is enough to establish
that the sum of two fully decomposable operators is fully decomposable; it is
also enough to show that there is a function F : [1,∞) → [1,∞) such that if
T : X → Y is in FDK then there is F (K)s such that

T ⊕ In : X ⊕ `2n → Y ⊕ `2n ∈ FDF (K) for n = 1, 2, . . . ,

where In = denotes the identity operator on `2n and “⊕” stands for Carte-
sian product.

2.3. (CST) and subspaces with bases. A vague question. How “large”
should the family of complemented subspaces of a Banach space X be to
insure that X is isomorphic to a Hilbert space?

Problem 2.3. Assume that

(2.1) every subspace of X with a basis is complemented in X.

Is X isomorphic to a Hilbert space?
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Recall that the basis constant of a Banach space Y, in symbol bc(Y ), is the
least upper bound of the constants L such that there is a basis (en) for Y
satisfying

||
n∑

j=1

tjej || ≤ L||
n+m∑

j=1

tjej || for all scalars t1, t2, . . . , tm and n,m = 1, 2, . . . .

If Y has no basis we set bc(Y ) = ∞. A standard argument yields the
equivalence (2.1) ⇐⇒ (2.2), where

(2.2) ∃C ≥ 1 such that every E ∈ F(X) is C · bc(E)−complemented in X.

Using the Main Lemma one gets

Proposition 2.5. If X satisfies (2.1) then

d(E, `2dim E) ≤ (2Kbc(E))2 for every E ∈ F(X).

Thus, Problem 2.3 reduces to

Conjecture. There are C ≥ 1 and a function L → Ψ(L) for L ≥ 1 with
lim

L→∞
Ψ(L) = ∞ such that if dim E < ∞ and d(E, `2dim E) ≥ L then there is a

subspace F ⊂ E with bc(F ) ≤ C and d(F, `2dim F ) ≥ Ψ(L).

Roughly speaking the Conjecture says that “A finite-dimensional space
which is far from Hilbert spaces has a subspace far from Hilbert spaces with a
“nice” basis.

Remark 2.6. Gowers (1996) [G] using a Ramsey type argument (Gowers Di-
chotomy) combined with a contribution of Komorowski and Tomczak-Jaegermann
(1995)[KoT] proved

Theorem 2.7. A Banach space all of whose subspaces are isomorphic is
isomorphic to a Hilbert space.

In analogy with Problem 2.3 one asks

Problem 2.4. Assume that all separable infinite-dimensional subspaces with
bases of a Banach space X are isomorphic. Is X isomorphic to a Hilbert
space?

Problem 2.4 also easily reduces to the Conjecture. Recall that I asked in
1964 [P2] “Assume that a Banach space X has the property that all its sepa-
rable subspaces with bases are isomorphic to `2. Is X isomorphic to a Hilbert
space?” This problem remains still open. It also reduces to the Conjecture.

3. Spaces with few projections

It is convenient to employ the following notation. Let X be an infinite-
dimensional Banach space. Put
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S(X) =: the family of all closed subspaces of X;
C(X) =: the family of all proper complemented subspaces of X;
F(X) =: the family of all finite-dimensional subspaces of X.

Obviously
S(X) ⊃ C(X) ⊃ F(X);

(CST) can be restated as follows:

S(X) = C(X) ⇔ X is isomorphic to a Hilbert space.

In this section we consider problems related to Banach spaces with prop-
erties on the other extreme from the assumption of (CST).

A Banach space X is an I−space (=indecomposable space), provided that
C(X) = F(X). If every Y ∈ S(X) \ F(X ∈ I) then X is called a HI-space
(=hereditarily indecomposable space). A Banach space is locally badly comple-
mented provided that there is an increasing sequence (cn) with limn cn = ∞
such that every n−dimensional subspace of X is at least cn−complemented
in X. HI-spaces were constructed in 1993 by Gowers and Maurey [GMau1,
GMau2, Mau]. Badly locally complemented spaces were constructed in 1983
by Pisier [Pi].

Problem 3.1. Construct a HI-space which is locally badly complemented.

To some extent, finite dimensional spaces (constructed by Gluskin [Gl]
and Szarek [Sa]) with the property that their half-dimensional subspaces are
“badly” complemented are finite dimensional counterparts of Pisier’s space.
Discussing the topic with Nicole Tomczak-Jaegermann we came to the con-
clusion that the full finite-dimensional analogue of Pisier’s space seems to be
unknown.

Problem 3.2. Does there exists an increasing sequence (cn) with limn cn =
∞ such that for n = 1, 2, . . . there is an n−dimensional Banach space Fn

such that every subspace E of Fn is at least cm−complemented where m =
min(dimE, dim Fn/E)?

The spaces constructed by Gowers and Maurey have bases. It follows from
general theory (cf. [LT2]) that every HI−space contains a HI−space with a
basis and that there are HI−spaces without bases. The following is open:

Problem 3.3. Is every HI−space isomorphic to a subspace of a HI−space
with a basis?

Recently, Koszmider (2004) [Kos] proved

Theorem 3.1. There exists a compact Hausdorff space K such that C(K) is
an I−space.

Of course if Q is an infinite compact Hausdorff space then C(Q) is not a
HI−space because it contains c0. However there exist L∞−spaces which do
not contain c0 (cf. Bourgain and Delbaen 1980 [BrDl]).
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Problem 3.4. Does there exist an L∞−space which is HI?
I do not see any formal reason which prevents the existence of such a space.

4. Approximation property of some non-separable spaces

We introduce convenient notation and recall some classical definitions. Let
X be a Banach space. Denote by B(X), K(X), F(X) the spaces of all opera-
tors from X into X which are, respectively, bounded, compact, of finite rank.
Here AP stands for “approximation property”; BAP stands for “bounded
approximation property”, UAP stands for “uniform approximation property”
and MAP stands for “metric approximation property. Recall their definitions:

X ∈ AP
df≡ ∀A ⊂ X, A− compact ∀ε > 0 ∃T ∈ F(X) such that:

||Tx− x|| < ε for x ∈ A.

X ∈ BAPK
df≡ ∃K > 1 ∀A ⊂ X, #A < ∞ ∃T ∈ F(X) > 1 such that:

Tx = x for x ∈ A; ||T || < K.

X ∈ UAPK
df≡ ∃K > 1 ∃ function n → N(n) such that:

∀A ⊂ X, #A < ∞∃T ∈ F(X) such that:
Tx = x for x ∈ A; ||T || < K; dimT (X) ≤ N(#A).

X ∈ MAP
df≡ X ∈ BAPK for all K > 1.

“BAP” means “BAPK for some K”. Clearly UAP ⇒ BAP ⇒ AP . The
AP and MAP have been introduced by Grothendieck [Gr]; the BAP, essen-
tially, by Banach [B]; and the UAP, by PeÃlczyński and Rosenthal [PR]. Our
knowledge of the approximation properties of special important non-separable
spaces seems to be unsatisfactory. The problem whether the Hardy space
H∞ has the AP has been open from more than 25 years. A formally stronger
question is whether the Disc Algebra A has the UAP . A counterpart to these
problems for spaces of smooth functions is

Problem 4.1. Does L∞m (Rn) have the AP? Does Cm
0 (Rn) have the UAP?

(n = 2, 3, . . . ; m = 1, 2, . . . )

Here L∞m (Rn) dentes the Sobolev space of uniformly bounded functions
on Rn vanishing together with its first m distributional derivatives at infin-
ity; Cm

0 (Rn) stands for the space of functions on Rn with continuous partial
derivatives of order ≤ m, vanishing at infinity together with the first m deriva-
tives.

The most important negative result concerns spaces of operators; equiva-
lently, tensor products; it is:
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Theorem 4.1. (Szankowski (1981) [Sz1]) If H is an infinite-dimensional
Hilbert space then B(H) /∈ AP .

Since the UAP is preserved while passing to dual and predual spaces [H] and
(K(H))∗∗ = B(H), Theorem 4.1 implies that K(H) /∈ UAP . Also K(H)∗ =
S1(H) /∈ UAP where Sp denotes the Schatten-von Neumann trace class p for
1 ≤ p < ∞. Analyzing the proof of Theorem 4.1, Szankowski (1984)[Sz2]
proved that Sp(H) /∈ UAP for ∞ > p > 80 and 80/79 > p ≥ 1. It is therefore
natural to ask

Problem 4.2. Does Sp /∈ UAP for all p 6= 2?

It follows from Theorem 4.1 that if two Banach spaces X and Y contain `1n
uniformly complemented for n = 1, 2, . . . then the projective tensor product
X⊗̂Y and the injective tensor product X ̂̂⊗Y fail UAP. In particular if 1 <

p1 ≤ p2 < ∞ then `p1⊗̂`p2 and `p1
̂̂⊗`p2 fail UAP. The limit case when one

of the spaces is replaced either by `1 for injective tensor product or by c0 for
projective tensor product seems to be open. In particular

Problem 4.3. Do c0⊗̂c0 and its dual `1 ̂̂⊗`1 fail UAP?

We pass to function spaces in L1− type norms. First we mention the deep
result due to P. Jones (1985) [J] (for a detailed presentation see [Mu, Chapt.
5.3]).

Theorem 4.2. The Hardy space H1 ∈ UAP .

Remembering that the UAP is preserved while passing to the dual and
predual spaces we derive from Theorem 4.2 that the spaces of functions on
the circle of Bounded Mean Oscillation and Vanishing Mean Oscillation have
UAP. Another recent result [ACPPr] says

Theorem 4.3. BV (Rn) ∈ BAPK for some K = K(n) (n = 1, 2, . . . ).

Here BV (Rn) denotes the space of functions with bounded variation on Rn

which can be defined as the space of f : Rn → Cn such that

(4.1) ||f ||BV (Rn) = sup
∣∣∣
∫

Rn

f d iv
→
φ dx

∣∣∣ < ∞,

where the supremum extends over all vector-valued C∞−functions
→
φ=

(φj)n
1 with compact support such that supx∈Rn

∑
j |φj(x)|2 ≤ 1. Analogously

one defines spaces BV (Ω) for Ω ⊂ Rn an open non-empty set. Theorem 4.3
extends to BV (Ω) provided that there is a linear extension operator from
BV (Ω) into BV (Rn). For “pathological” sets Ω nothing is known. Spaces
BV (Ω) are Sobolev type of spaces, closely related to classical Sobolev spaces
L1

1(Ω) of absolutely summable functions with absolutely summable first dis-
tributional partial derivatives.

Problem 4.4. Does BV (Rn) ∈ UAP , equivalently does L1
1(Rn) ∈ UAP for

n = 2, 3, . . . ?
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The next question is a result of discussions with T. Figiel and W. B. John-
son.

Problem 4.5. Does BV (Rn) ∈ MAP for n = 2, 3, . . .

Comment: BV (Rn) is in the norm (4.1) a dual Banach space space [PWj].
By a result of Grothendieck [Gr, LT2]) AP ⇒ MAP for separable dual spaces.
Whether this implication is true for nonseparable dual spaces is open. The
space BV (Rn) as a Banach space is isomorphic with the space BV (Tn) of
n−periodic functions with bounded variation. The latter is an example of a
translation invariant vector-valued space on the torus Tn. For scalar valued
translation invariant spaces the analogues are the following spaces of measures:
Let G be a compact Abelian group, Γ the space of characters of G; i.e., the
dual group of G. Let M(G) denote the space of all complex-valued measure
on G with bounded variation. Let A ⊂ Γ. Let us put

MA⊥(G) = {µ ∈ M(G) :
∫

G

γ(x)µ(dx) = 0 for γ ∈ A}.

MA⊥(G) under the norm of total variation of measure is a dual Banach space.
Very little is known about approximation properties of MA⊥(G). A special
case is

Problem 4.6. Let A ⊂ Γ be an infinite Sidon set. Does MA⊥(G) ∈ AP?

We do not know the answer to Problem 4.6 even in the simplest cases: for
the Dyadic Group when A are the Rademacher functions, and for the Circle
Group when A is the set of exponents {ei2kt : k = 0, 1, . . . }.

5. Bases of characters on Lp spaces

We are interested in bases in Lp(G) consisting of characters where G is
either the finite torus Td for d = 1, 2, . . . or the infinite torus TN or the
Dyadic Group D.

If (xn) is a basis in a Banach space the X then the basis constant of (xn)
is defined by

bc((xn); X) = inf{C : ||
n∑

j=1

ajxj || ≤ C||
n+m∑

j=1

ajxj ||,

where the infimum extends over all scalar sequences (tj) and n, m = 1, 2, . . . .
Two bases (xn) in X and (yn) in Y are said to be equivalent provided that
the map xn → yn extends to an isomorphism from X onto Y . We order the
set of characters of T in the sequence

(en) := (1, eit, e−it, e2it, e−2it, . . . ).

The characters of D are identified with the Walsh orthonormal system.
They are ordered in the sequence (wn) according to so called Paley order
[ScWaSi]. Classical results due to F. Riesz for the exponents [LT2, Vol 2,Chapt
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II, c] and to Paley for Walshes [ScWaSi] state that (en) and (wn) form bases
for Lp(T) and Lp(D), respectively. Moreover

bc((en), Lp(T)) = O(p,
p

p− 1
), bc((wn)), Lp(D)) = O(p,

p

p− 1
), (1 < p < ∞).

It follows from [GeGi], [DeF, p.158] that if A and B are compact metric
Abelian groups and (an) and (bn) are bases of characters for Lp(A) and Lp(B),
respectively, then the sequence of tensors

(cn) = (a1 ⊗ b1, a2 ⊗ b1, a2 ⊗ b2, a1 ⊗ b2, a3 ⊗ b1, a3 ⊗ b2, . . . )

taken in the rectangular order forms a basis for Lp(A×B); moreover

bc((cn) : Lp(A×B)) = bc((an), Lp(A))bc((bn); Lp(B)) (1 < p < ∞).

Thus if d = 1, 2, . . . and 1 < p < ∞ then there is a basis (cn) of characters
for Lp(Td) such that bc((cn), Lp(Td) = O((max p

p−1 )d).

Problem 5.1. Let 1 < p < ∞. Does there exist a basis of characters for
Lp(TN) for some (for all) p 6= 2?

The analogous problem for D is trivial because the groups Dd and DN are
isomorphic for d = 1, 2, . . . .

Problem 5.2. Let d ∈ N and p with 1 < p 6= 2 < ∞ be fixed. Does there
exist a constant C = C(d, p) > 0 such that if for some permutation π :
N onto−→ N the sequence (cπ(n)) is a basis for Lp(Td) then bc((cπ(n)); Lp(Td)) ≥
C(max(p, p

p−1 ))d?

A related question is

Problem 5.3. Let 1 < p 6= 2 < ∞. Does there exist an isomorphism T :
Lp(T) onto−→ Lp(D) which takes characters into characters?

Problem 5.3 is usually stated as follows: Are the exponents
{eint : n ∈ Z} and the Walsh system permutably equivalent? In the natural

orders, i.e the order described by (5.1) for the exponents and the Paley order
for the Walsh system, the exponents and the Walsh system are non equivalent
(cf. [Wo], 1976, ). Wojtaszczyk 2000 [W] and Hinrichs and Wenzel 2003
[HiWe] investigated the problem of non-equivalence of these systems in natural
and some other orders. A stronger negative fact might be true that there is
no constant C = C(k, p) ≥ 1 such that for each k there is a bounded linear
operator Tk : Lp(Zk

2) → Lp(T) which takes characters of Zk
2 to characters of

T and satisfies

||f ||Lp(Zk
2 ) ≤ ||Tk(f)||Lp(T) ≤ C||f ||Lp(Zk

2 ) (f ∈ Lp(Zk
2)).

Here Zk
2 stands for the kth Cartesian power of the cyclic group Z2. On the

other hand it follows from [D, Theoreme 4.1] that for every d ∈ N and every
finite set F of characters of Td there is a linear operator T : Lp

F (Td) toLp(T)
which takes characters into characters and satisfies

||f ||Lp
F (Td) ≤ ||T (f)||Lp(T) ≤ Kp||f ||Lp

F (Td) (f ∈ Lp
F (Td)),
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where T is independent of p for 1 ≤ p < ∞, and Kp > 1 is independent
of d and F . Here Lp

A(Td) denotes the subspace of Lp(Td) spanned by F .
Bourgain,Rosenthal and Schechtman (1981) [BrRS] proved: For 1 < p 6=
2 < ∞ there are ℵ1 mutually non-isomorphic subspaces of Lp(D) spanned
by characters of D which are Lp−spaces. It is unknown whether ℵ1 can be
replaced by continuum. The following problem is also open for more than 20
years:

Problem 5.4. Does there exist a family of ℵ1 mutually non isomorphic sub-
spaces of Lp(Tn) spanned by characters of Tn with the same properties?
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Prado, José Antonio; Autónoma de Madrid, Spain. joseantonio.prado@uam.es
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Yañez, Diego; Extremadura, Spain. dyanez@unex.es




	Cover
	Title Page
	Copyright Page
	Table of Contents�
	Preface�
	Acknowledgements�
	Picture: closing at the main lecture room�
	1. Geometrical Methods�
	Saturated extensions, the attractors method and Hereditarily James Tree Spaces�
	The Daugavet property for Lindenstrauss spaces�
	Weakly null sequences in the Banach space C(K)�

	2. Homological Methods�
	Yet another proof of Sobczyk's theorem�
	The category of exact sequences of Banach spaces�
	Extension problems for C(K) spaces and twisted sums�
	Palamodov's questions from Homological methods in the theory of locally convex spaces�

	3. Topological Methods�
	Ordinal representability in Banach spaces�
	Overclasses of the class of Radon-Nikodym compact spaces�
	Convexity, compactness and distances�

	4. Operator Theory Methods�
	Weyl's and Browder's theorems through the quasi-nilpotent part of an operator�
	Multiplications and elementary operators in the Banach space setting�
	Interpolation of Banach Spaces by the \gamma -method�

	5. Function Space Methods�
	Solvability of an integral equation in BC(R+)�
	Harald Bohr meets Stefan Banach�
	Selected problems on the structure of complemented subspaces of Banach spaces�

	List of participants�
	Picture: some like it fun�

